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✻!❛#❛ ❝♦♥'(#✉✐# ✉♥ ♠♦❞❡❧♦ ❞❡ ❡/✉✐❧✐❜#✐♦ ❣❡♥❡#❛❧✱ ❝♦♠♦ #❡♣#❡'❡♥(❛❝✐4♥ ❛❜'✲
(#❛❝(❛ ❞❡ ✉♥❛ ❡❝♦♥♦♠6❛ ❝♦♠♣❡(✐(✐✈❛✱ '❡ #❡/✉✐❡#❡ ❧❛ ❡'♣❡❝✐✜❝❛❝✐4♥ ❞❡ ❛❧ ♠❡♥♦'
(#❡' ❡❧❡♠❡♥(♦'✿ ❧❛' ♠❡#❝❛♥❝6❛' ② ❧♦' ♣#❡❝✐♦' /✉❡ '♦♥ ❧❛' ✈❛#✐❛❜❧❡' ❞❡❧ ♠♦❞❡❧♦✱ ❧♦'
❛❣❡♥(❡' /✉❡ '♦♥ ❧❛' ✉♥✐❞❛❞❡' ❞❡ ❞❡❝✐'✐4♥ ❞❡❧ ♠♦❞❡❧♦ ② ❧❛ ♥❛(✉#❛❧❡③❛ ❞❡ ❧❛ ❢♦#♠❛
❡♥ /✉❡ '❡ (♦♠❛♥ ❧❛' ❞❡❝✐'✐♦♥❡' /✉❡ ❞❛ ❡❧ ♠❛#❝♦ ❡♥ /✉❡ '❡ ♠✉❡✈❡♥ ❧♦' ❛❣❡♥(❡'
✭❱✐❧❧❛#✱ ✶✾✾✻✿✶✷✮✳ ❊❧ ♦❜❥❡(✐✈♦ ❞❡ ❡'(❡ ❧✐❜#♦ '❡ ❡♥♠❛#❝❛ '4❧♦ ❡♥ ❧❛ ❡'♣❡❝✐✜❝❛❝✐4♥
❞❡ ❧♦' ❞♦' ♣#✐♠❡#♦' ❡❧❡♠❡♥(♦' ❞❡❥❛♥❞♦ ❛❢✉❡#❛ ❧❛ ♥❛(✉#❛❧❡③❛ ❞❡❧ ♣#♦❝❡'♦ ❞❡ (♦♠❛
❞❡❝✐'✐♦♥❡'✳
❊❝♦♥♦♠%❛' ❆))♦✇ ✲ ❉❡❜)❡✉
❱❛♠♦' ❛ ❞❡✜♥✐# ♥✉❡'(#❛ ❡❝♦♥♦♠6❛ ❝♦♠♦ ✉♥❛ (#✐❛❞❛ ❢♦#♠❛❞❛ ♣♦#✿
ǫ = [(Xi,%i, βi)
m
i=1, (Yj , πj)
n
j=1, ω]
❉♦♥❞❡ Xi ❡' ❡❧ ❝♦♥❥✉♥(♦ ❞❡ ❝♦♥'✉♠♦ ❞❡❧ ❝♦♥'✉♠✐❞♦# i✱ %i ❡' ❧❛ #❡❧❛❝✐4♥
❜✐♥❛#✐❛ ❞❡ ♣#❡❢❡#❡♥❝✐❛' '♦❜#❡ ❡❧ ❝♦♥❥✉♥(♦ ❞❡ ❝♦♥'✉♠♦ ❞❡❧ ❝♦♥'✉♠✐❞♦# i ② βi ❡'
❡❧ ❝♦♥❥✉♥(♦ ❞❡ #❡'(#✐❝❝✐♦♥❡' ♣#❡'✉♣✉❡'(❛#✐❛'✳ !♦# ♦(#❛ ♣❛#(❡✱ ❝❛❞❛ ❡❧❡♠❡♥(♦ ❞❡
Yj ❡' ❡❧ ❝♦♥❥✉♥(♦ ❞❡ ♣#♦❞✉❝❝✐4♥ ❞❡❧ ♣#♦❞✉❝(♦# j✱ πj ❡' ❧❛ ❢✉♥❝✐4♥ ❞❡ ❜❡♥❡✜❝✐♦'
❞❡❧ ♣#♦❞✉❝(♦# j ② ω '♦♥ ❧❛' ❞♦(❛❝✐♦♥❡' ✐♥✐❝✐❛❧❡'✳ ❍❛② ✉♥ ♥H♠❡#♦ ❣#❛♥❞❡ m
❞❡ ❝♦♥'✉♠✐❞♦#❡' ② n ❞❡ ♣#♦❞✉❝(♦#❡'✳ ❊♥ ❡'(❡ (❡①(♦✱ ❡❧ ♦❜❥❡(✐✈♦ ❡' ♠♦❞❡❧❛# ❧❛
❝♦♥❞✉❝(❛ ❞❡ ✉♥ ❛❣❡♥(❡ ❝♦♥'✉♠✐❞♦# i ② ❡♥ ❛❞❡❧❛♥(❡ '❡ ♦♠✐(✐#J ❡❧ '✉❜6♥❞✐❝❡✳
❊❧ ♠♦❞❡❧♦ '✉♣♦♥❡ /✉❡ ❧♦' ❛❣❡♥(❡' ❡❝♦♥4♠✐❝♦' ❞❡'❛##♦❧❧❛♥ '✉' ❛❝❝✐♦♥❡' '♦❜#❡
❧❛ ❜❛'❡ ❞❡ ✉♥❛ ❞♦(❛❝✐4♥ ✐♥✐❝✐❛❧ ❞❡ #❡❝✉#'♦' ❞❛❞❛ ❞✐'♣♦♥✐❜❧❡' ♣❛#❛ ❧❛ ❡❝♦♥♦♠6❛✳
❊'(♦' #❡❝✉#'♦' ✐♥❝❧✉②❡♥ (♦❞♦' ❛/✉❡❧❧♦' ❛❝(✐✈♦' #❡❛❧❡'✱ ❝♦♠♦ ❡❞✐✜❝✐♦'✱ ♠❛/✉✐♥❛#✐❛✱
(✐❡##❛✱ #❡❝✉#'♦' ♥❛(✉#❛❧❡' ♦ ❜✐❡♥❡' ♣#♦❞✉❝✐❞♦' ♦ ❛❧♠❛❝❡♥❛❞♦' /✉❡ '♦♥ ❧❛ ❤❡#❡♥❝✐❛
❞❡❧ ♣❛'❛❞♦ ② '✉♣♦♥❡♥ ❧❛ ❜❛'❡ '♦❜#❡ ❧❛ /✉❡ '❡ ❞❡'❛##♦❧❧❛ ❧❛ ♣#♦❞✉❝❝✐4♥✳ ▲♦'
#❡❝✉#'♦' (♦(❛❧❡' '❡ ♣#❡'❡♥(❛♥ ♣♦# ω ∈ Rl ② ❡' ♣♦'✐❜❧❡✱ ❡♥(♦♥❝❡'✱ ✈❡# ❧❛ ❝❛♣❛❝✐❞❛❞
♣#♦❞✉❝(✐✈❛ ❞❡ ✉♥❛ '♦❝✐❡❞❛❞ ❝♦♠♦ ❧❛ ❝♦♠❜✐♥❛❝✐4♥ ❞❡ (#❡' (✐♣♦' ❞❡ #❡❝✉#'♦'✿ ❧♦'
#❡❝✉#'♦' ♠❛(❡#✐❛❧❡' ω✱ ❧♦' #❡❝✉#'♦' (❡❝♥♦❧4❣✐❝♦' ✭#❡❝♦❣✐❞♦' ❡♥ ❡❧ ❝♦♥❥✉♥(♦ ❞❡
♣#♦❞✉❝❝✐4♥✮ ② ❡❧ ❝❛♣✐(❛❧ ❤✉♠❛♥♦✱ #❡❝♦❣✐❞♦' ❡♥ ❧♦' ❝♦♥❥✉♥(♦' ❞❡ ❝♦♥'✉♠♦ ✭❱✐❧❧❛#✱
✶✾✾✻✿ ✶✶✾✮✳
▲❛ ❡❝♦♥♦♠6❛ ❡'(J ❝♦♥❢♦#♠❛❞❛ ❛'6 ♣♦# ❝♦♥'✉♠✐❞♦#❡' ② ♣#♦❞✉❝(♦#❡' ❝❛❞❛ ✉♥♦
❝♦♥ ✉♥❛ ❢✉♥❝✐4♥ ♦❜❥❡(✐✈♦ ❛ ♦♣(✐♠✐③❛# ❥✉♥(♦ ❝♦♥ ✉♥❛' ❞♦(❛❝✐♦♥❡' ✐♥✐❝✐❛❧❡' ❞❡
#❡❝✉#'♦'✳ ❯♥❛ ✈❡③ ✉❜✐❝❛❞♦ ❤✐'(4#✐❝❛ ② ❛♥❛❧6(✐❝❛♠❡♥(❡ ❡❧ ♦❜❥❡(✐✈♦ ❜✉'❝❛❞♦ ♣♦#
❡'(❡ (❡①(♦✱ ♣❛'❡♠♦' ❛❤♦#❛ ❛ ♠♦❞❡❧❛# ❡❧ ❝♦♠♣♦#(❛♠✐❡♥(♦ ❞❡❧ ❛❣❡♥(❡ ❝♦♥'✉♠✐❞♦#
❡♥ ✉♥❛ ❡❝♦♥♦♠6❛ (✐♣♦ ❆##♦✇ ✲ ❉❡❜#❡✉ ♣❛#❛ ✈❡# ❝4♠♦ ❧♦' ❝♦♥'✉♠✐❞♦#❡' #❡'✉❡❧✈❡♥
'✉' ♣#♦❜❧❡♠❛' ✐♥❞❡♣❡♥❞✐❡♥(❡♠❡♥(❡✱ '✐♥ ❝♦♥♦❝❡#'❡✱ ❝♦♥ ✉♥ '4❧♦ ♠❡❝❛♥✐'♠♦ ❞❡
✼✐♥❢♦%♠❛❝✐)♥ ❡ ✐♥✢✉❡♥❝✐❛ ❡♥-%❡ ❛❣❡♥-❡/✿ ❧♦/ ♣%❡❝✐♦/✳
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✶✳✶✳ ■♥$%♦❞✉❝❝✐+♥
▲❛ ✉♥✐❞❛❞ ❢✉♥❞❛♠❡♥)❛❧ ❞❡ ❞❡❝✐,✐-♥ ❡♥ ❧❛ )❡♦/0❛ ❡❝♦♥-♠✐❝❛ ❡, ❡❧ ❝♦♥,✉♠✐❞♦/
② ♣♦/ ❧♦ )❛♥)♦✱ ♥✉❡,)/♦ ❛♥4❧✐,✐, ✈❛ ❛ ❡♠♣❡③❛/ ♣♦/ ❞❡✜♥✐/ ❧❛ ❞❡♠❛♥❞❛ ❞❡ ❧♦,
❝♦♥,✉♠✐❞♦/❡, ❡♥ ✉♥❛ ❡❝♦♥♦♠0❛ ❞❡ ♠❡/❝❛❞♦✳ 9♦/ ❡❝♦♥♦♠0❛ ❞❡ ♠❡/❝❛❞♦✱ ✈❛♠♦,
❛ ❡♥)❡♥❞❡/ ✉♥ ❡,❝❡♥❛/✐♦ ❡♥ ❡❧ ❝✉❛❧ )♦❞♦, ❧♦, ❜✐❡♥❡, ② ,❡/✈✐❝✐♦, ;✉❡ ❧♦, ❛❣❡♥)❡,
❞❡,❡❛♥ ❛❞;✉✐/✐/ ❡,)4♥ ❞✐,♣♦♥✐❜❧❡, ❛ ✉♥ ♣/❡❝✐♦ ❝♦♥♦❝✐❞♦ ②✴♦ ❡,)4♥ ❞✐,♣♦♥✐❜❧❡,
♣❛/❛ ✐♥)❡/❝❛♠❜✐❛/✱ ♣♦/ ♦)/♦, ❜✐❡♥❡,✱ ❛ ✉♥❛ )❛,❛ ❝♦♥♦❝✐❞❛ ✭▼❛,✲❈♦❧❡❧❧✱ ❲❤✐♥,)♦♥
② ●/❡❡♥✱ ✶✾✾✺✿✶✼✮✳
❙❡ ❞❡✜♥❡ ✉♥ ❝♦♥,✉♠✐❞♦/✱ ❝♦♠♦ ✉♥ ✐♥❞✐✈✐❞✉♦ ♦ ❣/✉♣♦ ❞❡ ✐♥❞✐✈✐❞✉♦, ✭✉♥❛
❢❛♠✐❧✐❛✮ ❝♦♥ ✉♥ ♣/♦♣-,✐)♦ ❞❡ ❝♦♥,✉♠♦ ✉♥✐✜❝❛❞♦✿ ❞❡❝❧❛/❛/ ❧❛ ♣/❡❢❡/❡♥❝✐❛ ,♦❜/❡
❝❛❞❛ ♣❧❛♥ ❞❡ ❝♦♥,✉♠♦ ② ❡❧❡❣✐/ ❧♦, ♣❧❛♥❡, ❞❡ ❝♦♥,✉♠♦ ❞❡ ❧♦, ❞✐,)✐♥)♦, ❜✐❡♥❡, ;✉❡
❡,)4♥ ❞✐,♣♦♥✐❜❧❡, ♣❛/❛ ❝♦♠♣/❛/ ❡♥ ❡❧ ♠❡/❝❛❞♦✱ ❞❡ )❛❧ ❢♦/♠❛ ;✉❡ ,✉, ♣/❡❢❡/❡♥❝✐❛,
,❡ ,❛)✐,❢❛❣❛♥ ❛❧ ♠4①✐♠♦✳ ❇❛❥♦ ❝✐❡/)❛, ❝♦♥❞✐❝✐♦♥❡, ;✉❡ ,❡ ♣/❡❝✐,❛/4♥ ♠4, ❛❞❡❧❛♥)❡✱
❡❧ ♣/♦❜❧❡♠❛ ❞❡❧ ❝♦♥,✉♠✐❞♦/ ♣✉❡❞❡ ♣❧❛♥)❡❛/,❡ ❝♦♠♦ ❧❛ ♠❛①✐♠✐③❛❝✐-♥ ❞❡ ✉♥❛
❢✉♥❝✐-♥ ❧❧❛♠❛❞❛ ❞❡ ✉)✐❧✐❞❛❞ ✭▲♦③❛♥♦✱ ▼♦♥,❛❧✈❡ ② ❱✐❧❧❛✱ ✶✾✾✾✿✶✹✮
✶
✳
❯♥ ♣❧❛♥ ❞❡ ❝♦♥,✉♠♦ ❡, ✉♥❛ ❡,♣❡❝✐✜❝❛❝✐-♥ ❞❡ ❧❛, ❝❛♥)✐❞❛❞❡, ❞❡ ❜✐❡♥❡, ❞❡
❝♦♥,✉♠♦ ❛ ❞❡♠❛♥❞❛/ ❛❧ ❝♦♠✐❡♥③♦ ❞❡❧ ♣❡/0♦❞♦ ② ❛❧ ❝♦♥❥✉♥)♦ ❞❡ )♦❞♦, ❧♦, ♣❧❛♥❡,
❞❡ ❝♦♥,✉♠♦✱ ,❡ ❧❡ ❞❡♥♦♠✐♥❛ ❝♦♥❥✉♥)♦ ❞❡ ❝♦♥,✉♠♦✳ ❊❧ ❝♦♥❥✉♥)♦ ❞❡ ❝♦♥,✉♠♦ ❡,)4
✐♥❝❧✉✐❞♦ ❛,0 ❡♥ ❡❧ ❡,♣❛❝✐♦ ❞❡ ♠❡/❝❛♥❝0❛, ✭▼♦♥,❛❧✈❡✱ ✷✵✵✾✿✸✸✼✮✳ ❊♥ ❡,)❡ ,❡♥)✐❞♦✱
❡❧ ♠❡❝❛♥✐,♠♦ ❡①♣✉❡,)♦ ❡, ❝♦♠♣❧❡)❛♠❡♥)❡ ❞❡,❝❡♥)/❛❧✐③❛❞♦ ❡ ✐♠♣❡/,♦♥❛❧✿ ♥✐♥❣V♥
❛❣❡♥)❡ ♥❡❝❡,✐)❛ ,❛❜❡/ ❛❧❣♦ ❞❡ ❧♦, ❞❡♠4,✱ ♥✐ ❞❡ ,✉, ♣/❡❢❡/❡♥❝✐❛, ♥✐ ❞❡❧ ❝♦♥❥✉♥)♦
✶
◆♦ ✈❛♠♦% ❛ &❡♥❡) ❡♥ ❝✉❡♥&❛ ❡❧ ❝❛%♦ ❡♥ -✉❡ ❧♦% ✐♥❞✐✈✐❞✉♦% ❡%♣❡❝✐✜❝❛♥ ❧❛% ❝❛♥&✐❞❛❞❡% ❞❡
%❡)✈✐❝✐♦% ❛ ♦❢)❡❝❡)✳ 4♦) ❧♦ &❛♥&♦✱ ❡♥ ❧❛ ❝❡%&❛ ❞❡ ❝♦♥%✉♠♦ %♦❧♦ ❡①✐%&✐)7♥ ❡♥&)❛❞❛% ♥♦ ♥❡❣❛&✐✈❛%✳
✽
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✾
❞❡ ❝♦♥&✉♠♦ ❞❡ ❧♦& ♦*+♦&✱ ♥✐ ❞❡ &✉& ❞♦*❛❝✐♦♥❡&✱ ❡*❝✳
❙❡ ❛&✉♠✐+1 2✉❡ ❡❧ ♥3♠❡+♦ ❞❡ ❜✐❡♥❡& ❡& ✜♥✐*♦ ❡ ✐❣✉❛❧ ❛ L✱ ✐♥❞❡①❛❞♦& ❝❛❞❛ ✉♥♦
❞❡ ❧♦& ❜✐❡♥❡& ❝♦♥ ✉♥ l = 1, 2, ..., L✳ ❙❡ &✉♣♦♥❡ *❛♠❜✐9♥ 2✉❡ ❧♦& ❛❣❡♥*❡& *✐❡♥❡♥
✐♥❢♦+♠❛❝✐;♥ &♦❜+❡ *♦❞❛& ❧❛& ❝❛+❛❝*❡+<&*✐❝❛& ❞❡ ❧♦& ❜✐❡♥❡& ② ❞❡ ❧♦& +❡&✉❧*❛❞♦& ❞❡ &✉&
❛❝❝✐♦♥❡&✱ ❡& ❞❡❝✐+❀ ❤❛② ✐♥❢♦+♠❛❝✐;♥ ❝♦♠♣❧❡*❛ ❛❞❡♠1& ❞❡ 2✉❡ ♥♦ ❤❛② ♣+♦❜❧❡♠❛&
❡♥ ❡❧ ❝✉♠♣❧✐♠✐❡♥*♦ ❞❡ ❧♦& ❝♦♥*+❛*♦& ② *♦❞❛& ❧❛& ❝♦♥*✐♥❣❡♥❝✐❛& &❡ *✐❡♥❡♥ ❡♥ ❝✉❡♥*❛
✭❙*✐❣❧✐*③✱ ✷✵✵✵✮✳
E❛+❛ ❡❧ ❛♥1❧✐&✐& 2✉❡ &❡ ✈❛ ❛ ♣+❡&❡♥*❛+✱ ✉♥ ❜✐❡♥ ❡& ❛❧❣♦ 2✉❡ &❡ ♣✉❡❞❡ ✐♥*❡+✲
❝❛♠❜✐❛+ ② ❞❛ &❛*✐&❢❛❝❝✐;♥✳ E✉❡❞❡♥ &❡+ *❛♥❣✐❜❧❡& ♦ ✐♥*❛♥❣✐❜❧❡&✳ ❚❛❧ ❝♦♠♦ &❡ ❛♥♦*;
❛♥*❡&✱ &❡ ✈❛ ❛ ❞❡✜♥✐+ ✉♥❛ ❝❡&*❛✱ ♣❧❛♥ ♦ ❝❛♥❛&*❛ ❞❡ ❝♦♥&✉♠♦ ❝♦♠♦ ✉♥❛ ❧✐&*❛ ❞❡
❧♦& ❞✐❢❡+❡♥*❡& ❜✐❡♥❡& ② &❡ ❞❡♥♦*❛+1 ♣♦+ x ❞♦♥❞❡
x =


x1
x2
.
:
xL


❙❡ *✐❡♥❡ ❛&< 2✉❡ ✉♥❛ ❝❛♥❛&*❛ ♦ ❝❡&*❛ ❞❡ ❜✐❡♥❡& ❡& ✉♥ ♣✉♥*♦ ❡♥ R
l
+ ❡❧ ❝✉❛❧ ❡&
♣+❡❝✐&❛♠❡♥*❡ ❡❧ ❡&♣❛❝✐♦ ❞❡ ❧♦& ❜✐❡♥❡&
✷
✳ E♦+ ❧♦ *❛♥*♦✱ ❧❛ lth ❡♥*+❛❞❛ ❞❡❧ ✈❡❝*♦+ ❞❡
❜✐❡♥❡& ❡&♣❡❝✐✜❝❛+1 ❧❛ ❝❛♥*✐❞❛❞ ❞❡❧ ❜✐❡♥ l ❝♦♥&✉♠✐❞♦✳
▲♦& ❜✐❡♥❡&✱ ❛❞❡♠1&✱ &♦♥ ❞✐✈✐&✐❜❧❡& ② ❡&*1♥ ❞❡✜♥✐❞♦& ♣♦+ ❢❡❝❤❛✱ *✐❡♠♣♦ ② ❡&✲
♣❛❝✐♦ ② ♣♦+ ❧♦ *❛♥*♦✱ ❡❧ ♠✐&♠♦ ❜✐❡♥ ❞❡✜♥✐❞♦ ❡♥ ❞♦& ❢❡❝❤❛& ❞✐&*✐♥*❛& ❡& ✉♥ ❜✐❡♥
❞✐&*✐♥*♦ ✭❆++♦✇ ② ❉❡❜+❡✉✱ ✶✾✺✹✿✷✻✻✮✳ ❆&< ♣✉❡&✱ ♣♦❞❡♠♦& ❞❡✜♥✐+ ✉♥❛ ♠❡+❝❛♥❝<❛
❝♦♠♦ ✉♥ ❜✐❡♥ ♦ &❡+✈✐❝✐♦ ❝♦♠♣❧❡*❛♠❡♥*❡ ❡&♣❡❝✐✜❝❛❞♦ ❢<&✐❝❛✱ *❡♠♣♦+❛❧ ② ❡&♣❛❝✐❛❧✲
♠❡♥*❡✳
✶✳✷✳ ❊❧ ❝♦♥❥✉♥*♦ ❞❡ ❝♦♥-✉♠♦ ♦ ❞❡ ❡❧❡❝❝✐0♥
❊❧ ❝♦♥❥✉♥*♦ ❞❡ ❝♦♥&✉♠♦ ❡& ✉♥ &✉❜❝♦♥❥✉♥*♦ ❞❡❧ ❡&♣❛❝✐♦ ❞❡ ❜✐❡♥❡& R
l
+ ② ❧♦
✈❛♠♦& ❛ ❞❡♥♦*❛+ ❝♦♠♦ X ⊆ Rl+ ❝✉②♦& ❡❧❡♠❡♥*♦& &♦♥ ❧❛& ❝❛♥❛&*❛& ❞❡ ❝♦♥&✉♠♦
2✉❡ ❡❧ ✐♥❞✐✈✐❞✉♦ ♣✉❡❞❡ ♣♦&✐❜❧❡♠❡♥*❡ ❝♦♥&✉♠✐+ ❞❛❞❛ ❧❛& +❡&*+✐❝❝✐♦♥❡& ❢<&✐❝❛&
✸
②
❡❝♦♥;♠✐❝❛& ✐♠♣✉❡&*❛&✳
✷
◆!"❡$❡ ❞❡ ♥✉❡✈♦ *✉❡ ♥♦ $❡ ✈❛♥ ❛ "❡♥❡, ❡♥ ❝✉❡♥"❛ ❡♥",❛❞❛$ ♥❡❣❛"✐✈❛$ ❡♥ ❡❧ ❡$♣❛❝✐♦ ❞❡ ❜✐❡♥❡$
②❛ *✉❡ ♥♦ $❡ ✈❛♥ ❛ "♦♠❛, ❞5❜✐"♦$ ♦ $❛❧✐❞❛$ ❞❡ ❜✐❡♥❡$ ♦ $❡,✈✐❝✐♦$ ♣♦, ♣❛,"❡ ❞❡❧ ❝♦♥$✉♠✐❞♦, ❝♦♠♦✱
♣♦, ❡❥❡♠♣❧♦✱ $✉ ♦❢❡,"❛ ❞❡ ",❛❜❛❥♦✳
✸
:♦, ,❡$",✐❝❝✐♦♥❡$ ❢;$✐❝❛$ ❡♥"✐5♥❞❛$❡✱ ♣♦, ❡❥❡♠♣❧♦✱ *✉❡ ♥♦ ❡$ ♣♦$✐❜❧❡ ❝♦♥$✉♠✐, ♠<$ ❞❡ ✷✹
❤♦,❛$✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✶✵
❆#$✱ ❡❧ ❝♦♥❥✉♥-♦ ❞❡ ❝♦♥#✉♠♦ ❡#-❛12 ❞❡✜♥✐❞♦ ❝♦♠♦
X ⊆ Rl+ =
{
x ∈ Rl+ : xl ≥ 0 ∀l = 1, 2, ..., L
}
❊♥ ❡❧ ❡#♣❛❝✐♦ R
2
+ ♣❛1❛ ❞♦# ❜✐❡♥❡#✱ ❡❧ ❝♦♥❥✉♥-♦ ❞❡ ❝♦♥#✉♠♦ #❡1$❛✿
●!"✜❝♦ ✶
❯♥❛ ❝❛1❛❝-❡1$#-✐❝❛ :✉❡ -✐❡♥❡ ❡❧ ❝♦♥❥✉♥-♦ ❞❡ ❝♦♥#✉♠♦ ❡# :✉❡ ❡# ✉♥ ❝♦♥❥✉♥-♦
❝♦♥✈❡①♦✳ ❊# ❞❡❝✐1✱ ♣❛1❛ ❞♦# ❝❡#-❛# ❞❡ ❜✐❡♥❡# ❝♦♠♦ x, x
′
∈ X ⊆ Rl+ #❡ ❝✉♠♣❧❡
:✉❡ ✉♥❛ ❝♦♠❜✐♥❛❝✐>♥ ❞❡ ❧❛ ❢♦1♠❛ x′′ = λx+ (1− λ)x′ -❛♠❜✐@♥ ❡# ✉♥❛ ❝❡#-❛ ❞❡
X ⊆ Rl+ ♣❛1❛ -♦❞♦ λ ∈ [0, 1]✳
❊❧ ❝♦♥❥✉♥-♦ ❞❡ ❝♦♥#✉♠♦ X -❛♠❜✐@♥ ❝✉♠♣❧❡ ❝♦♥ ❧❛ ♣1♦♣✐❡❞❛❞ ❞❡ #❡1 ❝❡11❛❞♦✳
❊# ❞❡❝✐1✱ #✐ ❡①✐#-❡ ✉♥❛ #✉❝❡#✐>♥ ❞❡ ♣❧❛♥❡# ♣♦#✐❜❧❡# ❞❡ ❝♦♥#✉♠♦ {xni } :✉❡ ❝♦♥✈❡1❣❡
❛ ❛❧❣B♥ ✈❡❝-♦1 x ❡♥ ❡❧ ❡#♣❛❝✐♦ ❞❡ ❜✐❡♥❡#✱ ❡♥-♦♥❝❡# ❡#❡ ✈❡❝-♦1 -❛♠❜✐@♥ ❡# ✉♥ ♣❧❛♥
❞❡ ❝♦♥#✉♠♦ ♣♦#✐❜❧❡✳ C♦1 B❧-✐♠♦✱ ❞✐1❡♠♦# :✉❡ X -✐❡♥❡ ✉♥❛ ❝♦-❛ ✐♥❢❡1✐♦1 ♣❛1❛ ≤✱
❡# ❞❡❝✐1 ❤❛② ✉♥ ❝♦♥#✉♠♦ ♠$♥✐♠♦ ❞❡ #✉❜#✐#-❡♥❝✐❛ ♣❛1❛ ❡❧ ❝♦♥#✉♠✐❞♦1
✹
✳
✹
❊! ❞❡❝✐&✱ ✉♥ ♣❧❛♥ ❞❡ ❝♦♥!✉♠♦ ♣♦!✐❜❧❡ ❡! ✉♥♦ 0✉❡ ♣♦!❡❛ ♠❡♥♦& ❝❛♥1✐❞❛❞ ❞❡ ❜✐❡♥❡! ❛ ❧❛!
0✉❡ ♣♦!❡❡ ❡❧ ❝♦♥!✉♠✐❞♦& ❝♦♠♦ ❞♦1❛❝✐2♥ ✐♥✐❝✐❛❧✳ ❉❡ ❡!1❛ ❢♦&♠❛ ❡❧ ♠6♥✐♠♦ ❝♦♥❥✉♥1♦ ❞❡ ❝♦♥!✉♠♦
♣♦!✐❜❧❡ ❞❡❧ ❝♦♥!✉♠✐❞♦& ♥♦ ✈❛ ❛ !❡& ❡①❛❝1❛♠❡♥1❡ ❧❛ &✐0✉❡③❛ ❞❡❧ ❝♦♥!✉♠✐❞♦& ✭▲♦③❛♥♦✱ ▼♦♥!❛❧✈❡
② ❱✐❧❧❛✱✶✾✾✾✿✹✽✮✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✶✶
✶✳✸✳ ❈❛%❛❝'❡%)*'✐❝❛* ❞❡❧ ♠❡%❝❛❞♦
❈♦♠♦ $❡ ♠❡♥❝✐♦♥) ❛♥+❡,✐♦,♠❡♥+❡✱ ❡❧ ❝♦♥$✉♠✐❞♦, ❡♥❢,❡♥+❛ ❛❞❡♠2$ ❞❡ ,❡$+,✐❝✲
❝✐♦♥❡$ ❢4$✐❝❛$✱ ,❡$+,✐❝❝✐♦♥❡$ ❡❝♦♥)♠✐❝❛$✳ ❊$ ❞❡❝✐,✱ ❡❧ ❝♦♥❥✉♥+♦ ❞❡ ❝♦♥$✉♠♦ ❡$+2
❧✐♠✐+❛❞♦ ♣♦, ❧❛ ❝❛♥+✐❞❛❞ ❞❡ ❝❡$+❛$ ❞❡ ❜✐❡♥❡$ :✉❡ ;❧ ♣✉❡❞❛ ❝♦$+❡❛,$❡✳
<❛,❛ ❢♦,♠❛❧✐③❛, ❡$+❛$ ,❡$+,✐❝❝✐♦♥❡$✱ ❡$ ♥❡❝❡$❛,✐♦ ✐♥+,♦❞✉❝✐, ❞♦$ $✉♣✉❡$+♦$✳
<,✐♠❡,♦✱ ✈❛♠♦$ ❛ $✉♣♦♥❡, :✉❡ ❧❛ ❝❛♥+✐❞❛❞ L ❜✐❡♥❡$ $❡ ❝♦♠❡,❝✐❛♥ +♦❞♦$ ❡♥ ❡❧
♠❡,❝❛❞♦ ❛ ♣,❡❝✐♦$ ❡♥ ♣❡$♦$ ❝♦,,✐❡♥+❡$ :✉❡ $♦♥ ❝♦♥♦❝✐❞♦$ ② ♣@❜❧✐❝❛♠❡♥+❡ ❝♦✲
+✐③❛❞♦$✳ ❊$+❡ ♣,✐♥❝✐♣✐♦ ❡$ ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❡❧ ♣,✐♥❝✐♣✐♦ ❞❡ ♠❡,❝❛❞♦$ ❝♦♠♣❧❡+♦$
✭▼❛$✲❈♦❧❡❧❧✱ ❲❤✐♥$+♦♥ ② ●,❡❡♥✱ ✶✾✾✺✿✷✵✮✳
❋♦,♠❛❧♠❡♥+❡ ❧♦$ ♣,❡❝✐♦$ ❡$+2♥ ,❡♣,❡$❡♥+❛❞♦$ ♣♦, ✉♥ ✈❡❝+♦, ❞❡ ♣,❡❝✐♦$
p =


p1
p2
.
:
pL


∈ Rl+
❈♦♥ ❞✐❝❤♦ ✈❡❝+♦, ❡$ ♣♦$✐❜❧❡ ❝♦♥♦❝❡, ❡♥+♦♥❝❡$ ❡❧ ❝♦$+♦ ❡♥ ♣❡$♦$ ❞❡ ❝❛❞❛ ✉♥♦
❞❡ ❧♦$ L ❜✐❡♥❡$✳ ❙❡ ✈❛ ❛$✉♠✐, ❞❡ ❛❤♦,❛ ❡♥ ❛❞❡❧❛♥+❛ :✉❡ p ≫ 0✱ ❡$+♦ ❡$ pl > 0
♣❛,❛ +♦❞♦ l✳ ▼2$ ❡$♣❡❝4✜❝❛♠❡♥+❡
p ∈ Rl++
❊❧ $❡❣✉♥❞♦ $✉♣✉❡$+♦ ❡$ :✉❡ ❧♦$ ♣,❡❝✐♦$ ♥♦ ❡$+2♥ ✐♥✢✉❡♥❝✐❛❞♦$ ♣♦, ❡❧ ❝♦♥$✉✲
♠✐❞♦, ② ♣♦, ❧♦ +❛♥+♦✱ ❧♦$ ❝♦♥$✉♠✐❞♦,❡$ $♦♥ ♣,❡❝✐♦ ❛❝❡♣+❛♥+❡$✳ ❊$+❡ ♣,✐♥❝✐♣✐♦ ❡$
❝♦♥♦❝✐❞♦ ❝♦♠♦ ❡❧ ♣,✐♥❝✐♣✐♦ ❞❡ ❝♦♥❞✉❝+❛ ♣❛,❛♠;+,✐❝❛ ,❡$♣❡❝+♦ ❛ ❧♦$ ♣,❡❝✐♦$✳ ❊$+❡
$✉♣✉❡$+♦ ✈❛ ❞❡ ❧❛ ♠❛♥♦ ❞❡ $✉♣♦♥❡, :✉❡ ❧❛ ❞❡♠❛♥❞❛ ❞❡❧ ❝♦♥$✉♠✐❞♦, ❡$ ❛♣❡♥❛$
✉♥❛ ♣❡:✉❡Q❛ ❢,❛❝❝✐)♥ ❞❡ ❧❛ ❞❡♠❛♥❞❛ ❞❡❧ ♠❡,❝❛❞♦✱ ②❛ :✉❡ $❡ $✉♣♦♥❡ :✉❡ ❤❛② ✉♥
❣,❛♥ ♥@♠❡,♦ m ❞❡ ❝♦♥$✉♠✐❞♦,❡$ ✭▼❛$✲❈♦❧❡❧❧✱ ❲❤✐♥$+♦♥ ② ●,❡❡♥✱ ✶✾✾✺✿✷✵✮✳
<♦, @❧+✐♠♦✱ ② ♣♦, ❝♦♠♦❞✐❞❛❞✱ ✈❛♠♦$ ❛ $✉♣♦♥❡, :✉❡ ❡❧ ❝♦♥❥✉♥+♦ ❞❡ ❡❧❡❝❝✐)♥
❞❡❧ ❝♦♥$✉♠✐❞♦, ❞❡♣❡♥❞❡ ❞❡ ❞♦$ ❝♦$❛$✿ ❧♦$ ♣,❡❝✐♦$ ❞❡ ♠❡,❝❛❞♦ p ② ❧❛ ,❡♥+❛ ❞❡❧
❝♦♥$✉♠✐❞♦,
✺
❡♥ ♣❡$♦$ :✉❡ ❞❡♥♦+❛,❡♠♦$ m ∈ R✳ ❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥+❛ ❧♦$ ❛♥+❡,✐♦,❡$
$✉♣✉❡$+♦$ ♣❛$❡♠♦$ ❛❤♦,❛ ❛ ❞❡✜♥✐, ❡❧ ❝♦♥❥✉♥+♦ ❞❡ ,❡$+,✐❝❝✐)♥ ♣,❡$✉♣✉❡$+❛,✐❛ ♦ ❞❡
,❡$+,✐❝❝✐♦♥❡$ ❡❝♦♥)♠✐❝❛$✳
✺
◆✉❡#$%♦ ♠♦❞❡❧♦ ✈❛ ❛ #✉♣♦♥❡% %❡♥$❛ ❝♦♠♦ ❡/✉✐✈❛❧❡♥$❡ ❛ %✐/✉❡③❛ ❛✉♥/✉❡ ❡❧❧♦ ♥♦ #❡❛ ❡#$%✐❝✲
$❛♠❡♥$❡ ❝✐❡%$♦✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✶✷
✶✳✹✳ ❈♦♥❥✉♥(♦ ❞❡ +❡,(+✐❝❝✐/♥ ♣+❡,✉♣✉❡,(❛+✐❛
■♥✐❝✐❛❧♠❡♥*❡ +❡ ❞❡❜❡ ❛❝❧❛.❛. /✉❡ ❝❛❞❛ ❡❧❡♠❡♥*♦ ❞❡❧ ❝♦♥❥✉♥*♦ ❞❡ .❡+*.✐❝❝✐♦♥❡+
♣.❡+✉♣✉❡+*❛.✐❛+ β✱ ❡+ ❛♥*❡ *♦❞♦ ✉♥ +✉❜❝♦♥❥✉♥*♦ ❞❡❧ ❝♦♥❥✉♥*♦ ❞❡ ❝♦♥+✉♠♦ ❞❡ X ∈
R
l
+✳ ❙♦❜.❡ ❡+*❡ ❝♦♥❥✉♥*♦ ❞❡ ❝♦♥+✉♠♦✱ +❡ ♣✉❡❞❡♥ ✐♠♣♦♥❡. ❞✐❢❡.❡♥*❡+ .❡+*.✐❝❝✐♦♥❡+
/✉❡ +♦♥ ♣.❡❝✐+❛♠❡♥*❡ ✐❣✉❛❧❡+ ❛ β✳
β ❡+ ❛+9 ✉♥ +✉❜❝♦♥❥✉♥*♦ ❞❡❧ ❝♦♥❥✉♥*♦ ❞❡ ♣♦❞❡. ❞❡ X ∈ Rl+✳ ❊+ ❞❡❝✐.✿
β ⊆ P (X) \ {∅}
❊❧ +✉❜❝♦♥❥✉♥*♦ ❞❡ ♣♦❞❡.✱ ❡+ ✐❣✉❛❧ ❛ P (X) = {β/β ⊆ X} ❞♦♥❞❡ ∅ /∈ P (X).
❊+*❛ <❧*✐♠❛ ❝♦♥❞✐❝✐=♥ +❡ ✐♠♣♦♥❡ ♣❛.❛ /✉❡ ❛ +✉ ✈❡③ β 6= ∅ ② ❛+9 ❡❧ ❝♦♥+✉♠✐❞♦.
*❡♥❣❛ ♣♦+✐❜✐❧✐❞❛❞ ❞❡ ❡❧❡❣✐. ❛❧❣♦✳ ❙❡ *✐❡♥❡ ❛+9 /✉❡ ✉♥ +✉❜❝♦♥❥✉♥*♦ ❞❡ X ♣✉❡❞❡
❡+*❛. ❡♥ β ♣❡.♦ ✉♥ ❡❧❡♠❡♥*♦ ❞❡ X ♣✉❡❞❡ ♥♦ ❡+*❛. ❡♥ β✳ ❊+ ❞❡❝✐.✿
❙✐ B ∈ β✱ ❡♥*♦♥❝❡+ B ∈ X ∈ Rl+ ② B 6= ∅✳ ❙✐❡♥❞♦ B ❡♥ ❡+*❡ ❝❛+♦ ✉♥
♣.❡+✉♣✉❡+*♦ ② β ❡❧ ❝♦♥❥✉♥*♦ ❞❡ *♦❞♦+ ❧♦+ ♣.❡+✉♣✉❡+*♦+ ✐❣✉❛❧ ❛
β =
{
B ⊆ Rl+/∃(p,m) ∈ R
l
++ × R+ : B(p,m) = B
}
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥*❛ ❧♦ ❛♥*❡.✐♦.✱ ② +✉♣♦♥✐❡♥❞♦ ❝♦♠♦ ❞❛❞♦+ ✉♥ ✈❡❝*♦. ❞❡ ♣.❡❝✐♦+
p ∈ Rl++ ② ✉♥❛ .❡♥*❛ m ∈ R✱ ❡+ ♣♦+✐❜❧❡ ❝♦♥+*.✉✐. ❡❧ +✐❣✉✐❡♥*❡ ❝♦♥❥✉♥*♦ ❞❡
.❡+*.✐❝❝✐=♥ ♣.❡+✉♣✉❡+*❛.✐❛ /✉❡ ❧❧❛♠❛.❡♠♦+ B✱ ♣❛.❛ ✉♥ B ∈ β✳
B(p,m) =
{
x ∈ Rl+/p.x ≤ m
}
❙✐❡♥❞♦ x ✉♥ ♣❧❛♥ ❞❡ ❝♦♥+✉♠♦ ❞❡❧ ❝♦♥❥✉♥*♦ ❞❡ ❝♦♥+✉♠♦ X✳ ❊+ ❞❡❝✐.✿
x ∈ X ⊆ Rl+
❙❡ ❡+*❛❜❧❡❝❡ ✉♥ +✉♣✉❡+*♦ ❛❞✐❝✐♦♥❛❧ ② ❡+ /✉❡ ♥♦ +❡ ✈❛ ❛ *.❛❜❛❥❛. ❝♦♥ ❛❣❡♥*❡+
/✉❡❜.❛❞♦+✳ ❊+ ❞❡❝✐.✱ ❞❡ ❛❝B ❡♥ ❛❞❡❧❛♥*❡ +❡ ✈❛ ❛ +✉♣♦♥❡. m > 0✳
❊❧ ❝♦♥❥✉♥*♦ ❞❡ .❡+*.✐❝❝✐=♥ ♣.❡+✉♣✉❡+*❛.✐❛ ❡+✱ ❡♥*♦♥❝❡+✱ ❡❧ ❝♦♥❥✉♥*♦ +♦❜.❡ ❡❧
❝✉❛❧ ❡❧ ❝♦♥+✉♠✐❞♦. ✈❛ ❛ *♦♠❛. +✉+ ❞❡❝✐+✐♦♥❡+ ❞❡ ❝♦♥+✉♠♦ ② ❡+ ❝♦♥♦❝✐❞♦ ❝♦♠♦
❝♦♥❥✉♥*♦ ♣.❡+✉♣✉❡+*❛.✐♦ ✇❛❧.❛+✐❛♥♦ ♦ ❝♦♠♣❡*✐*✐✈♦
✻
✳ ❊+ ❞❡❝✐.✱ +✐ B ∈ β /✉✐❡.❡
❞❡❝✐. /✉❡ ❡❧ ❛❣❡♥*❡ ❡♥❢.❡♥*❛ ❡❧ ♣.♦❜❧❡♠❛ ❞❡ ❡+❝♦❣❡. ✉♥ x *❛❧ /✉❡ x ∈ B ⊆ X✳
✻
❊!"❡ "✐♣♦ ❞❡ (❡!"(✐❝❝✐*♥ ♣(❡!✉♣✉❡!"❛(✐❛ ❞❡❥❛ ❛❢✉❡(❛ ♥♦ ❧✐♥❡❛❧✐❞❛❞❡! ❡♥ ❧❛ (❡!"(✐❝❝✐*♥✱ ✐♥❞✐✈✐✲
!✐❜✐❧✐❞❛❞❡! ❡ ✐♥❝❡("✐❞✉♠❜(❡ ❡♥ ❧❛ "❛!❛ ❞❡ ❝❛♠❜✐♦ ❡♥"(❡ ❜✐❡♥❡! ✭❉❡❛"♦♥ ② ▼✉❡❧❧❜❛✉❡(✱ ✶✾✾✸✿✶✹✮✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✶✸
●!"✜❝♦ ✷
✶✳✺✳ ❊❧ ❝♦♥-✉♠✐❞♦! ② ❧♦- ❝!✐3❡!✐♦- ❞❡ ❡❧❡❝❝✐5♥
❊#$❛❜❧❡❝✐❞❛# ❧❛# ♣-♦♣✐❡❞❛❞❡# ❞❡❧ ❝♦♥❥✉♥$♦ ❞❡ ❝♦♥#✉♠♦ ② ❞❡ -❡#$-✐❝❝✐4♥ ♣-❡✲
#✉♣✉❡#$❛-✐❛✱ #❡ #✉♣♦♥❡ 7✉❡ ❝❛❞❛ ❛❣❡♥$❡ ❞❡ ❧❛ ❡❝♦♥♦♠9❛ $✐❡♥❡ ❞❡✜♥✐❞♦ ✉♥ ❝-✐$❡-✐♦
❞❡ ♦-❞❡♥❛❝✐4♥ #♦❜-❡ #✉ ❝♦♥❥✉♥$♦ ❞❡ ❡❧❡❝❝✐4♥ ❡❧ ❝✉❛❧ ❡#$; #✉❥❡$♦ ❛ ❝✐❡-$❛# -❡#$-✐❝✲
❝✐♦♥❡#✳ ❊❧ ❛❣❡♥$❡ ❝♦♥#✉♠✐❞♦- ❡#$❛-; ❞❡✜♥✐❞♦ ❡♥$♦♥❝❡# ❝♦♠♦ ✉♥❛ $-✐❛❞❛✿
[X,%, B]
❉♦♥❞❡ X ❡# ❡❧ ❝♦♥❥✉♥$♦ ❞❡ ❝♦♥#✉♠♦✱ % ❡# ❧❛ -❡❧❛❝✐4♥ ❜✐♥❛-✐❛ ❞❡ ♣-❡❢❡-❡♥❝✐❛#
#♦❜-❡ ❡❧ ❝♦♥❥✉♥$♦ ❞❡ ❝♦♥#✉♠♦ ② B ❡# ❡❧ ❝♦♥❥✉♥$♦ ♣-❡#✉♣✉❡#$❛-✐♦✳
@♦- ❧♦ $❛♥$♦✱ #❡ $✐❡♥❡ 7✉❡ $-❡# ❡❧❡♠❡♥$♦# ❝❛-❛❝$❡-✐③❛♥ ❡❧ ♣-♦❜❧❡♠❛ ❞❡ ❞❡❝✐#✐4♥
❞❡❧ ❝♦♥#✉♠✐❞♦- ✭❱✐❧❧❛-✱ ✶✾✾✻✿✷✶✮✿
❊❧ ❝♦♥❥✉♥$♦ ❞❡ ❡❧❡❝❝✐4♥ X ∈ Rl+
❊❧ ❝-✐$❡-✐♦ ❞❡ ✈❛❧♦-❛❝✐4♥ %
▲❛# -❡#$-✐❝❝✐♦♥❡# #♦❜-❡ ❡❧ ❝♦♥❥✉♥$♦ ❞❡ ❡❧❡❝❝✐4♥ ❡①♣-❡#❛❞❛# ❡♥ B✳
❊❧ ♦❜❥❡$✐✈♦ ❞❡❧ ❝♦♥#✉♠✐❞♦- ❡#✱ ❡♥$♦♥❝❡#✱ ❡❧❡❣✐- ✉♥ ♣❧❛♥ ❞❡ ❝♦♥#✉♠♦ x ❡♥ ✉♥
#✉❜❝♦♥❥✉♥$♦ ♥♦ ✈❛❝✐4 ❞❡ R
l
✱ 7✉❡ ❡# #✉ ❝♦♥❥✉♥$♦ ❞❡ ❝♦♥#✉♠♦ X✱ ❞❡ $❛❧ ♠♦❞♦
7✉❡ ♠❛①✐♠✐❝❡ #✉ ✉$✐❧✐❞❛❞✳ @❛-❛ ♣♦❞❡- -❡❛❧✐③❛- #✉ ❡❧❡❝❝✐4♥ ❞❡❧ ♣❧❛♥ ❞❡ ❝♦♥#✉♠♦
4♣$✐♠♦✱ ❡# ♥❡❝❡#❛-✐♦ $❡♥❡- ✉♥ ❝-✐$❡-✐♦ ❞❡ ❝♦♠♣❛-❛❝✐4♥ ② ♦-❞❡♥❛❝✐4♥ ❞❡ ❧♦# ♣❧❛✲
♥❡# ❞❡ ❝♦♥#✉♠♦ ❞❡❧ ❝♦♥❥✉♥$♦ ❞❡ ❝♦♥#✉♠♦✳ ❊#$❡ ❡# ♣-❡❝✐#❛♠❡♥$❡ ❡❧ ❝-✐$❡-✐♦ ❞❡
♦-❞❡♥❛❝✐4♥ % ❛❧ 7✉❡ ♥♦# -❡❢❡-9❛♠♦# ❛♥$❡# ✭▲♦③❛♥♦✱ ▼♦♥#❛❧✈❡ ② ❱✐❧❧❛✱ ✶✾✾✾✿✹✼✮✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✶✹
❆#$✱ ❡❧ ♦❜❥❡+✐✈♦ #✐❣✉✐❡♥+❡ ❡# ❡#+❛❜❧❡❝❡3 ❧❛# ♣3♦♣✐❡❞❛❞❡# #♦❜3❡ ❧❛ 3❡❧❛❝✐6♥ ❜✐✲
♥❛3✐❛ ❞❡ ♣3❡❢❡3❡♥❝✐❛# ❞❡✜♥✐❞❛# #♦❜3❡ ❡❧ ❝♦♥❥✉♥+♦ ❞❡ ❡❧❡❝❝✐6♥ ❞❡ +❛❧ ❢♦3♠❛ ;✉❡
❡❧ ❝♦♥#✉♠✐❞♦3 +❡♥❣❛ ✉♥ ❝3✐+❡3✐♦ ❝❧❛3♦ ❞❡ ❡❧❡❝❝✐6♥ #♦❜3❡ #✉ ❝♦♥❥✉♥+♦ ❞❡ ❝♦♥#✉♠♦
❛#❡;✉✐❜❧❡ ♦ ❝♦#+❡❛❜❧❡✳
✶✳✻✳ ❘❡❧❛❝✐)♥ ❞❡ ♣-❡❢❡-❡♥❝✐❛/
=❛3❛ ❡♠♣❡③❛3 #❡ ❞❡❜❡ ❛❝❧❛3❛3 ❡❧ ❝♦♥❝❡♣+♦ ❞❡ ❧♦ ;✉❡ ❡# ✉♥❛ 3❡❧❛❝✐6♥ ❜✐♥❛3✐❛✳
❊#+❛ ❡# ✉♥ ❝3✐+❡3✐♦ ❞❡ ❝♦♠♣❛3❛❝✐6♥ ❡♥+3❡ ❞♦# ❡❧❡♠❡♥+♦# ②✱ ♣❛3❛ ❡❧ ❝❛#♦ ;✉❡
♥♦# ♦❝✉♣❛✱ ❧❡ ✈❛♠♦# ❛ ✐♠♣♦♥❡3 ✉♥ #✐❣♥✐✜❝❛❞♦ ♣❛3❛ ❞❛3❧❡ #❡♥+✐❞♦ ❛ ❧❛ +❡♦3$❛✳
▲❛ 3❡❧❛❝✐6♥ ❜✐♥❛3✐❛ ;✉❡ ✈❛♠♦# ✐♠♣♦♥❡3 ❛❝B ❡# ✉♥❛ 3❡❧❛❝✐6♥ ❞❡ ♣3❡❢❡3❡♥❝✐❛#✱
❡①♣3❡#❛❞❛ ❝♦♠♦ %✱ ;✉❡ ✈❛ ❛ ❡#♣❡❝✐✜❝❛3 ❡♥ ❧❛ +❡♦3$❛ ❞❡❧ ❝♦♥#✉♠✐❞♦3 ➫➫❛❧ ♠❡♥♦#
+❛♥ ❜✉❡♥♦ ❝♦♠♦➫➫✳ =❛3❛ ❡❧ ❝❛#♦✱ ❧❛ 3❡❧❛❝✐6♥ % ❡#+❛❜❧❡❝❡ ♣♦3 ❡❥❡♠♣❧♦ ;✉❡ ❡♥+3❡
❞♦# ♣❧❛♥❡# ❞❡ ❝♦♥#✉♠♦ x1, x2 ∈ X #❡ ♣✉❡❞❡ 3❡❛❧✐③❛3 ❧❛ #✐❣✉✐❡♥+❡ ❝♦♠♣❛3❛❝✐6♥✿
x1 % x2, ∀x1, x2 ∈ X ∈ Rl+
❊# ❞❡❝✐3✱ x1 ❡# ❛❧ ♠❡♥♦# +❛♥ ❜✉❡♥♦ ❝♦♠♦ x2✳ ❊# ❞❡❝✐3✱ ❧❛ 3❡❧❛❝✐6♥ ❞❡ ♣3❡❢❡3❡♥❝✐❛
♣3❡+❡♥❞❡ #❡3 ✉♥ ❝♦♥❝❡♣+♦ ♣3B❝+✐❝♦ ♣❛3❛ ❞❡♥♦+❛3 ❧❛ +♦♠❛ ❞❡ ❞❡❝✐#✐♦♥❡# ❞❡❧ ❝♦♥✲
#✉♠✐❞♦3 ✭❱❛3✐❛♥✱ ✶✾✾✾✿✸✻✮✳ ❙♦❜3❡ ❧❛ 3❡❧❛❝✐6♥ ❞❡ ♣3❡❢❡3❡♥❝✐❛# #❡ ✈❛♥ ❛ ✐♠♣♦♥❡3
❧♦# #✐❣✉✐❡♥+❡# ❛①✐♦♠❛#✳
✶✳✻✳✶✳ ❆①✐♦♠❛) ❞❡ ♦,❞❡♥
✐✮ ❘❡✢❡①✐✈❛✿
∀x ∈ X ∈ Rl+ #❡ ❝✉♠♣❧❡ ;✉❡ x % x✳
❊# ❞❡❝✐3✱ +♦❞❛ ❝❛♥❛#+❛ ❡# ❛❧ ♠❡♥♦# +❛♥ ❜✉❡♥❛ ❝♦♠♦ ❡❧❧❛ ♠✐#♠❛ ② ♥♦ ❡# ♥❡❝❡#❛3✐♦
❡#♣❡❝✐✜❝❛3 ❡❧ ❝✉B♥+♦ ❞❡ ❧❛ ♣3❡❢❡3❡♥❝✐❛ #♦❜3❡ ❞✐❝❤❛ ❝❛♥❛#+❛ ②❛ ;✉❡ ❧❛ 3❡❧❛❝✐6♥ ❞❡
♣3❡❢❡3❡♥❝✐❛# ❡# ♦3❞✐♥❛❧✳
✐✐✮ ❚*❛♥,✐-✐✈❛✿
∀x1x2, x3 ∈ X ∈ Rl+ #❡ ❝✉♠♣❧❡ ;✉❡ #✐ x
1 % x2 ② x2 % x3 ❡♥+♦♥❝❡#✿ x1 % x3✳
❊# ❞❡❝✐3✱ ❡# ♣♦#✐❜❧❡ ❝♦♠♣❛3❛3 ❞♦# ❝❛♥❛#+❛# ❝♦♥ ✉♥❛ +❡3❝❡3❛ ② ❝♦♥#❡3✈❛3 ❡❧ ♦3✲
❞❡♥❛♠✐❡♥+♦ ❞❡ ❧❛# ❝❛♥❛#+❛#✳ ❊# ✐♠♣♦3+❛♥+❡ ❛❝❧❛3❛3 ;✉❡ ❝✉❛♥❞♦ ❡❧ ❛❣❡♥+❡ ♥♦ ❡#
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✶✺
"#❛♥&✐"✐✈♦ &❡ ♣✉❡❞❡ ❥✉❣❛# ❝♦♥ &✉ ✐♥❝♦♥&✐&"❡♥❝✐❛ ❡♥ ❧❛& ❡❧❡❝❝✐♦♥❡& ② ❛##✉✐♥❛#❧♦
✼
✳
❈✉❛♥❞♦ &♦❜#❡ % &❡ ❞❡✜♥❡♥ ❧❛& ♣#♦♣✐❡❞❛❞❡& ✐✮ ② ✐✐✮ &❡ ❡&"❛❜❧❡❝❡ ✉♥ ♣#❡♦#❞❡♥
❞❡ ♣#❡❢❡#❡♥❝✐❛& &♦❜#❡ ❡❧ ❝♦♥❥✉♥"♦ ❞❡ ❝♦♥&✉♠♦✳ ❆❞❡♠;& % &❡ ❞✐❝❡ <✉❡ ❡& #❛❝✐♦♥❛❧
&✐ ❡& ❝♦♠♣❧❡"❛ ② "#❛♥&✐"✐✈❛✳ ▲❛ ❝♦♠♣❧❡"✐"✉❞ ❧❛ ❞❡✜♥✐♠♦& ❛ ❝♦♥"✐♥✉❛❝✐>♥✳
✐✐✐✮ ❈♦♠♣❧❡(✐(✉❞✿
▲❛ #❡❧❛❝✐>♥ ❜✐♥❛#✐❛ % ❡♥ R ❞❡✜♥✐❞❛ &♦❜#❡ X ∈ Rl+ ❡& ❝♦♠♣❧❡"❛ ✭♦ "♦"❛❧✮ &✐✿
∀x1, x2 ∈ X ∈ Rl+ &❡ ❝✉♠♣❧❡ <✉❡ x
1 % x2 > x2 % x1
❊& ❞❡❝✐#✱ ❡❧ ❛❣❡♥"❡ ❡&"❛ ❡♥ ❝❛♣❛❝✐❞❛❞ ❞❡ ❞❡❝✐❞✐# ❡♥"#❡ ❞♦& ❛❧"❡#♥❛"✐✈❛&✳
❊& #❛③♦♥❛❜❧❡ ❛&D ❡❧ ❛①✐♦♠❛ ❞❡ ❧❛ ❝♦♠♣❧❡"✐"✉❞ ❞❡❜✐❞♦ ❛ <✉❡ &✐ ❧♦& ❛❣❡♥"❡&
❝♦♥♦❝❡♥ ❛❞❡❝✉❛❞❛♠❡♥"❡ ❧♦& ❜✐❡♥❡& ✭❧♦ ❝✉❛❧ ❡& &✉♣✉❡&"♦✮ ❞❡❜❡#D❛♥ &❛❜❡# <✉F ❧❡&
❣✉&"❛♥ ♠;& ② <✉F ❧❡& ❣✉&"❛ ♠❡♥♦&✱ &✐❡♥❞♦ ♣#❡❝✐&❛♠❡♥"❡ ❡&"♦ ❧♦ <✉❡ ❡&♣❡❝D✜❝❛ ❡❧
♣#✐♥❝✐♣✐♦ ❞❡ ❝♦♠♣❧❡"✐"✉❞ ✭❈❛#✈❛❥❛❧ ② ❘✐❛&❝♦&✱ ✷✵✵✻✿✹✮✳
✐✈✮ ■♥❞✐❢❡0❡♥❝✐❛✿
❙✐ ♣❛#❛ ❛❧❣M♥ x1, x2 ∈ X ∈ Rl+ &❡ ❝✉♠♣❧❡ <✉❡ x
1 % x2 ② x2 % x1 ❡♥"♦♥❝❡&
&❡ ❞✐❝❡ <✉❡✿
x1 ∼ x2
❉♦♥❞❡ ∼ ❡&♣❡❝D✜❝❛ ✉♥❛ #❡❧❛❝✐>♥ ❞❡ ✐♥❞✐❢❡#❡♥❝✐❛ ❡♥"#❡ ❞♦& ❝❡&"❛&✳
✈✮ 30❡❢❡0❡♥❝✐❛ ❡4(0✐❝(❛✿
O❛#❛ ❛❧❣M♥ x1, x2 ∈ X ∈ Rl+ &❡ ❡&"❛❜❧❡❝❡#; ❧❛ #❡❧❛❝✐>♥ ≻✱ <✉❡ ❡&♣❡❝✐✜❝❛#;
➫➫♠❡❥♦# ❛➫➫✱ ♣❛#❛ ❡❧ ❝❛&♦ &✐❣✉✐❡♥"❡✿
x1 ≻ x2 ⇐⇒ ♥♦ ❡& ❝✐❡#"♦ <✉❡ x2 % x1
❊&"❛ #❡❧❛❝✐>♥ ❞❡ ♣#❡❢❡#❡♥❝✐❛ ❡&"#✐❝"❛ ❡& ✉♥ ❝♦♥❝❡♣"♦ ♣#;❝"✐❝♦✳ ❙✐ ❡❧ ❝♦♥&✉♠✐❞♦#
♣#❡✜❡#❡ ✉♥❛ ❝❡&"❛ ❛ ♦"#❛✱ &✐❣♥✐✜❝❛ <✉❡ ❡❧❡❣✐#; ❧❛ ❝❡&"❛ <✉❡ ♣#❡✜❡#❡ ♣♦#<✉❡ ❡&";
✼
❙✉♣♦♥❣❛♠♦( )✉❡ ❡❧ ❛❣❡♥,❡ ♥♦ ❡( ,-❛♥(✐,✐✈♦ ② ♣❛(❛ ❧❛ (✐❣✉✐❡♥,❡ -❡❧❛❝✐2♥✿ x1 % x2 ② x2 % x3
♣❡-♦ x3 % x1✳ ❊♥ ❡(,❛ (✐,✉❛❝✐2♥ ♦,-♦ ❛❣❡♥,❡ ♣♦❞-7❛ ❝♦♠♣-❛- x1 ② ❝❛♠❜✐9-(❡❧♦ ❛❧ ❛❣❡♥,❡ ❡♥
❝✉❡(,✐2♥ ♣♦- x2✳ ❆ (✉ ✈❡③✱ x2 ❧♦ ♣♦❞-7❛ ❝❛♠❜✐❛- ♣♦- x3 ♣❛-❛ ❞❡(♣✉=( ❝❛♠❜✐❛-❧❡ x3 ♣♦- x1 ♠9(
✉♥ -❡♠❛♥❡♥,❡ ❞❛❞❛ ❧❛ ♣-❡❢❡-❡♥❝✐❛ ❞❡❧ ❛❣❡♥,❡ ❤❛❝✐❛ x1✳ ❊♥ ❡❧ ❧7♠✐,❡✱ (✐ (❡ -❡♣✐,❡ ❧❛ ♦♣❡-❛❝✐2♥
❛♥,❡-✐♦- ❡( ♣♦(✐❜❧❡ )✉✐,❛-❧❡ ,♦❞♦ ❛❧ ❛❣❡♥,❡ ② ❛(7 ❞❡❥❛-❧♦ (✐♥ ♥❛❞❛✳ A♦- B❧,✐♠♦✱ ❡( ♥❡❝❡(❛-✐♦
-❡❝♦-❞❛- )✉❡ ❧❛ ,-❛♥(✐,✐✈✐❞❛❞ ❡①✐❣❡ ❝♦♥♦❝✐♠✐❡♥,♦ ❝♦♠♣❧❡,♦ ❞❡ ❧❛( ❛❧,❡-♥❛,✐✈❛(✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✶✻
♠❡❥♦& ❡♥ ❡()❛ (✐)✉❛❝✐.♥ (✐ )✐❡♥❡ ♣♦(✐❜✐❧✐❞❛❞ ❞❡ ❤❛❝❡&❧♦✳ 5♦& ❧♦ )❛♥)♦✱ ❧❛ ✐❞❡❛ ❞❡
♣&❡❢❡&❡♥❝✐❛ (❡ ❜❛(❛ ❡♥ ❧❛ ❝♦♥❞✉❝)❛ ❞❡❧ ❝♦♥(✉♠✐❞♦& ✭❱❛&✐❛♥✱ ✶✾✾✾✿✸✻✮✳
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥)❛ ❧❛ &❡❧❛❝✐.♥ ❞❡ ♣&❡❢❡&❡♥❝✐❛(✱ ✈❛♠♦( ❛ ❡()❛❜❧❡❝❡& ✉♥ ♥✉❡✈♦
(✉♣✉❡()♦ ② ❡( A✉❡ ❡❧ ❝♦♥❥✉♥)♦ ❞❡ ❡❧❡❝❝✐.♥ X ∈ Rl+✱ ❞❡✜♥✐❞♦ ❝♦♠♦ ❡❧ ❡(♣❛❝✐♦ ❞❡
❛❧)❡&♥❛)✐✈❛( A✉❡ ❧❛ ♣❡&(♦♥❛ ♣✉❡❞❡ ❡(❝♦❣❡&✱ ❡( ✉♥ ❝♦♥❥✉♥)♦ ♥♦ ✈❛❝✐.✳ ❊( ❞❡❝✐&✿
X 6= ∅✳ ❙♦❜&❡ ❡()❡ ❡(♣❛❝✐♦ ❞❡ ❡❧❡❝❝✐.♥ ✈❛♥ ❛ ❡()❛& ❞❡✜♥✐❞❛( ❧❛ &❡❧❛❝✐.♥ ❞❡
♣&❡❢❡&❡♥❝✐❛( A✉❡ ❝♦♥ ❧❛( ♣&♦♣✐❡❞❛❞❡( ✐✮ ② ✐✐✮ ❡()❛❜❧❡❝❡&F♥ ✉♥ ♣&❡♦&❞❡♥ (♦❜&❡ ❧♦(
❞✐()✐♥)♦( ❡❧❡♠❡♥)♦( ♦ ❝❡()❛( ❞❡❧ ❝♦♥❥✉♥)♦ ❞❡ ❝♦♥(✉♠♦✳
❙✐ (❡ ❧❡ (✉♠❛ ❛ ❧❛( ❛♥)❡&✐♦&❡( ♣&♦♣✐❡❞❛❞❡( ❧❛ ♣&♦♣✐❡❞❛❞ ✐✐✐✮ ❡❧ ❝♦♥❥✉♥)♦ ❞❡
❝♦♥(✉♠♦ A✉❡❞❛ ♦&❞❡♥❛❞♦✳ ❙❡ )✐❡♥❡ ❛(G ✉♥ ❝♦♥❥✉♥)♦ ❞❡ ❝♦♥(✉♠♦ ❝♦♥ ✉♥ ♣&❡♦&❞❡♥
② ❧✐()❛❞♦✳ ❈♦♥ ❧❛( ❛♥)❡&✐♦&❡( ♣&♦♣✐❡❞❛❞❡( (❡ ❡()❛ (✉♣♦♥✐❡♥❞♦ ❡♥)♦♥❝❡( A✉❡ ❡❧ ❝♦♥✲
(✉♠✐❞♦& ♥♦ )✐❡♥❡ ♣&♦❜❧❡♠❛( ❞❡ ✐♥❢♦&♠❛❝✐.♥ ②❛ A✉❡ (❡ ✈❛ ❛ (✉♣♦♥❡& ✉♥ ♣&❡♦&❞❡♥
)♦)❛❧ (♦❜&❡ ❧❛( ❞✐()✐♥)❛( ♣♦(✐❜✐❧✐❞❛❞❡( ❞❡ ❡❧❡❝❝✐.♥✳ ❊()♦ ✐♠♣❧✐❝❛✱ ❛❞❡♠F(✱ A✉❡ ❡❧
❝♦♥(✉♠✐❞♦& ♥♦ )✐❡♥❡ ♣&♦❜❧❡♠❛( ❞❡ ❡❧❡❝❝✐.♥ ✭✐♥❞❡❝✐(✐.♥✮✳
✶✳✻✳✷✳ ❆①✐♦♠❛ ❞❡ ,❛❝✐♦♥❛❧✐❞❛❞ ♣,♦♣✐❛♠❡♥1❡ ❞✐❝❤❛
5❛&❛ ✉♥ B ⊆ X ⊆ Rl+ (✐ x
∗
&❡(✉❧)❛ ❡❧❡❣✐❞❛ ❡♥)&❡ ❡❧ ❝♦♥❥✉♥)♦ ❞❡ ❛❧)❡&♥❛)✐✈❛(
X✱ ❡( ❞❡❝✐&✿
(✐ x∗ ∈ B ⊆ X ⊆ Rl+
❡♥)♦♥❝❡( ∀x′ ∈ B ⊆ X ⊆ Rl+ &❡(✉❧)❛ A✉❡✿
x∗ % x′
❊❧ ❛①✐♦♠❛ ❡()❛❜❧❡❝❡ ❡♥)♦♥❝❡( A✉❡ (✐ ✉♥❛ ❝❡()❛ ❡( ❡❧❡❣✐❞❛ ❡♥)&❡ ❡❧ ❝♦♥❥✉♥)♦
❞❡ ♦♣❝✐♦♥❡(✱ ❡( ♣♦&A✉❡ ❡()❛ ❝❡()❛ ❡( ♠❡❥♦& ❛ )♦❞❛( ❧❛( ♦)&❛(✳ ❊()❡ ❛①✐♦♠❛✱ ❡♥
❝✐❡&)♦ (❡♥)✐❞♦✱ ❡( ✐♥❝♦♠♣❧❡)♦ ♣♦&A✉❡ (✐ ❡①✐()❡ ✉♥ ❝♦♥❥✉♥)♦ ❞❡ ❛❧)❡&♥❛)✐✈❛( A✉❡ (♦♥
✐♥❞✐❢❡&❡♥)❡( ❛ x∗ ② ❡()F♥ ❛❧ ✐♥)❡&✐♦& ❞❡❧ ❝♦♥❥✉♥)♦ ❞❡ ❡❧❡❝❝✐.♥✱ ♥♦ ♥♦( ❡(♣❡❝G✜❝❛
❝.♠♦ (❡ ❡❧✐❣❡ x ❡♥)&❡ ❧❛ ❝❧❛(❡ ✐♥❞✐❢❡&❡♥)❡ ❛ ❧❛ A✉❡ ♣❡&)❡♥❡❝❡ ✭●&❡❡♥✱ ✶✾✽✷✮✳ ◆♦
♦❜()❛♥)❡✱ ❧❛ ✐♠♣♦&)❛♥❝✐❛ ❞❡❧ ❛①✐♦♠❛ &❛❞✐❝❛ ❡♥ (✉ (✐♠✐❧✐)✉❞ ❝♦♥ ❧♦ A✉❡ (❡ ❝♦♥♦❝❡
❝♦♠♦ ❡❧ ❛①✐♦♠❛ ❞❡ ❧❛ ♣&❡❢❡&❡♥❝✐❛ &❡✈❡❧❛❞❛✳
✶✳✻✳✸✳ ❆①✐♦♠❛4 ❛♥❛❧51✐❝♦4
✈✐✮ ❈♦♥✈❡①✐❞❛❞✿
▲❛ &❡❧❛❝✐.♥ ❜✐♥❛&✐❛ ❞❡ ♣&❡❢❡&❡♥❝✐❛(✱ %✱ ❡( ❝♦♥✈❡①❛ (✐✿
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✶✼
(
∀x ∈ Rl+
) (
∀x1, x2 ∈ X ∈ Rl+
)
: x1 % x ② x2 % x
#❡ ❝✉♠♣❧❡ *✉❡✿
(∀λ ∈ [0, 1]) : λx1 + (1− λ)x2 % x
❙❡ ❡#-. #✉♣♦♥✐❡♥❞♦ ❡♥-♦♥❝❡# *✉❡ ❡❧ ❛❣❡♥-❡ ❝♦♥#✉♠✐❞♦5 -✐❡♥❡ ❝✐❡5-❛ ♣5❡❢❡5❡♥❝✐❛
♣♦5 ❧❛# ❝❛♥❛#-❛# ❜❛❧❛♥❝❡❛❞❛# ❛ ❝❛♥❛#-❛# ❝♦♥ ❣5❛♥ ❝❛♥-✐❞❛❞ ❞❡ ✉♥ #♦❧♦ ❜✐❡♥✳
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥-❛ ❧❛ ❛♥-❡5✐♦5 ♣5♦♣✐❡❞❛❞✱ #❡ ✈❛ ❛ ❡#-❛❜❧❡❝❡5 *✉❡ ❧❛ 5❡❧❛❝✐<♥ ❞❡
♣5❡❢❡5❡♥❝✐❛# % ❡# ❡#-5✐❝-❛♠❡♥-❡ ❝♦♥✈❡①❛ ♣❛5❛ ✐♥❞✐❝❛5 ✉♥❛ #✐-✉❛❝✐<♥ ❞♦♥❞❡ ❧♦#
♠❡❞✐♦# #❡ ✈❛♥ ♣!❡❢❡!✐! ❡%&!✐❝&❛♠❡♥&❡ ❛ ❧♦# ❡①-5❡♠♦#✳ ❊# ❞❡❝✐5✱ ❧❛ ❝♦♥✈❡①✐❞❛❞
✐♠♣❧✐❝❛ *✉❡ ♥♦ ♣✉❡❞❡ ❤❛❜❡5 ❝♦♥#✉♠♦ ❡#♣❡❝✐❛❧✐③❛❞♦✳
✈✐✐✮ ❈♦♥✈❡①✐❞❛❞ ❡*+,✐❝+❛ ♦ ❢✉❡,+❡✿
▲❛ 5❡❧❛❝✐<♥ ❜✐♥❛5✐❛ ❞❡ ♣5❡❢❡5❡♥❝✐❛#✱ %✱ ❡# ❡#-5✐❝-❛♠❡♥-❡ ❝♦♥✈❡①❛ #✐✿
(
∀x ∈ Rl+
) (
∀x1, x2 ∈ X ∈ Rl+
)
: x1 % x ② x2 % x #✐❡♥❞♦ x1 6= x2
#❡ ❝✉♠♣❧❡ *✉❡✿
(∀λ ∈ (0, 1)) : λx1 + (1− λ)x2 ≻ x
✈✐✐✐✮ ❈♦♥+✐♥✉✐❞❛❞✿
B❛5❛ -♦❞♦ ♣❛5❛ ❞❡ #✉❝❡#✐♦♥❡# (xn)
∞
n=1✱
(
x1n
)∞
n=1
-❛❧❡# *✉❡ ❝✉♠♣❧❛♥ ❧❛# #✐✲
❣✉✐❡♥-❡# ❤✐♣<-❡#✐#✿
∀n ∈ N✱ xn % x
1
n✳ ❊# ❞❡❝✐5✱ #✉♣♦♥✐❡♥❞♦ *✉❡ ❝❛❞❛ ❡❧❡♠❡♥-♦ ❞❡ x ❡# ❛❧ ♠❡♥♦#
-❛♥ ❜✉❡♥♦ ❝♦♠♦ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦# ❡❧❡♠❡♥-♦# ❞❡ x1✳
xn → x ∈ R
l
+✳ ❉♦♥❞❡ → ❡#♣❡❝E✜❝❛ ❡♥ ❡#-❡ ❝❛#♦ *✉❡ ❧❛ #✉❝❡#✐<♥ xn
➫➫❝♦♥✈❡5❣❡ ❛ ➫➫✳
x1n → x
1 ∈ Rl+✳ ❊# ❞❡❝✐5✱ -❛♥-♦ ❧❛ #✉❝❡#✐<♥ xn ② x
1
n -✐❡♥❡♥ ✉♥ ❧E♠✐-❡ ❛❧ *✉❡
❝♦♥✈❡5❣❡♥✳
▲❛ 5❡❧❛❝✐<♥ ❜✐♥❛5✐❛ ❞❡ ♣5❡❢❡5❡♥❝✐❛#✱ %✱ #❡ ❞✐❝❡ *✉❡ ❡# ❝♦♥-✐♥✉❛ #✐ ♣❛5❛ ❧❛# #✉❝❡✲
#✐♦♥❡# (xn)
∞
n=1✱
(
x1n
)∞
n=1
#❡ ❝✉♠♣❧❡ *✉❡✿
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✶✽
x % x1
"♦$ ❧♦ &❛♥&♦✱ *❡ ❞✐$. /✉❡ ❧❛ $❡❧❛❝✐2♥ % ❡* ❝♦♥&✐♥✉❛ *✐ *❡ ❝♦♥*❡$✈❛ ❡♥ ❧♦* ❧4♠✐&❡*✳
❊♥ ♦&$❛* ♣❛❧❛❜$❛*✱ ❧❛ ❝♦♥&✐♥✉✐❞❛❞ /✉✐❡$❡ ❡*♣❡❝✐✜❝❛$ /✉❡ ❧❛ ❝♦♥❞✉❝&❛ ♦❜*❡$✈❛❞❛
❞✉$❛♥&❡ &♦❞♦ ❡❧ &✐❡♠♣♦ *❡ ❞❡❜❡ ♠❛♥&❡♥❡$ ❡♥ ❡❧ ❧4♠✐&❡✳
❚❛♠❜✐<♥ *❡ ♣✉❡❞❡ ✈✐*✉❛❧✐③❛$ ❧❛ ❝♦♥&✐♥✉✐❞❛❞ ♠❡❞✐❛♥&❡ ❡❧ ❝♦♥❥✉♥&♦ ❞❡ ♥♦ ♣❡♦$❡*
② ♥♦ ♠❡❥♦$❡* ♣❛$❛ ❧♦ ❝✉❛❧ ❡❧ ❧❡❝&♦$ ✐♥&❡$❡*❛❞♦ ♣✉❡❞❡ ❝♦♥*✉❧&❛$ ❱✐❧❧❛$✭✶✾✾✻✿✸✻✮✳
❊* ❞✐❢4❝✐❧ ✈✐*✉❛❧✐③❛$✱ ♣❡$♦ *4 ❡①✐*&❡♥ ♣$❡❢❡$❡♥❝✐❛* /✉❡ ♥♦ *♦♥ ❝♦♥&✐♥✉❛*✱ ♦ ♥♦
*❡ ❝♦♥*❡$✈❛♥✱ ② *♦♥ ❧❛* ❧❧❛♠❛❞❛* ♣$❡❢❡$❡♥❝✐❛* ❞❡ ♦$❞❡♥ ❧❡①✐❝♦❣$.✜❝♦✳ ❉❡ ❤❡❝❤♦
❡*&❡ &✐♣♦ ❞❡ ♣$❡❢❡$❡♥❝✐❛* ✐♠♣❧✐❝❛ /✉❡ ❡❧❧❛* ♥♦ *❡❛♥ $❡♣$❡*❡♥&❛❜❧❡* ♠❡❞✐❛♥&❡ ✉♥❛
❢✉♥❝✐2♥ ❞❡ ✉&✐❧✐❞❛❞ ❝♦♥#✐♥✉❛ ② ♠.* ✐♠♣♦$&❛♥&❡ ❛L♥✿ ♥♦ ❡( )❡♣)❡(❡♥#❛❜❧❡ ♣♦)
❝✉❛❧-✉✐❡) #✐♣♦ ❞❡ ❢✉♥❝✐0♥ ✭❈❛$✈❛❥❛❧ ② ❘✐❛*❝♦*✱ ✷✵✵✻✿✺✮✳
✶✳✻✳✹✳ ❆①✐♦♠❛* ❞❡ ♥♦ *❛❝✐❡❞❛❞
❊* $❛③♦♥❛❜❧❡ ❛*✉♠✐$✱ ② *✉❝❡❞❡ ❛ ♠❡♥✉❞♦ ❡♥ ❧❛ $❡❛❧✐❞❛❞✱ /✉❡ ❣$❛♥❞❡* ❝❛♥&✐✲
❞❛❞❡* ❞❡ ❜✐❡♥❡* *♦♥ ♣$❡❢❡$✐❞❛* ❛ ♣❡/✉❡S❛* ❝❛♥&✐❞❛❞❡*✳ ❊*&❛ ❝❛$❛❝&❡$4*&✐❝❛ ❞❡ ❧❛*
♣$❡❢❡$❡♥❝✐❛* ❡* ❝❛♣&✉$❛❞❛ ❡♥ ❧♦* *✉♣✉❡*&♦* ❞❡ ♠♦♥♦&♦❝✐❞❛❞ ✭▼❛*✲❈♦❧❡❧❧✱ ❡&✳❛❧✱
✶✾✾✺✿ ✹✷✮✳ ❙❡ ✈❛ ❛ *✉♣♦♥❡$ ❛ ❝♦♥&✐♥✉❛❝✐2♥ &$❡* ♣$♦♣✐❡❞❛❞❡* ❞❡ ♥♦ *❛❝✐❡❞❛❞✱ ❝❛❞❛
✉♥❛ ♠.* ❞<❜✐❧ /✉❡ ❧❛ /✉❡ ❧❡ *✐❣✉❡✳
✐①✮ ▲♦❝❛❧♠❡♥+❡ ♥♦ ,❛❝✐❛❞♦✿
▲❛ $❡❧❛❝✐2♥ ❜✐♥❛$✐❛ ❞❡ ♣$❡❢❡$❡♥❝✐❛*✱ %✱ ❡* ❧♦❝❛❧♠❡♥&❡ ♥♦ *❛❝✐❛❞❛ *✐✿
(
∀x ∈ Rl+
)
(∀ε ∈ R++)
(
∃x′ ∈ Bε(x) ∩ R
l
+ : x
′ ≻ x
)
❊* ❞❡❝✐$✱ ❧❛ $❡❧❛❝✐2♥ ❜✐♥❛$✐❛ ❞❡ ♣$❡❢❡$❡♥❝✐❛* ❡* ❧♦❝❛❧♠❡♥&❡ ♥♦ *❛❝✐❛❞❛ *✐ ♣❛$❛
❝✉❛❧/✉✐❡$ ♣❧❛♥ ❞❡ ❝♦♥*✉♠♦ x ❡①✐*&❡ ✉♥ x′ ❞❡✜♥✐❞♦ *♦❜$❡ ✉♥❛ ❜♦❧❛ ❝♦♥ ❝❡♥&$♦
❡♥ x ② ❝♦♥ $❛❞✐♦ ♣❡/✉❡S♦ ε, &❛❧ /✉❡ ❞✐❝❤♦ ♣❧❛♥ ❡* ➫➫♣)❡❢❡)✐❞♦ ♦ ♠❡❥♦) ❛➫➫ x✳
❈♦♥ ❞✐❝❤❛ ♣$♦♣✐❡❞❛❞ *❡ ❡*&❛ *✉♣♦♥✐❡♥❞♦✱ ❡♥&♦♥❝❡*✱ /✉❡ ♣❛$❛ ❝✉❛❧/✉✐❡$ ♣❧❛♥ ❞❡
❝♦♥*✉♠♦ ❡①✐*&❡ ♦&$♦ ♣❧❛♥ ❞❡ ❝♦♥*✉♠♦ ♠❡❥♦$✳
①✮ ▼♦♥0+♦♥❛,✿
▲❛ $❡❧❛❝✐2♥ ❜✐♥❛$✐❛ ❞❡ ♣$❡❢❡$❡♥❝✐❛*✱ %✱ ❡* ♠♦♥2&♦♥❛ *✐
(
∀x, x′ ∈ Rl+
)
&❛❧ /✉❡
x≫ x′ *❡ ❝✉♠♣❧❡ /✉❡ x ≻ x′.
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✶✾
❊# ❞❡❝✐(✱ ❝❛♥❛#,❛# ❝♦♥ ,♦❞♦# ❧♦# ❝♦♠♣♦♥❡♥,❡# ♠❛②♦(❡# #♦♥ #✐❡♠♣(❡ ♣(❡❢❡(✐✲
❞❛#
✽
①✐✮ ❊$%&✐❝%❛♠❡♥%❡ ♠♦♥-%♦♥❛$ ♦ ♠♦♥♦%♦❝✐❞❛❞ ❢✉❡&%❡✿
▲❛ (❡❧❛❝✐5♥ ❜✐♥❛(✐❛ ❞❡ ♣(❡❢❡(❡♥❝✐❛#✱ %✱ ❡# ❡#,(✐❝,❛♠❡♥,❡ ♠♦♥5,♦♥❛ #✐
(
∀x, x ∈ Rl+
)
,❛❧ 7✉❡ x ≥ x′ ② x 6= x′ #❡ ❝✉♠♣❧❡ 7✉❡ x ≻ x′✳
❈♦♥ ❡#,❛ ♣(♦♣✐❡❞❛❞ #❡ ❡#,; #✉♣♦♥✐❡♥❞♦ 7✉❡ ❝❛♥❛#,❛# ❝♦♥ ❛❧ ♠❡♥♦# ✉♥ ❝♦♠✲
♣♦♥❡♥,❡ ♠❛②♦( ❝♦♥ (❡#♣❡❝,♦ ❛ ♦,(❛# ✈❛♥ ❛ #❡( ♣(❡❢❡(✐❞❛#✳
❉❛❞❛ ❧❛# ❝❛(❛❝,❡(>#,✐❝❛# ❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦# ❛①✐♦♠❛# ❞❡ ♥♦ #❛❝✐❡❞❛❞✱ ❡# ❢;❝✐❧
❝♦♠♣(♦❜❛( 7✉❡ #✐ ❧❛ (❡❧❛❝✐5♥ ❜✐♥❛(✐❛ ❞❡ ♣(❡❢❡(❡♥❝✐❛#✱ %✱ ❡# ❡#,(✐❝,❛♠❡♥,❡ ♠♦♥5✲
,♦♥❛ ❡♥,♦♥❝❡# ❡# ♠♦♥5,♦♥❛✳ ❆ #✉ ✈❡③✱ #✐ ❧❛ (❡❧❛❝✐5♥ ❜✐♥❛(✐❛ ❞❡ ♣(❡❢❡(❡♥❝✐❛#✱ %✱
❡# ♠♦♥5,♦♥❛ ❡♥,♦♥❝❡# ❡# ❧♦❝❛❧♠❡♥,❡ ♥♦ #❛❝✐❛❞❛✳ ❆❞❡♠;#✱ ✉♥❛ ✐♠♣❧✐❝❛❝✐5♥ ❞❡ ❧❛
♥♦ #❛❝✐❡❞❛❞ ❡# 7✉❡ ❞❡❥❛ ❛❢✉❡(❛ ❝♦♥❥✉♥,♦# ❞❡ ✐♥❞✐❢❡(❡♥❝✐❛ ❣(✉❡#♦# ✭▼❛#✲❈♦❧❡❧❧✱
❡,✳❛❧✱ ✶✾✾✺✿ ✹✸✮✳
❚❛♠❜✐L♥ ❞❡❜❡♠♦# (❡❝♦(❞❛( 7✉❡ #✐ ❡#,❛♠♦# ♣❛(,✐❡♥❞♦ ❞❡ 7✉❡ ❡①✐#,❡♥ ♣(♦❜❧❡✲
♠❛# ❡❝♦♥5♠✐❝♦# ❞❡❜✐❞♦ ❛ ❧❛ ❡#❝❛#❡③ (❡❧❛,✐✈❛✱ ❡❧ ❛①✐♦♠❛ ❞❡ ♥♦ #❛❝✐❡❞❛❞ ❡# ✉♥
(❡#✉❧,❛❞♦ ♥❡❝❡#❛(✐♦ ❞❡ ❧❛ ❡#❝❛#❡③ ②❛ 7✉❡ ❞❡ ❡①✐#,✐( #❛❝✐❡❞❛❞ ♥♦ ♣♦❞(>❛♥ ❡①✐#,✐(
♥✐ ♣(♦❜❧❡♠❛# ❡❝♦♥5♠✐❝♦# (❡❧❡✈❛♥,❡# ♥✐ ❡#❝❛#❡③✳
✾
✶✳✼✳ ❘❡♣&❡'❡♥)❛❝✐-♥ ❞❡ ❧❛' ♣&❡❢❡&❡♥❝✐❛' ♠❡❞✐❛♥)❡
✉♥❛ ❢✉♥❝✐-♥ ❞❡ ✉)✐❧✐❞❛❞
❆♥,❡# ❞❡ ❡♠♣❡③❛( ❛ ✉,✐❧✐③❛( ❡❧ ❝♦♥❝❡♣,♦ ❞❡ ❢✉♥❝✐5♥ ❞❡ ✉,✐❧✐❞❛❞✱ ❡# ♥❡❝❡#❛(✐♦
✈♦❧✈❡( ❛ (❡❝❛❧❝❛( 7✉❡ #❡ ❡#,❛ #✉♣♦♥✐❡♥❞♦ 7✉❡ ❤❛② ✉♥ ❝♦♥#✉♠♦ ♠>♥✐♠♦ ❞❡ #✉❜#✐#✲
,❡♥❝✐❛ ❛ ♣❛(,✐( ❞❡❧ ❝✉❛❧ #❡ ❤❛❜❧❛ ❞❡ ♣(❡❢❡(❡♥❝✐❛#✳ ❊# ❞❡❝✐(✿ ♣(✐♠❡(♦ ♥❡❝❡#✐❞❛❞❡#
❞❡#♣✉L# ♣(❡❢❡(❡♥❝✐❛# ✭▼✉N♦③✱ ✷✵✶✵✮✳ ❊#,♦ ❡# ✐♠♣♦(,❛♥,❡✱ ②❛ 7✉❡ ♥❡❝❡#❛(✐❛♠❡♥,❡
❧❛ ❢✉♥❝✐5♥ ❞❡ ✉,✐❧✐❞❛❞ ❡#,; ❞❡✜♥✐❞❛ ❛ ♣❛(,✐( ❞❡ ✉♥ ✉♠❜(❛❧✳
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥,❛ ❧❛# ❛♥,❡(✐♦(❡# ♣(♦♣✐❡❞❛❞❡# ✐♠♣✉❡#,❛# #♦❜(❡ ❧❛ (❡❧❛❝✐5♥
❜✐♥❛(✐❛ ❞❡ ♣(❡❢❡(❡♥❝✐❛#✱ #✉(❣❡ ❡♥,♦♥❝❡# ❧❛ ♣(❡❣✉♥,❛ #♦❜(❡ #✐ ♣❛(❛ ✉♥ ❝♦♥❥✉♥✲
,♦ ❞❡ ❝♦♥#✉♠♦ ♣(❡♦(❞❡♥❛❞♦ ♠❡❞✐❛♥,❡ ✉♥❛ (❡❧❛❝✐5♥ ❜✐♥❛(✐❛ ➽❡①✐#,❡ ✉♥❛ ❢✉♥❝✐5♥
7✉❡ ❛#✐❣♥❡ ✈❛❧♦(❡# (❡❛❧❡# ❛ ❧❛# ❝❡#,❛# ❞❡ ❝♦♥#✉♠♦ ❞❡ ,❛❧ ❢♦(♠❛ 7✉❡ ♣❡(♠✐,❛ ❧❛
(❡♣(❡#❡♥,❛❝✐5♥ ♥✉♠L(✐❝❛❄
✽
❆❧ ✜♥❛❧ ❞❡❧ '❡①'♦✱ ❡♥ ❡❧ ❝❛♣-'✉❧♦ ❞❡ ♥♦'❛❝✐0♥✱ 1❡ ❡1♣❡❝✐✜❝❛ 2✉❡ ❞❡♥♦'❛ ❡♥ Rl
+
❧❛ ♥♦'❛❝✐0♥
x≫ x′ ② x ≥ x′✳
✾
▲❛ ❊❝♦♥♦♠-❛ ♥♦ ❡1 ✉♥❛ ❞✐1❝✐♣❧✐♥❛ ✐♥'❡8❡1❛♥'❡ ❡♥ ❡❧ ♠✉♥❞♦ ❞❡ ❧❛ 1❛❝✐❡❞❛❞✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✷✵
▲❛ $❡&♣✉❡&)❛ ❡& ❛✜$♠❛)✐✈❛ ② ♣❛$❛ ❡❧❧♦ ♥♦& ✈❛❧❡♠♦& ❞❡❧ )❡♦$❡♠❛ ❞❡ ❉❡❜$❡✉
✭✶✾✼✸✮ ;✉❡ ❡&)❛❜❧❡❝❡ ;✉❡ &✐ ❧❛ $❡❧❛❝✐=♥ ❞❡ ♣$❡❢❡$❡♥❝✐❛& ❡& $❡✢❡①✐✈❛✱ ❝♦♠♣❧❡)❛✱
)$❛♥&✐)✐✈❛✱ ❝♦♥)✐♥✉❛ ② ♠♦♥=)♦♥❛ ❡♥)♦♥❝❡& ❡& $❡♣$❡&❡♥)❛❜❧❡ ♠❡❞✐❛♥)❡ ✉♥❛ ❢✉♥❝✐=♥
❞❡ ✉)✐❧✐❞❛❞ ❝♦♥)✐♥✉❛ U(x) : Rl+ → R✳ ❆ ❝♦♥)✐♥✉❛❝✐=♥ ♣$❡&❡♥)❛♠♦& ❧❛ ♣$✉❡❜❛ ❞❡
;✉❡ ❞✐❝❤❛ ❢✉♥❝✐=♥ ❞❡ ✉)✐❧✐❞❛❞ ❡①✐&)❡ ② ❡& ❝♦♥)✐♥✉❛ ♣❛$❛ ❞❡&♣✉E& ✐♠♣♦♥❡$❧❡ ❧❛&
♣$♦♣✐❡❞❛❞❡& ♥❡❝❡&❛$✐❛&✳
❆♥)❡& ❞❡ ♣$❡&❡♥)❛$ ❧❛ ♣$✉❡❜❛ &❡ ❞✐❝❡ ;✉❡ ✉♥❛ ❢✉♥❝✐=♥ U(x) : Rl+ → R $❡♣$❡✲
&❡♥)❛ ❧❛& ♣$❡❢❡$❡♥❝✐❛& &✐ ② &=❧♦ &✐
(
∀x, x′ ∈ X ∈ Rl+
)
&❡ ❝✉♠♣❧❡ ;✉❡✿
u(x) ≥ u(x′)⇐⇒ x % x′
 !✉❡❜❛
✐✮ ❊①✐*+❡♥❝✐❛✿
❙❡❛ e ✉♥ ✈❡❝)♦$ ❞❡ Rl+ ❝♦♥ )♦❞♦& &✉& ❝♦♠♣♦♥❡♥)❡& ✐❣✉❛❧❡& ❛ ✉♥♦✳ J❛$❛ ❝✉❛❧✲
;✉✐❡$ ♣❧❛♥ ❞❡ ❝♦♥&✉♠♦ ♦ ✈❡❝)♦$ x ∈ X ∈ Rl+ ✈❛♠♦& ❛ &✉♣♦♥❡$ ;✉❡ u(x) ❡& ✉♥
♥K♠❡$♦ )❛❧ ;✉❡ x ∼ u(x).e
❊& ❞❡❝✐$✱ ❧❛ ♣$✉❡❜❛ ❝♦♥&✐&)❡ ❡♥ ♠♦&)$❛$ ;✉❡ u(x) ❡& ✉♥ ♥K♠❡$♦ ;✉❡ ❡❢❡❝)✐✈❛✲
♠❡♥)❡ ❡①✐&)❡ ② ❡& K♥✐❝♦ ✭❱❛$✐❛♥✱ ✶✾✾✷✿✶✶✻✮✳
❙❡❛ ❡❧ ❝♦♥❥✉♥)♦ ❞❡ ♣❡♦$❡& ♦ ✐❣✉❛❧❡& ❛ t ❞❡✜♥✐❞♦ ❝♦♠♦ PI(t) = {t ∈ R : t.e % x}✳
J♦$ ❡❧ &✉♣✉❡&)♦ ❞❡ ♠♦)♦♥♦❝✐❞❛❞✱ ❡& ♣♦&✐❜❧❡ ❛✜$♠❛$ ;✉❡ ❛❧ ♠❡♥♦& ❡❧ ❝♦♥❥✉♥)♦
PI(t) ❝♦♥)✐❡♥❡ ❛❧ ❝❡$♦ ② ♣♦$ ❧♦ )❛♥)♦ PI(t) 6= ∅✳
❉❡ ✐❣✉❛❧ ♠❛♥❡$❛ ♣♦❞❡♠♦& ❛&❡❣✉$❛$ ;✉❡ ❡❧ ❝♦♥❥✉♥)♦ ❞❡ ♠❡❥♦$❡& ♦ ✐❣✉❛❧❡&
❛ t ❞❡✜♥✐❞♦ ❝♦♠♦ MI(t) = {t ∈ R : x % t.e} ❡& )❛♠❜✐E♥ ♥♦ ✈❛❝P♦✳ ❙✐ ❛❞❡♠Q&
&❡ ❛❣$❡❣❛$❛ ❡❧ &✉♣✉❡&)♦ ❞❡ ❝♦♥)✐♥✉✐❞❛❞✱ ❡♥)♦♥❝❡& ❧♦& ❝♦♥❥✉♥)♦& ❛♥)❡$✐♦$❡& &♦♥
❝❡$$❛❞♦&✳ ❱❡$ ♣$✉❡❜❛ ❡♥ ❱✐❧❧❛$✭✶✾✾✻✿✸✻✮✳
❉❛❞♦ ;✉❡ ❧♦& ❞♦& ❝♦♥❥✉♥)♦& ❛♥)❡$✐♦$❡& &♦♥ ♥♦ ✈❛❝P♦& ✭② ❝❡$$❛❞♦& &✐ ❛❣$❡❣❛✲
♠♦& ❝♦♥)✐♥✉✐❞❛❞✮✱ ❡♥)♦♥❝❡& ♥❡❝❡&❛$✐❛♠❡♥)❡ PI(t) ∩MI(t) 6= ∅ ② ♣♦$ ❧♦ )❛♥)♦✱
❡①✐&)❡ ❛❧❣K♥ tx ;✉❡ ❝♦♥❡❝)❛ ❧♦& ❞♦& ❝♦♥❥✉♥)♦& )❛❧ ;✉❡ ❡&)❡ ♥K♠❡$♦ $❡♣$❡&❡♥)❛
❧❛& ♣$❡❢❡$❡♥❝✐❛&✳ ❊& ❞❡❝✐$✱ tx.e ∼ x✳ J❛$❛ ❝♦♥❝❧✉✐$ ❧❛ ♣$✉❡❜❛ ♥♦ ;✉❡❞❛ ♠Q& ;✉❡
❞❡♠♦&)$❛$ ;✉❡ tx ❡❢❡❝)✐✈❛♠❡♥)❡ $❡♣$❡&❡♥)❛ ❧❛& ♣$❡❢❡$❡♥❝✐❛&✳ ❙❡❛✿
u(x) = tx
❞♦♥❞❡ tx.e ∼ x
u(y) = ty
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✷✶
❞♦♥❞❡ ty.e ∼ y
❙✐ tx ≥ ty ❡♥(♦♥❝❡* ♣♦, ♠♦♥♦(♦❝✐❞❛❞ ❞❡❜❡ ♦❝✉,,✐, 1✉❡ tx.e ≥ ty.e ② ♣♦,
(,❛♥*✐(✐✈✐❞❛❞ *❡ ❞❡❜❡ (❡♥❡, 1✉❡ x % y✳ ❉❡❧ ♠✐*♠♦ ♠♦❞♦✱ ❞❡❜❡ ♦❝✉,,✐, 1✉❡ *✐
♣♦, ❡❥❡♠♣❧♦ *❡ (✐❡♥❡ 1✉❡ x - y ❡♥(♦♥❝❡* tx.e ≤ ty.e ② ♣♦, ❧♦ (❛♥(♦ tx ≤ ty✳ ❙❡
(✐❡♥❡ ❛*9 1✉❡ ❡❢❡❝(✐✈❛♠❡♥(❡ ❡①✐*(❡ ✉♥ ♥<♠❡,♦ u(x) 1✉❡ ,❡♣,❡*❡♥(❛ ❧❛* ♣,❡❢❡,❡♥❝✐❛*
✭❱❛,✐❛♥✱ ✶✾✾✷✿✶✶✻✮✳ 
❆✉♥1✉❡ ♠✉❝❤♦ *❡ ❞✐*❝✉(❡ ❛❝❡,❝❛ ❞❡ ❧❛ ❡①✐*(❡♥❝✐❛ ❞❡ ✉♥❛ ❢✉♥❝✐E♥ ❞❡ ✉(✐❧✐❞❛❞✱
❞❡❜❡ 1✉❡❞❛, ❝❧❛,♦ 1✉❡ ❡❧❧❛ ♥♦ ❡* ♠F* 1✉❡ ✉♥ ✐♥*(,✉♠❡♥(♦ ❛♥❛❧9(✐❝♦ 1✉❡ ♥♦* ❤❛❝❡
❧❛ ✈✐❞❛ ♠F* ❢F❝✐❧ ② 1✉❡ ♥♦ ❡* ♥❡❝❡*❛,✐❛ ❡♥ ❧❛ ❝♦♥*(,✉❝❝✐E♥ ❞❡❧ ❡1✉✐❧✐❜,✐♦ ❣❡♥❡,❛❧
♣❡,♦ *✐ ♣❡,♠✐(❡ *✐♠♣❧✐✜❝❛, ❡❧ ❝♦♠♣♦,(❛♠✐❡♥(♦ ❞❡ ❧♦* ❛❣❡♥(❡* ❞❡*❞❡ ❡❧ ♣✉♥(♦
❞❡ ✈✐*(❛ ♠❛(❡♠F(✐❝♦ ✭❈❛,✈❛❥❛❧ ② ❘✐❛*❝♦*✱ ✷✵✵✻✿✺✮✳ ❊♥ ❝✉F♥(♦ ❛ *✉ *✐❣♥✐✜❝❛❞♦✱
*❡ ♣✉❡❞❡ ❞❡❝✐, 1✉❡ ❧❛ ♥❛(✉,❛❧❡③❛ ❞❡ ❧❛ ❢✉♥❝✐E♥ ❞❡ ✉(✐❧✐❞❛❞ ❡* ♣❛,❡❝✐❞❛ ❛ ❧❛*
♠F1✉✐♥❛* 1✉❡ ♣♦♥❡♥ ♣,❡❝✐♦* ❛ ❧♦* ❜✐❡♥❡* ❡♥ ❧♦* *✉♣❡,♠❡,❝❛❞♦*✿ *❡ ❧❡ ❛*✐❣♥❛♥
♣,❡❝✐♦* ♠❛②♦,❡* ❛ ❜✐❡♥❡* ♠F* ❞❡*❡❛❞♦*✳ O❛,❛ ♥✉❡*(,♦ ❝❛*♦✱ ❡*(❛ ♠F1✉✐♥❛ ✈❛ ❛
*❡, ❧❛ ❢✉♥❝✐E♥ ❞❡ ✉(✐❧✐❞❛❞ 1✉❡ ❛*✐❣♥❛,F ✈❛❧♦,❡* ♠❛②♦,❡* ❛ ❜✐❡♥❡* ♠F* ♣,❡❢❡,✐❞♦*
❡♥ ,❡❧❛❝✐E♥ ❛ ♦(,♦*✳ O♦❞❡♠♦* ❞❡❝✐, ❛*9 1✉❡ ❧❛ ❢✉♥❝✐E♥ ❞❡ ✉(✐❧✐❞❛❞ ✈❛ ❛ *❡, ❡❧
(❡,♠E♠❡(,♦ 1✉❡ ♠✐❞❡ ❧❛* ♣,❡❢❡,❡♥❝✐❛* ❞❡❧ ❝♦♥*✉♠✐❞♦,✳
◗✉❡❞❛ ❞❡♠♦*(,❛❞♦✱ ❡♥(♦♥❝❡*✱ 1✉❡ ♣❛,❛ 1✉❡ ✉♥❛ ❝♦♥❞✐❝✐E♥ ♥❡❝❡*❛,✐❛ ♣❛,❛ 1✉❡
❧❛ ,❡❧❛❝✐E♥ ❞❡ ♣,❡❢❡,❡♥❝✐❛* *❡❛ ,❡♣,❡*❡♥(❛❜❧❡ ❡* 1✉❡ *❡❛ ,❛❝✐♦♥❛❧ ✭❝♦♠♣❧❡(❛✱ ,❡✲
✢❡①✐✈❛ ② (,❛♥*✐(✐✈❛✮✳ ❙E❧♦ ✉♥❛ ❝♦♥❞✐❝✐E♥ ♠F* ❡* *✉✜❝✐❡♥(❡ ② ❡* 1✉❡ ❧❛  ❡❧❛❝✐&♥
❞❡ ♣ ❡❢❡ ❡♥❝✐❛+ +❡❛ ❝♦♥-✐♥✉❛ ❝♦♥ ❧♦ 1✉❡ *❡ (✐❡♥❡ 1✉❡ ❡*❛* ♣,❡❢❡,❡♥❝✐❛* *♦♥ ,❡♣,❡✲
*❡♥(❛❜❧❡* ♠❡❞✐❛♥(❡ ✉♥❛ ❢✉♥❝✐E♥ ❞❡ ✉-✐❧✐❞❛❞ ❝♦♥-✐♥✉❛✳ ▲❛ ♣,✉❡❜❛ *❡ ♣,❡*❡♥(❛ ❛
❝♦♥(✐♥✉❛❝✐E♥✳
✐✐✮ ❈♦♥%✐♥✉✐❞❛❞✿
tx ❡* ✉♥❛ ❢✉♥❝✐E♥ ❝♦♥(✐♥✉❛ *✐ ∀x ② ♣❛,❛ ❝✉❛❧1✉✐❡, *❡❝✉❡♥❝✐❛ {x
n}
∞
n=1 (❛❧ 1✉❡
limn→∞x
n = x *❡ ❝✉♠♣❧❡ 1✉❡ ❧❛ ❢✉♥❝✐E♥ tx ❝♦♥*❡,✈❛ ❧♦* ❧9♠✐(❡* ❞❡ ❧❛ *❡❝✉❡♥❝✐❛✳
❊* ❞❡❝✐,✱ ❞❡❜❡ ❝✉♠♣❧✐,*❡ 1✉❡ limn→∞t(x
n) = t(x)✳
❊♥ ♦(,❛* ♣❛❧❛❜,❛*✱ ❧♦ 1✉❡ *❡ ❡*(F ❡*(❛❜❧❡❝✐❡♥❞♦ ❡* 1✉❡ ✉♥❛ ❢✉♥❝✐E♥ F : Rl+ →
R ❡* ❝♦♥(✐♥✉❛ *✐ ♣❛,❛ ✉♥ x (❛❧ 1✉❡ ❧❛ ❢✉♥❝✐E♥ ❡✈❛❧✉❛❞❛ ❡♥ ❞✐❝❤♦ ♣✉♥(♦ *❡❛
f(x)✱ ❞❡❜❡ (❡♥❡,*❡ 1✉❡ ♣❛,❛ ✉♥ ♣✉♥(♦ ❛,❜✐(,❛,✐❛♠❡♥(❡ ❝❡,❝❛ ❞❡ x ❧❛ ❢✉♥❝✐E♥
❞❡❜❡ (❛♠❜✐T♥ ❛*✐❣♥❛,❧❡ ✉♥❛ ✐♠❛❣❡♥ ♠✉② ❝❡,❝❛ ❛ f(x)✳ ❊* ❞❡❝✐,✱ ✉♥❛ ❢✉♥❝✐E♥ ❡*
❝♦♥(✐♥✉❛ *✐ ♥♦ ♣,❡*❡♥(❛ *❛❧(♦* ✭▼❛*✲❈♦❧❡❧❧✱ ❡(✳❛❧✱ ✶✾✾✺✿✾✹✹✮✳
*+✉❡❜❛
❈♦♥*✐❞❡,❡♠♦* ✉♥❛ *❡❝✉❡♥❝✐❛ {xn}
∞
n=1(❛❧ 1✉❡ limn→∞x
n = x✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✷✷
◆♦#❡♠♦& ♣(✐♠❡(♦ *✉❡ ❧❛ &❡❝✉❡♥❝✐❛ {t(xn)∞n=1} ❞❡❜❡ #❡♥❡( ✉♥❛ &✉❜&❡❝✉❡♥❝✐❛
❝♦♥✈❡(❣❡♥#❡ ②❛ *✉❡ #♦❞❛ &❡❝✉❡♥❝✐❛ #✐❡♥❡ ✉♥❛ &✉❜&❡❝✉❡♥❝✐❛ ❝♦♥✈❡(❣❡♥#❡✳
6♦( ♠♦♥♦#♦❝✐❞❛❞✱ #❡♥❡♠♦& *✉❡ ∀ε > 0✱ t(x′) &❡ ❞❡❜❡ ❡♥❝♦♥#(❛( ❡♥ ✉♥ &✉❜✲
❝♦♥❥✉♥#♦ ❝♦♠♣❛❝#♦ ❞❡ R+✱ ❞❡♥♦#❛❞♦ ❝♦♠♦ [t0, t1]✱ #❛❧ *✉❡ ❧❛ ❞✐&#❛♥❝✐❛ ♠:#(✐❝❛
❡♥#(❡ x′ ② x ❡& ‖ x′ − x ‖≤ ε✳
❨❛ *✉❡ {xn}
∞
n=1 ❝♦♥✈❡(❣❡ ❛ x✱ ❡①✐&#❡ ✉♥ N #❛❧ *✉❡ ❧❛ ❢✉♥❝✐>♥ ❡✈❛❧✉❛❞❛ ❡♥
❧❛ &❡❝✉❡♥❝✐❛ t(xn) &❡ ❡♥❝✉❡♥#(❛ ❡♥ ❡❧ &✉❜❝♦♥❥✉♥#♦ ❝♦♠♣❛❝#♦✱ ♣❛(❛ ✉♥ n > N ✳
❆❞❡♠@&✱ ②❛ *✉❡ ❝✉❛❧*✉✐❡( &❡❝✉❡♥❝✐❛ ✐♥✜♥✐#❛ ✜❥❛❞❛ &♦❜(❡ ✉♥ ❝♦♥❥✉♥#♦ ❝♦♠♣❛❝#♦
❞❡❜❡ #❡♥❡( ✉♥❛ &✉❜&❡❝✉❡♥❝✐❛ ❝♦♥✈❡(❣❡♥#❡✱ ❞❡❜❡ ❝✉♠♣❧✐(&❡ ❡♥#♦♥❝❡& *✉❡ #♦❞❛& ❧❛&
&✉❜&❡❝✉❡♥❝✐❛& ❝♦♥✈❡(❣❡♥#❡& ❞❡ {t(xn)∞n=1} ❝♦♥✈❡(❣❡♥ ❛ t(x)✳
❙✉♣♦♥❣❛♠♦& *✉❡ ♥♦ ② *✉❡ ❡①✐&#❡ ❛❧❣✉♥❛ ♦#(❛ ❢✉♥❝✐>♥ ❡&#(✐❝#❛♠❡♥#❡ ❝(❡❝✐❡♥#❡
m(·) #❛❧ *✉❡ ❛ ❝❛❞❛ ❡♥#❡(♦ ♣♦&✐#✐✈♦ n ❧❡ ❛&✐❣♥❛ ♦#(♦ ❡♥#❡(♦ ♣♦&✐#✐✈♦ m(n) ② ♣❛(❛
❛❧❣✉♥❛ &✉❜&❡❝✉❡♥❝✐❛
{
t(xm(n))∞n=1
}
✱ &❡ ❝✉♠♣❧❡ *✉❡ ❡&#❛ ❝♦♥✈❡(❣❡ ❛ t′ 6= t(x)✳
◆✉❡&#(❛ ♣(✉❡❜❛ ✈❛ ❛ ❝♦♥&✐&#✐( ❛&C ❡♥ ❞❡♠♦&#(❛( *✉❡ &✐ t′ > t(x) &❡ ❧❧❡❣❛ ❛ ✉♥❛
❝♦♥#(❛❞✐❝❝✐>♥ ✱ ✐❣✉❛❧ ❡♥ ❡❧ ❝❛&♦ ❞❡ *✉❡ t′ < t(x)✳
6❛(❛ ❡♠♣❡③❛( ♥>#❡&❡ *✉❡ ♣♦( ♠♦♥♦#♦❝✐❞❛❞ &✐ t′ > t(x) ❡&#♦ ✐♠♣❧✐❝❛(C❛ *✉❡
t′.e ≻ t(x).e ✳ ❉❡♥♦#❡♠♦& ❛❤♦(❛ ✉♥ t∗ = 12 [t
′ + t(x)]✳ ❊& ❞❡❝✐(✱ t∗ ❡& ✉♥ ♣✉♥#♦
♠❡❞✐♦ ❡♥#(❡ t′.e ② t(x).e✳ ❉❡ ♥✉❡✈♦ ♣♦( ♠♦♥♦#♦❝✐❞❛❞ &❡ #✐❡♥❡ *✉❡ t∗.e ≻ t(x).e✳
❆❤♦(❛✱ ②❛ *✉❡ t(xm(n)) ❝♦♥✈❡(❣❡ ❛ t′ > t∗✱ ❞❡❜❡ ❡①✐&#✐( ✉♥ N¯ #❛❧ *✉❡ ♣❛(❛
#♦❞♦ n > N¯ ✱ t(xm(n)) > t∗ ② ♣♦( ❧♦ #❛♥#♦✱ ♣♦( ♠♦♥♦#♦❝✐❞❛❞ ♣❛(❛ ❛❧❣H♥ n &❡ #✐❡♥❡
*✉❡ xm(n) ∼ t(xm(n)).e ≻ t∗.e ✳ 6❡(♦ ❞❛❞♦ *✉❡ ❧❛& ♣(❡❢❡(❡♥❝✐❛& &♦♥ ❝♦♥#✐♥✉❛&✱
❡&#♦ ✐♠♣❧✐❝❛(C❛ *✉❡ x % t∗.e ♣❡(♦ ②❛ *✉❡ x ∼ t(x).e &❡ ❧❧❡❣❛(C❛ *✉❡ t(x).e % t∗.e
❧♦ ❝✉❛❧ ❡& ✉♥❛ ❝♦♥#(❛❞✐❝❝✐>♥✳ ❉❡ ♠❛♥❡(❛ &✐♠✐❧❛(✱ ❡& ♣♦&✐❜❧❡ ♣(♦❜(❛( *✉❡ &✐ ❡❧
&✉♣✉❡&#♦ ❞❡ ♣❛(#✐❞❛ ❢✉❡(❛ t′ < t(x) #❛♠❜✐:♥ &❡ ❧❧❡❣❛(C❛ ❛ ✉♥❛ ❝♦♥#(❛❞✐❝❝✐>♥✳
❆&C✱ ②❛ *✉❡ #♦❞❛& ❧❛& &✉❜&❡❝✉❡♥❝✐❛& ❝♦♥✈❡(❣❡♥#❡& ❞❡ {t(xn)}
∞
n=1 ❞❡❜❡♥ ❝♦♥✲
✈❡(❣❡( ❛ t(x) &❡ #✐❡♥❡ *✉❡ limn→∞t(x
n) = t(x) ② ♣♦( ❧♦ #❛♥#♦✱ t(x) ❡& ❝♦♥#✐♥✉❛
✭▼❛&✲❈♦❧❡❧❧✱ ❡#✳❛❧✱ ✶✾✾✺✿✹✾✮✳ 
✶✳✽✳ #$♦♣✐❡❞❛❞❡+ ❞❡ ❧❛ ❢✉♥❝✐1♥ ❞❡ ✉2✐❧✐❞❛❞
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥#❛ *✉❡ ❡①✐&#❡ ✉♥❛ ❢✉♥❝✐>♥ ❞❡ ✉#✐❧✐❞❛❞ ❝♦♥#✐♥✉❛ U(x) *✉❡
(❡♣(❡&❡♥#❛ ❧❛& ♣(❡❢❡(❡♥❝✐❛& ✈❛♠♦& ❛ ❝♦♥#✐♥✉❛❝✐>♥ ❛ ➫➫✐♠♣♦♥❡(❧❡➫➫ ❝✐❡(#❛& ♣(♦✲
♣✐❡❞❛❞❡& *✉❡ ❡♥ (❡❛❧✐❞❛❞ ♥♦ &♦♥ ♠@& *✉❡ ♣(♦♣✐❡❞❛❞❡& *✉❡ &❡ #(❛&❧❛❞❛♥ ❞❡ ❧♦&
❛①✐♦♠❛& ✐♠♣✉❡&#♦& ❛ ❧❛ (❡❧❛❝✐>♥ ❜✐♥❛(✐❛ ❤❛❝✐❛ ❧❛ ❢✉♥❝✐>♥ ❞❡ ✉#✐❧✐❞❛❞
✶✵
✳
✶✵
❊! ♥❡❝❡!❛&✐♦ ❛♥♦)❛&✱ ❛❞❡♠-!✱ .✉❡ ❧❛ )❡♦&1❛ ❞❡ ❧❛ ❞❡♠❛♥❞❛ ❜❛!❛❞❛ ❡♥ ❡❧ ❝♦♥❝❡♣)♦ ❞❡ ✉)✐❧✐❞❛❞
!4❧♦ )♦♠❛ !❡♥)✐❞♦ ❝✉❛♥❞♦ ❡❧ ❝♦♥!✉♠✐❞♦& ❤❛ !❛)✐!❢❡❝❤♦ ❝✐❡&)❛! ♥❡❝❡!✐❞❛❞❡! ❜-!✐❝❛! ②❛ .✉❡ ❞❡
♥♦ !❡& ❛!1 ❧❛ ❡❧❡❝❝✐4♥ ♥♦ !❡ &❡❣✐&-✱ ❡♥ ❣❡♥❡&❛❧✱ ♣♦& ❧❛ &❛❝✐♦♥❛❧✐❞❛❞ ✭●&❡❡♥✱ ✶✾✽✷✮✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✷✸
❈♦♠♦ %❡ '❡❝♦'❞❛'+✱ ❤❡♠♦% ❞✐❝❤♦ /✉❡ ❧❛ ❢✉♥❝✐4♥ U(x) : Rl+ → R✱ /✉❡ ❧❧❛♠❛✲
'❡♠♦% ❢✉♥❝✐4♥ ❞❡ ✉6✐❧✐❞❛❞✱ '❡♣'❡%❡♥6❛ ❧❛% ♣'❡❢❡'❡♥❝✐❛% %✐ ② %4❧♦ %✐✿
∀x, x′ ∈ X ∈ Rl+ %❡ ❝✉♠♣❧❡ /✉❡✿
u(x) ≥ u(x′)⇐⇒ x % x′
❊%6❛ ❢✉♥❝✐4♥ ❞❡ ✉6✐❧✐❞❛❞ ❞❡❧ ❝♦♥%✉♠✐❞♦' ❝✉♠♣❧✐'+ ❧❛% %✐❣✉✐❡♥6❡% ♣'♦♣✐❡❞❛❞❡%✳
✐✮ ❙✐ ❧❛ %❡❧❛❝✐(♥ ❞❡ ♣%❡❢❡%❡♥❝✐❛- % ❡- ♠♦♥(0♦♥❛ ❡♥0♦♥❝❡- U(x) ❡- ♠♦✲
♥(0♦♥❛ ❝%❡❝✐❡♥0❡
2%✉❡❜❛
▲❛ '❡❧❛❝✐4♥ % ❡% ♠♦♥46♦♥❛ %✐ ∀x, x′ ∈ Rl+ 6❛❧ /✉❡ x≫ x
′
%❡ ❝✉♠♣❧❡ /✉❡ x ≻ x′✳
❨❛ /✉❡ U(x) '❡♣'❡%❡♥6❛ ❧❛% ♣'❡❢❡'❡♥❝✐❛ %❡ ❝✉♠♣❧❡ /✉❡ x ≻ x′ %✐ ② %♦❧♦ %✐ u(x) >
u(x′)✳ ❨ %✐ %❡ ❝✉♠♣❧❡ /✉❡ u(x) > u(x′) ❡% ♣♦'/✉❡ x ≻ x′ ❧♦ /✉❡ ✐♠♣❧✐❝❛ ❛ %✉ ✈❡③
/✉❡ x≫ x′ ❝♦♥ ❧♦ ❝✉❛❧ %❡ ❝♦♥❝❧✉②❡ ❧❛ ♣'✉❡❜❛✳
✐✐✮ U(x) ❞❡❜❡ ❛❞♠✐0✐% 0%❛♥-❢♦%♠❛❝✐♦♥❡- ♠♦♥(0♦♥❛-
B❛'❛ ❝✉❛❧/✉✐❡' ❢✉♥❝✐4♥
f : R→ R
❡%6'✐❝6❛♠❡♥6❡ ❝'❡❝✐❡♥6❡✱ %❡ ❞❡❜❡ ❝✉♠♣❧✐'✿
f(u(x)) ≥ f(u(x′))⇐⇒ u(x) ≥ u(x′)⇐⇒ x % x′
B♦' ❧♦ 6❛♥6♦✱ %✐ u(x) ❡% ♠♦♥46♦♥❛ ❝'❡❝✐❡♥6❡ ② '❡♣'❡%❡♥6❛ ❧❛% ♣'❡❢❡'❡♥❝✐❛%✱ %❡
❝✉♠♣❧❡ /✉❡ ❝✉❛❧/✉✐❡' ❢✉♥❝✐4♥ 6❛♠❜✐C♥ ❝'❡❝✐❡♥6❡ 6❛♠❜✐C♥ ❞❡❜❡ '❡♣'❡%❡♥6❛' ❧❛%
♠✐%♠❛% ♣'❡❢❡'❡♥❝✐❛%✱ %✐♥ /✉❡ ❧❛% ♠❛❣♥✐6✉❞❡% ❡%♣❡❝D✜❝❛% ♣♦%❡❛♥ %✐❣♥✐✜❝❛❞♦ ②❛
/✉❡ %4❧♦ ✐♥6❡'❡%❛ /✉❡ ❝❛♥❛%6❛% ♠+% ♣'❡❢❡'✐❞❛% /✉❡ ♦6'❛% %❡ ❧❡% ❛%✐❣♥❡♥ ✈❛❧♦'❡%
♠❛②♦'❡%✳ B♦' ❧♦ 6❛♥6♦✱ ❡%6❛ ♣'♦♣✐❡❞❛❞ ✐♠♣♦♥❡ /✉❡ U(x) ❞❡❜❡ ❛❞♠✐6✐' 6'❛♥%❢♦'✲
♠❛❝✐♦♥❡% ♠♦♥46♦♥❛%✳
2%✉❡❜❛
❙✉♣♦♥❣❛♠♦% /✉❡ % ❡% ✉♥❛ '❡❧❛❝✐4♥ ❜✐♥❛'✐❛ %♦❜'❡ Rl+ ② /✉❡ u(·) ❡% ✉♥❛ ❢✉♥❝✐4♥
❞❡ ✉6✐❧✐❞❛❞ /✉❡ ❧❛ '❡♣'❡%❡♥6❛✳ ❙❡❛ f : R → R ✉♥❛ ❢✉♥❝✐4♥ ❝'❡❝✐❡♥6❡ %♦❜'❡ ❡❧
'❛♥❣♦ ❞❡ u(·)✳ ❉❡ ❛❝✉❡'❞♦ ❛ ❧❛ ❞❡✜♥✐❝✐4♥ ❞❡ ❧❛ ❢✉♥❝✐4♥ ❞❡ ✉6✐❧✐❞❛❞✱ x % x′ %✐
② %4❧♦ %✐ u(x) ≥ u(x′)✳ ❈♦♠♦ f(·) ❡% ✉♥❛ ❢✉♥❝✐4♥ ❝'❡❝✐❡♥6❡ %♦❜'❡ ❡❧ '❛♥❣♦ u(·)
❡♥6♦♥❝❡% f(u(x)) ≥ f(u(x′)) %✐ ② %4❧♦ %✐ u(x) ≥ u(x′) ② %✐ %✉❝❡❞❡ ❡❧❧♦ ❡♥6♦♥❝❡%
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✷✹
❡# ♣♦&'✉❡ f(·) )❛♠❜✐.♥ &❡♣&❡#❡♥)❛ ❧❛# ♠✐#♠❛# ♣&❡❢❡&❡♥❝✐❛# '✉❡ u(·)✳ ❊# ❞❡❝✐&✱
❝✉❛❧'✉✐❡& ❢✉♥❝✐7♥ ❝&❡❝✐❡♥)❡ v(x) ❞❡✜♥✐❞❛ #♦❜&❡ ❡❧ &❛♥❣♦ ❞❡ u(·) &❡♣&❡#❡♥)❛ ❧❛
&❡❧❛❝✐7♥ ❜✐♥❛&✐❛ ❞❡ ♣&❡❢❡&❡♥❝✐❛# % ✭▲♦③❛♥♦✱ ✷✵✵✾✿✼✺✮✳
✐✐✐✮ ❇❛❥♦ ❡❧ (✉♣✉❡(+♦ ❞❡ -✉❡ % ❡( ✉♥❛ /❡❧❛❝✐1♥ ❝♦♥✈❡①❛✱ ❡♥+♦♥❝❡( ❧❛
❢✉♥❝✐1♥ ❞❡ ✉+✐❧✐❞❛❞ U(x) ❡( ✉♥❛ ❢✉♥❝✐1♥ ❝✉❛(✐❝1♥❝❛✈❛
❯♥❛ ❢✉♥❝✐7♥ F : Rl → R #❡ ❞✐❝❡ '✉❡ ❡# ❝✉❛#✐❝7♥❝❛✈❛ #✐✿
∀x1, x2 ∈ Rl ② ∀λ ∈ [0, 1] #❡ ❝✉♠♣❧❡ '✉❡✿
F (λx1 + (1− λ)x2) ≥ min[F (x1), F (x2)]
6/✉❡❜❛
▲❛ &❡❧❛❝✐7♥ ❜✐♥❛&✐❛ % ❡# ❝♦♥✈❡①❛ #✐
(
∀x ∈ Rl+
) (
∀x1, x2 ∈ Rl+
)
: x1 % x ② x2 % x
#❡ ❝✉♠♣❧❡ '✉❡✿
∀λ ∈ [0, 1] : λx1 + (1− λ)x2 ≻ x
❈♦♥ ❡#)❛ ♣&♦♣✐❡❞❛❞ #❡ #✉♣♦♥❡ ❧❛ ♣&❡❢❡&❡♥❝✐❛ ❞❡ ❝❛♥❛#)❛# ❜❛❧❛♥❝❡❛❞❛# ❛ ❝❛✲
♥❛#)❛# ❝♦♥ ❣&❛♥ ❝❛♥)✐❞❛❞ ❞❡ ✉♥ #♦❧♦ ❜✐❡♥✳
❙❡❛
x3 = λx1 + (1− λ)x2
J♦& ❞❡✜♥✐❝✐7♥ x3 % x ② ♣♦& ❧♦ )❛♥)♦ u(x3) ≥ u(x)✳ ❙✐ ❛ ❡#)♦ ❧❡ #✉♠❛♠♦#
'✉❡ x1 % x2 ♣♦& ❤✐♣7)❡#✐#✱ )❡♥❡♠♦# '✉❡ u(x3) ≥ min[u(x1), u(x2)] 7 ❧♦ '✉❡ ❡#
❧♦ ♠✐#♠♦✿
u(λx1 + (1− λ)x2) ≥ min[u(x1), u(x2)]
❊#)♦ ❡# ♣&❡❝✐#❛♠❡♥)❡ ❧❛ ❞❡✜♥✐❝✐7♥ ❞❡ ❝✉❛#✐❝7♥❝❛✈✐❞❛❞✳
❙❡ ❞❡❥❛ ❛❧ ❧❡❝)♦& ❧❛ ♣&✉❡❜❛ ❞❡ '✉❡ #✐ % ❡# ✉♥❛ &❡❧❛❝✐7♥ ❡#)&✐❝)❛♠❡♥)❡ ❝♦♥✈❡①❛✱
❡♥)♦♥❝❡# ❧❛ ❢✉♥❝✐7♥ ❞❡ ✉)✐❧✐❞❛❞ U(x) ❡# ✉♥❛ ❢✉♥❝✐7♥ ❡#)&✐❝)❛♠❡♥)❡ ❝✉❛#✐❝7♥❝❛✈❛✳
❈♦♠♦ #❡ ♣✉❡❞❡ ✈❡& ❧❛ ♥♦❝✐7♥ ❞❡ ❝✉❛#✐❝♦♥❝❛✈✐❞❛❞ ❡# ✉♥ ❝♦♥❝❡♣)♦ ♦&❞✐♥❛❧ ②❛ '✉❡
❛✜&♠❛ '✉❡ ❝❛♥❛#)❛# ❜❛❧❛♥❝❡❛❞❛# #♦♥ ♠❡❥♦&❡# ❛ ♥♦ ❜❛❧❛♥❝❡❛❞❛# ② ♣♦& ❧♦ )❛♥)♦✱
❧❛ ❢✉♥❝✐7♥ ❝✉❛#✐❝7♥❝❛✈❛ ❛#✐❣♥❛ ✉♥♦# ✈❛❧♦&❡# ♠❛②♦&❡# ✭♥♦ ✐♠♣♦&)❛ ❡♥ ❝✉M♥)♦✮ ❛
❝❛♥❛#)❛# ❜❛❧❛♥❝❡❛❞❛# ② ✈❛❧♦&❡# ♠❡♥♦&❡# ❛ ❝❛♥❛#)❛# ♥♦ ❜❛❧❛♥❝❡❛❞❛#✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✷✺
❈♦"♦❧❛"✐♦ ✶
❙✐ U(x) : Rl+ → R ❡% ❝✉❛%✐❝)♥❝❛✈❛ ❡❧ ❝♦♥❥✉♥/♦ ❝♦♥/♦0♥♦ %✉♣❡0✐♦0 ❡% ❝♦♥✈❡①♦✳
●!"✜❝♦ ✸
✶✳✾✳ ❊❧ ♣!♦❜❧❡♠❛ ❞❡❧ ❝♦♥3✉♠✐❞♦!
❊❧ ♦❜❥❡/✐✈♦ ❞❡ ❧♦ 7✉❡ ❤❡♠♦% ❧❧❛♠❛❞♦ ❛❣❡♥/❡ ❝♦♥%✉♠✐❞♦0✱ ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♥❛
/0✐❛❞❛ [X,%, B]✱ ✈❛ ❛ %❡0 ♠❛①✐♠✐③❛0 ❧❛% ♣0❡❢❡0❡♥❝✐❛% %♦❜0❡ %✉ ❝♦♥❥✉♥/♦ ❞❡ ❝♦♥%✉✲
♠♦ ❞❛❞❛% ✉♥❛% 0❡%/0✐❝❝✐♦♥❡%✳ ❱❛♠♦% ❛ %✉♣♦♥❡0 7✉❡ ❧♦% ❣✉%/♦% ❡%/A♥ 0❡♣0❡%❡♥/❛❞♦%
♣♦0 ✉♥❛ ❢✉♥❝✐)♥ ❞❡ ✉/✐❧✐❞❛❞ ② ❡♥ ❝✐❡0/❛ ❢♦0♠❛ ❡❧ ❝♦♥%✉♠✐❞♦0 ✈❛ ❛ ➫➫%❡0➫➫ ✉♥❛
❢✉♥❝✐)♥ ❞❡ ✉/✐❧✐❞❛❞
U(x) : Rl+ → R
❊♥❢♦$✉❡ ❞❡(❞❡ ❡❧ ❛♥+❧✐(✐( -❡❛❧
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥/❛ ❧♦ ❛♥/❡0✐♦0✱ ✉♥♦ ❞❡ ❧♦% ♦❜❥❡/✐✈♦% ♣0✐♥❝✐♣❛❧❡% %♦❜0❡ ❡❧
❡%/✉❞✐♦ ❞❡ ❧❛ ❝♦♥❞✉❝/❛ ❞❡❧ ❝♦♥%✉♠✐❞♦0 ✈❛ ❛ %❡0 ❧❛ ❢✉♥❝✐)♥ ❞❡ ❞❡♠❛♥❞❛ ②❛ 7✉❡
❡% ❡♥ ❡❧❧❛ 7✉❡ %❡ 0❡✢❡❥❛♥ ❧♦% ♦❜❥❡/✐✈♦% ❞❡❧ ❝♦♥%✉♠✐❞♦0 ② ❡%✱ ❛❞❡♠A%✱ ❧❛ %♦❧✉❝✐)♥
❛ ❧♦ 7✉❡ ❤❡♠♦% ❞❡♥♦♠✐♥❛❞♦ ❡❧ ♣0♦❜❧❡♠❛ ❞❡❧ ❝♦♥%✉♠✐❞♦0✳
❊♠♣❡❝❡♠♦%✱ ❡♥/♦♥❝❡%✱ ♣♦0 ❞❡✜♥✐0 ✉♥❛ ❝♦00❡%♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛✳ ❊%/❛ %❡
❞❡✜♥❡ ❝♦♠♦✿
X : Rl+× : R++ ⇒ R
l
+
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✷✻
❊#$❛ ❝♦((❡#♣♦♥❞❡♥❝✐❛
✶✶
$❛♠❜✐0♥ ❧❛ ♣♦❞❡♠♦# ❡①♣(❡#❛( ❝♦♥ ✉♥❛ ♥♦$❛❝✐4♥ ♠5#
❡①❤❛✉#$✐✈❛✱ ❱❡❛♠♦#✿
X(p,m) = Argx∈B(p,m)maxu(x) = {x ∈ B(p,m)/∀x
′ ∈ B(p,m) : u(x′) ≤ u(x)}
❊# ❞❡❝✐(
✶✷
✱ ❧❛ ❝♦((❡#♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛ ❞❡❧ ❝♦♥#✉♠✐❞♦( ✈❛♥ ❛ #❡( $♦❞♦#
❧♦# ❛(❣✉♠❡♥$♦# ♦ ❡❧❡♠❡♥$♦# <✉❡ ♠❛①✐♠✐③❛♥ ❧❛ ✉$✐❧✐❞❛❞ ② <✉❡ ❡#$5♥ #♦❜(❡ ❡❧
❝♦♥❥✉♥$♦ ♣(❡#✉♣✉❡#$❛(✐♦✳ ▲❛ ❝♦((❡#♣♦♥❞❡♥❝✐❛ ✈❛ ❛ ❡#$❛( ❢♦(♠❛❞❛ ❛#C ♣♦( $♦❞♦#
❧♦# ♠❛①✐♠✐③❛❞♦(❡# <✉❡ #♦♥ ✜♥❛♥❝✐❛❜❧❡#✳
❊♥ ❧♦ <✉❡ (❡#$❛✱ ✈❛♠♦# ❛ ❞❡✜♥✐( $♦❞❛# ❧❛# ♣(♦♣✐❡❞❛❞❡# <✉❡ #✉❜②❛❝❡♥ ❛ ❧❛
❝♦((❡#♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛ X(p,m)
❚❡♦#❡♠❛ ✶
❙✐ U(x) ❡# ❝♦♥$✐♥✉❛ ❡♥$♦♥❝❡# X(p,m) ❡# ❞❡ ✈❛❧♦(❡# ♥♦ ✈❛❝C♦#✳
❆♥$❡ $♦❞♦✱ ❞❡❜❡ <✉❡❞❛( ❝❧❛(♦ <✉❡ ❡#$❡ ❡# ✉♥ $❡♦(❡♠❛ ❞❡ ❡①✐#$❡♥❝✐❛ ♣❛(❛ ❧❛
❝♦((❡#♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛✳ ❙✐ #❡ ♣(✉❡❜❛ <✉❡ X(p,m) 6= ∅ #❡ ❡#$❛(C❛ ❣❛(❛♥✲
$✐③❛♥❞♦ <✉❡ ❡❧ ❝♦♥#✉♠✐❞♦( $♦♠❛ ❞❡❝✐#✐♦♥❡# ② ♣♦( ❧♦ $❛♥$♦ ❡❧ ❝♦♥#✉♠✐❞♦(✱ ❛❧
$❡♥❡( ✉♥❛ (❡♥$❛ m ❞❛❞♦# ✉♥♦# ♣(❡❝✐♦# p✱ ❡#❝♦❣❡ ❡♥$(❡ ❧❛# ❛❧$❡(♥❛$✐✈❛# <✉❡ #❡ ❧❡
♣(❡#❡♥$❛♥✳
'#✉❡❜❛
❋✐❥❛♠♦# ❝✉❛❧<✉✐❡( (p,m) ∈ Rl++ × R+✳ I❛(❛ ❡#$❡ (p,m) $❡♥❡♠♦#✿
✐✮ B(p,m) ❡# ❝❡((❛❞♦ ②❛ <✉❡ ♣♦( ❞❡✜♥✐❝✐4♥ B(p,m) =
{
x ∈ Rl+/p.x ≤ m
}
❡#
✉♥ ❝♦♥❥✉♥$♦ <✉❡ ✐♥❝❧✉②❡ #✉# ❢(♦♥$❡(❛# ❛❧ #❡( ❞❡✜♥✐❞♦ ♣♦( ❞❡#✐❣✉❛❧❞❛❞❡#
❞0❜✐❧❡#✳ ❊# ❞❡❝✐(✱ #❡ ♣(❡#❡(✈❛♥ ❡♥ ❧♦# ❧C♠✐$❡#✳
✐✐✮ B(p,m) ❡# ❛❝♦$❛❞♦✳ ❊# ❞❡❝✐(✱ ❡①✐#$❡ ❧❛ ♣♦#✐❜✐❧✐❞❛❞ ❞❡ ❤❛❝❡( ✉♥❛ ❜♦❧❛ ❝♦♥
❝❡♥$(♦ ❡♥ x ② ✉♥ (❛❞✐♦ ε ❣(❛♥❞❡ Bε(x) $❛❧ <✉❡ ❡❧ ❝♦♥❥✉♥$♦ B(p,m) <✉❡❞❡
❡♥❝❡((❛❞♦ ❡♥ ❞✐❝❤❛ ❜♦❧❛ ❧♦ <✉❡ ❡# ♣(❡❝✐#❛♠❡♥$❡ ❧❛ ❞❡✜♥✐❝✐4♥ ❞❡ ✉♥ ❝♦♥❥✉♥$♦
❛❝♦$❛❞♦✳
✶✶
❙❡❛♥ S ② T ❞♦' ❝♦♥❥✉♥+♦' ♥♦ ✈❛❝-♦'✳ ❯♥❛ ❝♦00❡'♣♦♥❞❡♥❝✐❛ ❡' ✉♥❛ 0❡❣❧❛ 5✉❡ ❛'✐❣♥❛ ❛
❝❛❞❛ ❡❧❡♠❡♥+♦ x ∈ S ✉♥ '✉❜❝♦♥❥✉♥+♦ ♥♦ ✈❛❝-♦ ❞❡ T ✭▲♦③❛♥♦✱ ✷✵✵✾✮✳ @❛0❛ ♥✉❡'+0♦ ❝❛'♦ ✉♥❛
❝♦00❡'♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛✱ ❡' ✉♥❛ 0❡❣❧❛ 5✉❡ ❛'✐❣♥❛ ❛ ❝❛❞❛ (p,m) ✉♥ '✉❜❝♦♥❥✉♥+♦ ♥♦ ✈❛❝-♦
❡♥ Rl
+
✶✷
▲❛ ♥♦+❛❝✐A♥ Arg ❡'♣❡❝-✜❝❛ ✉♥ ❝♦♥❥✉♥+♦ 5✉❡ '♦❧✉❝✐♦♥❛ ✉♥ ♣0♦❜❧❡♠❛
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✷✼
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥*❛ ,✉❡ -✐ B(p,m) ❡- ❝❡..❛❞♦ ② ❛❝♦*❛❞♦ ❡♥*♦♥❝❡- ❡- ❝♦♠♣❛❝*♦✱
♣♦. ❡❧ *❡♦.❡♠❛ ❞❡ ❲❡✐❡.-*.❛--
✶✸
❡! ♣♦!✐❜❧❡ ❛✜)♠❛) +✉❡ ❞✐❝❤♦ ❝♦♥❥✉♥2♦ ❛❧❝❛♥③❛
✉♥ ✈❛❧♦) ♠5①✐♠♦✳ ❊! ❞❡❝✐)✿
∃x ∈ B(p,m)/∀x′ ∈ B(p,m) : u(x) ≥ u(x′)
② !✐ x ∈ B(p,m) ❡♥2♦♥❝❡! x ∈ X(p,m) 
❚❡♦#❡♠❛ ✷
X(p,m) ❡! ❤♦♠♦❣<♥❡❛ ❞❡ ❣)❛❞♦ ❝❡)♦ ❡♥ (p,m)
❊! ❞❡❝✐)✱
∀(p,m), ∀λ≫ 0 : X(λp, λm) = X(p,m)
>❛)❛ ❡❧ ❛❣❡♥2❡ ❝♦♥!✉♠✐❞♦) ♥♦ ❡! ✐♠♣♦)2❛♥2❡ ❡♥2♦♥❝❡! !✐ ❧♦! ♣)❡❝✐♦! ② ❧❛ )❡♥2❛
❡!25♥✱ ♣♦) ❡❥❡♠♣❧♦✱ ❡♥ ❝❡♥2❛✈♦! ♦ ❡♥ ♣❡!♦! ② ♥♦ !✉❢)❡ ❛!@ ❞❡ ✐❧✉!✐A♥ ♠♦♥❡2❛)✐❛✳
❊! ❞❡❝✐)✱ ❧❛! ✉♥✐❞❛❞❡! ❞❡ ❧♦! ♣)❡❝✐♦! ② ❧❛ )❡♥2❛ ❡!25♥ ❡①♣)❡!❛❞♦! ❞❡ 2❛❧ ❢♦)♠❛
+✉❡ ♥♦ ✐♥❝✐❞❛♥ ❡♥ ❧❛ ♣❡)❝❡♣❝✐A♥ ❞❡ ♦♣♦)2✉♥✐❞❛❞❡! ❞❡❧ ❝♦♥!✉♠✐❞♦) ✭❉❡❛2♦♥ ②
▼✉❡❧❧❜❛✉❡)✱ ✶✾✾✸✿✶✺✮✳ >♦) ❧♦ 2❛♥2♦✱ ❧♦ +✉❡ ✐♠♣♦)2❛♥ !♦♥ ❧❛! )❡!2)✐❝❝✐♦♥❡! ② ♥♦
❧❛ ❢♦)♠❛ ❡♥ +✉❡ !❡ ♣)❡!❡♥2❡♥ ✭❑)❡♣!✱ ✶✾✾✺✿✶✽✮✳
'#✉❡❜❛
❋✐❥❛♠♦! ❝✉❛❧+✉✐❡) (p,m) ∈ Rl++ × R+✳ >❛)❛ ❡!2❡ (p,m) 2❡♥❡♠♦!✿
∀(p,m) ② ∀λ≫ 0✱ B(λp, λm) = B(p,m) ②❛ +✉❡ ♣♦) ❞❡✜♥✐❝✐A♥✿
B(p,m) =
{
x ∈ Rl+/p.x ≤ m
}
B(λp, λm) =
{
x ∈ Rl+/λp.x ≤ λm
}
❝❛♥❝❡❧❛♥❞♦ ❛ ❛♠❜♦! ❧❛❞♦! λ !❡ 2✐❡♥❡✿
B(p,m) = B(λp, λm)
❊! ❞❡❝✐)✱ ❡❧ ❝♦♥❥✉♥2♦ ❞❡ )❡!2)✐❝❝✐A♥ ♣)❡!✉♣✉❡!2❛)✐❛ ♥♦ ❝❛♠❜✐❛ !✐ !❡ ❛❧2❡)❛♥ ❡♥
❧❛ ♠✐!♠❛ ♣)♦♣♦)❝✐A♥ !✉! ❛)❣✉♠❡♥2♦! ② !✐ ♥♦ ❝❛♠❜✐❛ ❡❧ ❝♦♥❥✉♥2♦ ❞❡ ❡❧❡❝❝✐A♥ !♦❜)❡
✶✸
❉❡ ♠❛♥❡%❛ ❢♦%♠❛❧ ❡❧ )❡♦%❡♠❛ ❡*✿ ❙✐ ✉♥❛ ❢✉♥❝✐0♥ f : X → R ❡* ❝♦♥)✐♥✉❛✱ ❝♦♥ X ⊆ R2
❝♦♠♣❛❝)♦ ✭❡* ❞❡❝✐% ❝❡%%❛❞♦ ② ❛❝♦)❛❞♦✮✱ ❡♥)♦♥❝❡* ❛❧❝❛♥③❛ ✉♥ ✈❛❧♦% ♠9①✐♠♦ ② ✉♥ ♠;♥✐♠♦✱
❛♠❜♦* ❣❧♦❜❛❧❡* ✭▼♦♥*❛❧✈❡✱ ✷✵✵✾✿✻✹✮✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✷✽
❧❛ $✉❡ ❡'() ❞❡✜♥✐❞❛ ❧❛ ❝♦00❡'♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛✱ ❡♥(♦♥❝❡' ❡'(❛ (❛♠♣♦❝♦ ❧♦
❤❛❝❡✳ 
❚❡♦#❡♠❛ ✸
❙✐ ❧❛ ❢✉♥❝✐8♥ ❞❡ ✉(✐❧✐❞❛❞ ❡' ❝✉❛'✐❝8♥❝❛✈❛ ❡♥(♦♥❝❡' X(p,m) ❡' ❞❡ ✈❛❧♦0❡'
❝♦♥✈❡①♦'✳ ❘❡❝♦0❞❛0 $✉❡ U(x) : Rl+ → R ❡' ❝✉❛'✐❝8♥❝❛✈❛ '✐✿
(
∀x.x′ ∈ Rl+
) (
∀λ ∈ Rl+
)
: u(λx+ (1− λ)x′) ≥ min[u(x), u(x′)]
'#✉❡❜❛
❋✐❥❛♠♦' ❝✉❛❧$✉✐❡0 (p,m) ∈ Rl++ × R+✱ ✉♥ λ ∈ R
l
+ ② ✉♥ x, x
′ ∈ X(p,m)✳
❉❡ ❧❛ A❧(✐♠❛ ♣❛0(❡ (❡♥❡♠♦'✱ ♣♦0 ❞❡✜♥✐❝✐8♥ ❞❡ ❝♦00❡'♣♦♥❞❡♥❝✐❛✱ $✉❡ u(x) =
u(x′)✳ ❆❞❡♠)' ②❛ $✉❡ B(p,m) ❡' ✉♥ ❝♦♥❥✉♥(♦ ❝♦♥✈❡①♦ ✭♣♦0 ❞❡✜♥✐❝✐8♥✮ '❡ (✐❡♥❡
$✉❡✿
λx+ (1− λ)x′ ∈ B(p,m)
E♦0 ❝✉❛'✐❝♦♥❝❛✈✐❞❛❞ ❞❡ U(x) '❡ (✐❡♥❡ $✉❡ u(λx+(1−λ)x′) ≥ min[u(x), u(x′)]✳
❉❛❞♦ $✉❡ u(x) = u(x′) ♣♦❞❡♠♦' ❞❡❝✐0 $✉❡ u(λx+(1−λ)x′) ≥ u(x) ② ♣♦0 A❧(✐♠♦
❛✜0♠❛0 $✉❡ u(λx+(1−λ)x′) = u(x)✳ ❈♦♥ ❜❛'❡ ❡♥ ❡'(♦✱ ♣♦❞❡♠♦' ❡'(❛❜❧❡❝❡0 $✉❡
λx+ (1− λ)x′ ∈ X(p,m) ② ♣♦0 ❧♦ (❛♥(♦✱ X(p,m) ❡' ❞❡ ✈❛❧♦0❡' ❝♦♥✈❡①♦'✳ 
❊' ❞❡❝✐0✱ '✐ ♣♦0 ❧❛' ♣0❡❢❡0❡♥❝✐❛' (❡♥❡♠♦' $✉❡ ❡' ♠❡❥♦0 (❡♥❡0 ❝❛♥❛'(❛' ❜❛✲
❧❛♥❝❡❛❞❛' ② ❡'(♦ ❞❡❜❡ ❡'(❛0 ❡①♣0❡'❛❞♦ ❡♥ ✉♥❛ ❢✉♥❝✐8♥ ❞❡ ✉(✐❧✐❞❛❞ ❝✉❛'✐❝8♥❝❛✈❛✱
❡♥(♦♥❝❡' ❧❛' ❛❝❝✐♦♥❡' ❞❡❜❡♥ 0❡✢❡❥❛0❧♦ ② ♣♦0 ❧♦ (❛♥(♦✱ X(p,m) ❞❡❜❡ '❡0 ❞❡ ✈❛❧♦0❡'
❝♦♥✈❡①♦'✳
❚❡♦#❡♠❛ ✹
❙✐ ❧❛ ❢✉♥❝✐8♥ ❞❡ ✉(✐❧✐❞❛❞ ❡' ❡'(0✐❝(❛♠❡♥(❡ ❝✉❛'✐❝8♥❝❛✈❛ ❡♥(♦♥❝❡' X(p,m)
(✐❡♥❡ ❛ ❧♦ '✉♠♦ ✉♥ ❡❧❡♠❡♥(♦✳
❘❡❝♦0❞❛0 $✉❡ U(x) ❡' ❡'(0✐❝(❛♠❡♥(❡ ❝✉❛'✐❝8♥❝❛✈❛ '✐✿
∀x, x′ ∈ Rl+, ∀λ ∈ (0, 1);u(λx+ (1− λ)x) > min[u(x), u(x
′)]
▲❛ ♣0✉❡❜❛ ❞❡ ❡'(❡ (❡♦0❡♠❛ '❡ 0❡❛❧✐③❛0) ♣♦0 ❝♦♥(0❛❞✐❝❝✐8♥✳ ❨❛ $✉❡ ❛❧❣✉♥❛'
♣0✉❡❜❛' ❡♥ ❛❞❡❧❛♥(❡ '❡ ❤❛0)♥ ♣♦0 ❝♦♥(0❛❞✐❝❝✐8♥ ❡'♣❡❝✐✜❝❛0❡♠♦' ✉♥ ♣♦❝♦ $✉O '❡
❡♥(✐❡♥❞❡ ♣♦0 ❡'(❡ (✐♣♦ ❞❡ ♣0✉❡❜❛'✳
❯♥❛ ♣0✉❡❜❛ ♣♦0 ❝♦♥(0❛❞✐❝❝✐8♥ ❡' ❛$✉❡❧❧❛ $✉❡ ♣❛0(✐❡♥❞♦ ❞❡ ✉♥ (❡♦0❡♠❛ (✐♣♦
A→ B✱ ❧O❛'❡ A ✐♠♣❧✐❝❛ B✱ '❡ ❜✉'❝❛ ♣0♦❜❛0 $✉O ❝♦♥'❡❝✉❡♥❝✐❛' (0❛❡ '✐ '✉❝❡❞❡ A
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✷✾
② ♥♦ B✳ ❊' ❞❡❝✐,✿ A9 B✳ ❙✐ ♣❛,1✐❡♥❞♦ ❞❡ ❧♦ ❛♥1❡,✐♦, '❡ ❧❧❡❣❛ 4✉❡ ❡♥ ❡❧ ❝❛'♦ ❡♥
4✉❡ '❡ 1❡♥❣❛ A 9 B '❡ ❝♦♥1,❛❞✐❝❡ ❧♦ 4✉❡ A ♠✐'♠♦ ✐♠♣❧✐❝❛ ❞✐,❡♠♦'✱ ❡♥1♦♥❝❡'✱
4✉❡ ❧❧❡❣❛♠♦' ❛ ✉♥❛ ❝♦♥1,❛❞✐❝❝✐8♥ ② ♣♦, ❧♦ 1❛♥1♦✱ ♥❡❝❡'❛,✐❛♠❡♥1❡ '❡ ❝✉♠♣❧❡ ❡❧
1❡♦,❡♠❛✱ ❡' ❞❡❝✐,✿ A→ B✳ 9❛'❡♠♦' ❛❤♦,❛ ❛ ❧❛ ♣,✉❡❜❛ ❞❡❧ 1❡♦,❡♠❛✳
 !✉❡❜❛
❙✉♣♦♥❣❛♠♦' 4✉❡ ∃(p,m) : x, x′ ∈ X(p,m) ② x 6= x′
9♦, ❞❡✜♥✐❝✐8♥ ❞❡ ❝♦,,❡'♣♦♥❞❡♥❝✐❛ '❡ 1✐❡♥❡ 4✉❡ u(x) = u(x′)✳ ❆❞❡♠>' ②❛ 4✉❡
B(p,m) ❡' ✉♥ ❝♦♥❥✉♥1♦ ❝♦♥✈❡①♦ ✭♣♦, ❞❡✜♥✐❝✐8♥✮ '❡ 1✐❡♥❡ 4✉❡✿
λx+ (1− λ)x′ ∈ X(p,m).
❆❤♦,❛ ♣♦, ❞❡✜♥✐❝✐8♥ ❞❡ ❡'1,✐❝1❛ ❝✉❛'✐❝♦♥❝❛✈✐❞❛❞ ❞❡ U(x)✿
u(λx+ (1− λ)x) > min[u(x), u(x′)]
❉❛❞♦ 4✉❡ u(x) = u(x′) ♣♦❞❡♠♦' ❞❡❝✐, 4✉❡ u(λx + (1 − λ)x) > u(x) ♣❡,♦ ❡'1♦
'❡,E❛ ✉♥❛ ❝♦♥1,❛❞✐❝❝✐8♥ ②❛ 4✉❡ ♣♦, ❞❡✜♥✐❝✐8♥ ❡❧ x ∈ X(p,m) ❡' ✉♥ 8♣1✐♠♦ ② ♥♦
♣✉❡❞❡ ❡①✐'1✐,✱ ♣♦, ❡❥❡♠♣❧♦✱ ♦1,♦ x2 = λx + (1 − λ)x′ 1❛❧ 4✉❡ u(x2) > u(x) ②❛
4✉❡ ❡♥ ❡'❡ ❝❛'♦ x ♥♦ '❡,✐❛ 8♣1✐♠♦ ② ♣♦, ❧♦ 1❛♥1♦✱ x /∈ X(p,m) →← 
9♦, ❧♦ 1❛♥1♦✱ '✐ U(x) ❡' ❡'1,✐❝1❛♠❡♥1❡ ❝✉❛'✐❝8♥❝❛✈❛✱ ❧❛ ❝♦,,❡'♣♦♥❞❡♥❝✐❛ ❞❡
❞❡♠❛♥❞❛ X(p,m) '8❧♦ ♣✉❡❞❡ 1❡♥❡, ❛ ❧♦ '✉♠♦ ✉♥ ❡❧❡♠❡♥1♦✳
❈♦!♦❧❛!✐♦ ✷
❙✐ U(x) ❡' ❝♦♥1✐♥✉❛ ② ❡'1,✐❝1❛♠❡♥1❡ ❝✉❛'✐❝8♥❝❛✈❛ ❡♥1♦♥❝❡'
∀(p,m) ∈ Rl++ × R+
X(p,m) 1✐❡♥❡ ✉♥ '♦❧♦ ❡❧❡♠❡♥1♦✳
❈♦♥ ❧♦ ❛♥1❡,✐♦, ♣❛'❛♠♦' ❛ 4✉❡ X : Rl+× : R++ ⇒ R
l
+ ♣❛'❛ ❛ ❡'1❛, ❞❡✜♥✐❞❛
❝♦♠♦ ✉♥❛ ❢✉♥❝✐8♥✱ ❡' ❞❡❝✐,✿
X(p,m) = {x(p,m)}
❉❡ ✐❣✉❛❧ ♠❛♥❡,❛ 4✉❡ ❛♥1❡'✱ ♣♦❞❡♠♦' ❞❡✜♥✐, ❢♦,♠❛❧♠❡♥1❡ ❧❛ ❢✉♥❝✐8♥ ❞❡ ❞❡✲
♠❛♥❞❛ ♦ ❝♦,,❡'♣♦♥❞❡♥❝✐❛ ❞❡ ✉♥ '♦❧♦ ❡❧❡♠❡♥1♦ ❝♦♠♦✿
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✸✵
x(p,m) = argx∈B(p,m)maxu(x) = {x ∈ B(p,m)/x
′ ∈ B(p,m), x 6= x′ : u(x′) < u(x)}
❈♦♥ ❡&'♦ ❡&'❛♠♦& ❡&♣❡❝✐✜❝❛♥❞♦ /✉❡ ❤❛② ✉♥♦ ② &3❧♦ ✉♥ ❡❧❡♠❡♥'♦ /✉❡ ♠❛①✐♠✐③❛
&♦❜8❡ ❡❧ ❝♦♥❥✉♥'♦ ♣8❡&✉♣✉❡&'❛8✐♦ ❧❛ ❢✉♥❝✐3♥ ❞❡ ✉'✐❧✐❞❛❞✳ ❊& ❞❡❝✐8✱ x(p.m) ❡&
❡❧ >♥✐❝♦ ♠❛①✐♠✐③❛❞♦8✳ ❊& ♥❡❝❡&❛8✐♦ ❞✐❢❡8❡♥❝✐❛8 ❛&? ❡♥'8❡ X(p,m) /✉❡ ❡& ✉♥❛
❝♦88❡&♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛ ② x(p,m) ❡❧ ❝✉❛❧ ❡& ✉♥❛ ❢✉♥❝✐3♥ ❞❡ ❞❡♠❛♥❞❛✳ ❈♦♥
❡&'❡ '❡♦8❡♠❛ ❡&'❛♠♦& 8❡❣8❡&❛♥❞♦ ❛&? ❛ ❧❛ ♠✐❝8♦❡❝♦♥♦♠?❛ ❡❧❡♠❡♥'❛❧✳
●!"✜❝♦ ✹
❚❡♦#❡♠❛ ✺
❙✐ U(x) ❡& ❧♦❝❛❧♠❡♥'❡ ♥♦ &❛❝✐❛❞❛ ❡♥'♦♥❝❡& ∀(p,m) ② x ∈ X(p,m) &❡ ❝✉♠♣❧❡
/✉❡ p.x = m
❖'8❛ ♥♦'❛❝✐3♥ ♣♦&✐❜❧❡ ❡&✿
L∑
i=1
pixi = m
❊& ❞❡❝✐8✱ &✐ &❡ ❝✉♠♣❧❡ ❧❛ ♥♦ &❛❝✐❡❞❛❞ ❧♦❝❛❧✱ ❡❧ ❝♦♥&✉♠✐❞♦8 ❞❡❜❡ ❣❛&'❛8&❡ '♦❞❛
❧❛ 8❡♥'❛
✶✹
✳ ❊&'❡ '❡♦8❡♠❛ 8❡❝✐❜❡ ❡❧ ♥♦♠❜8❡ ❞❡ ➫➫❧❛ ❧❡② ❞❡ ❲❛❧8❛&➫➫ ♦ ❛❣♦'❛♠✐❡♥'♦
❞❡❧ ❣❛&'♦✳
✶✹
❘❡❝♦$❞❡♠♦' (✉❡ ❡'*❛♠♦' ❡♥ ✉♥ ♠♦❞❡❧♦ ❡'*.*✐❝♦ ♦ ❞❡ ✉♥ '♦❧♦ ♣❡$1♦❞♦✳ ❊♥ ✈❛$✐♦' ♣❡$1♦❞♦'
❤❛② ✐♥❝❡♥*✐✈♦' ♣❛$❛ ❛❤♦$$❛$ ❡♥ ✉♥ ♣❡$1♦❞♦ ② ❣❛'*❛$ ❧♦ ❛❤♦$$❛❞♦ ❛❧ '✐❣✉✐❡♥*❡ ♣❡$1♦❞♦ ♣♦$ ❧♦ (✉❡
❡♥ ❧♦' ♠♦❞❡❧♦' ❞✐♥.♠✐❝♦' ❧❛ ▲❡② ❞❡ ❲❛❧$❛' '❡ ❝♦♥✈✐❡$*❡ ❡♥ ❧♦ (✉❡ '❡ ❝♦♥♦❝❡ ❝♦♠♦ ❝♦♥❞✐❝✐:♥
❞❡ *$❛♥'✈❡$'❛❜✐❧✐❞❛❞✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✸✶
 !✉❡❜❛
❘❡❝♦&❞❡♠♦) ♣&✐♠❡&♦ ❧❛ ❢♦&♠❛ ❡♥ 0✉❡ )❡ ❞❡✜♥❡ ❧❛ ♥♦ )❛❝✐❡❞❛❞ ❧♦❝❛❧✳ U(x) ❡)
❧♦❝❛❧♠❡♥4❡ ♥♦ )❛❝✐❛❞❛ )✐✿
(
∀x ∈ Rl+
)
(∀ε ∈ R++)
(
∃x′ ∈ Bε(x) ∩ R
l
+ : u(x
′) > u(x)
)
❊) ❞❡❝✐&✱ ❡❧ ❝♦♥)✉♠✐❞♦& ❡) ♥♦ )❛❝✐❛❞♦ )✐ ❛♥4❡ ❝✉❛❧0✉✐❡& ❝❡)4❛ x ❡) ♣♦)✐❜❧❡
❡♥❝♦♥4&❛& ❝❛♥❛)4❛) ♠✉② ❝❡&❝❛ ❛ ❡❧❧❛✱ ♦ ❡♥ ✉♥❛ ❜♦❧❛ ❝♦♥ ❝❡♥4&♦ ❡♥ x ② &❛❞✐♦
ε ♠✉② ♣❡0✉❡:♦✱ 4❛❧ 0✉❡ ❡)❛ ❝❛♥❛)4❛ 0✉❡ )❡ ❡♥❝✉❡♥4&❛ ❡) ♠❡❥♦& ❛ x✳ ❊♥ ♦4&❛)
♣❛❧❛❜&❛)✱ ❡) ♣♦)✐❜❧❡ ❡♥❝♦♥4&❛& ✉♥ x′ 4❛❧ 0✉❡ u(x′) > u(x)⇐⇒ x′ ≻ x
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥4❛ ❧❛ ❞❡✜♥✐❝✐=♥ ❞❡ ♥♦ )❛❝✐❡❞❛❞ ❧♦❝❛❧✱ ✈❛♠♦) ❛ &❡❛❧✐③❛& ❧❛
♣&✉❡❜❛ ♣♦& ❝♦♥4&❛❞✐❝❝✐=♥✳ ❙✉♣♦♥❣❛♠♦) 0✉❡ ∃(p,m) ② ∃x ∈ X(p,m) : p.x ≤ m
❊♠♣❡❝❡♠♦) ❡♥4♦♥❝❡) ♣♦& ❞❡✜♥✐&
✶✺
✉♥ ε ♣❛&❛ ❧❛ ❜♦❧❛ Bε(x) 4❛❧ 0✉❡✿
ε =
1
2
min
{
m− p.x
p1
,
m− p.x
p2
, ...,
m− p.x
pl
}
> 0
B♦& ❞❡✜♥✐❝✐=♥ ✈❛♠♦) ❛ ♣♦)4✉❧❛& ✉♥ x′ ∈ Bε(x) ∩ R
l
+ ② ε > 0 ♣❛&❛ 4❡♥❡&✿
p.x′ ≤ p.x+ ε.max(p1, p2, ..., pl)
❊) ❞❡❝✐&✱ )❡ ♣♦)4✉❧❛ ✉♥ x′ ❝♦♥ ❡❧ ❝✉❛❧ ❡❧ ❝♦♥)✉♠✐❞♦& ♥♦ )❡ ❣❛)4❛ 4♦❞❛ ❧❛ &❡♥4❛
② ❛0✉❡❧❧❛ ♣❛&4❡ 0✉❡ ❧❡ 0✉❡❞❛ ❞❡ )✉ &❡♥4❛✱ )❡ ❧❛ ✈❛ ❛ ❣❛)4❛& ❡♥ ❡❧ ❜✐❡♥ ♠C) ❝❛&♦
0✉❡ )❡ ❡♥❝✉❡♥4&❡ ❝❡&❝❛✱ ❡) ❞❡❝✐& ❛ ✉♥❛ ❞✐)4❛♥❝✐❛ ε✳ ❊0✉✐✈❛❧❡♥4❡♠❡♥4❡ ❡)4❛♠♦)
❛✜&♠❛♥❞♦ 0✉❡ )❡ ✈❛ ❛ ❣❛)4❛& ❧❛ ♣❛&4❡ 0✉❡ ❧❡ 0✉❡❞❡ ❞❡ ❧❛ &❡♥4❛ ❡♥ ❡❧ ❜✐❡♥ ♠C)
❝❛&♦✱ ε.max(p1, p2, ..., pl)✳
❆❤♦&❛✱ 4❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥4❛ 0✉❡ ❡❧ F♣)✐❧♦♥ ε ❧♦ ❤❡♠♦) ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♥ &❛❞✐♦
♠✉② ♣❡0✉❡:♦ ✐❣✉❛❧ ❛ ε = 12min
{
m−p.x
p1
, m−p.x
p2
, ..., m−p.x
pl
}
♣♦❞❡♠♦) ❛✜&♠❛&
0✉❡ ❡❧ min
{
m−p.x
p1
, m−p.x
p2
, ..., m−p.x
pl
}
❡) ❡0✉✐✈❛❧❡♥4❡ ❛❧ max(p1, p2, ..., pl)✳ B♦&
❧♦ 4❛♥4♦✱ 4❡♥❡♠♦) ❧♦ )✐❣✉✐❡♥4❡✿
p.x′ ≤ p.x+ ε.max(p1, p2, ..., pl)
❘❡❡♠♣❧❛③❛♥❞♦ ε✿
✶✺
◆♦ ❡# ✉♥ ♣♦' #✐♠♣❧❡③❛ -✉❡ #❡ ❡❧✐❣❡ p.x ≤ m ②❛ -✉❡ #✐ #❡ ♦♣0❛ ♣♦' p.x ≥ m ❡#0❛'1❛♠♦#
0'❛0❛♥❞♦ ❝♦♥ ❝♦♥#✉♠✐❞♦'❡# -✉❡ ♣'❡#0❛♥ ♦ ❡#04♥ -✉❡❜'❛❞♦# ② ❡#0❛ #✐0✉❛❝✐6♥ ❧❛ ❤❡♠♦# ❞❡#❝❛'0❛❞♦
❞❡#❞❡ ❛♥0❡#✳ ❆❤♦'❛✱ ♥♦ #❡ ❡❧✐❣❡ p.x = m ♣♦'-✉❡ ❞❡ ❡#❛ ♠❛♥❡'❛ ♥♦ ❧❧❡❣❛'1❛♠♦# ❛ ♥✐♥❣✉♥❛
❝♦♥0'❛❞✐❝❝✐6♥✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✸✷
p.x′ ≤ p.x+
1
2
m− p.x
max(p1, p2, ..., pl)
.max(p1, p2, ..., pl)
❈❛♥❝❡❧❛♥❞♦ *+,♠✐♥♦/ ✐❣✉❛❧❡/✿
p.x′ ≤ p.x+
1
2
(m− p.x)
❆❤♦,❛ /✐ p.x′ ❡/ ♠❡♥♦, 5✉❡ p.x+ 12 (m− p.x) ❡/ ♣♦,5✉❡ *❛♠❜✐+♥ ❡/ ♠❡♥♦, ❛
p.x+ (m− p.x)✳ ❙❡ *✐❡♥❡ ❛/: ❧♦ /✐❣✉✐❡♥*❡✿
p.x′ ≤ p.x+ (m− p.x)
p.x′ ≤ m
❆❤♦,❛✱ ♣♦, ♥♦ /❛❝✐❡❞❛❞ ❞❡ U(x) /❡ *✐❡♥❡✿
(
∀x ∈ Rl+
)
(∀ε ∈ R++)
(
∃x′ ∈ Bε(x) ∩ R
l
+ : u(x
′) > u(x)
)
❙✐ ✜❥❛♠♦/ ❥✉/*♦ ❛ x′ /❡ *✐❡♥❡ 5✉❡ x′ ∈ B(p,m) ❡♥*♦♥❝❡/ u(x′) > u(x) ♣❡,♦
❡♥ ❡/*❡ ❝❛/♦ x /∈ X(p,m)→← .
❈♦♥ ❧❛ ♣,✉❡❜❛ /❡ *✐❡♥❡✱ ❡♥*♦♥❝❡/✱ 5✉❡ ♣❛,❛ ✉♥ x 5✉❡ ❡/ >♣*✐♠♦ ♥♦ ♣✉❡❞❡
♦❝✉,,✐, 5✉❡ p.x ≤ m ②❛ 5✉❡ ❡♥ ❡/❡ ❝❛/♦ ♣♦, ♥♦ /❛❝✐❡❞❛❞ ❧♦❝❛❧ ❡①✐/*❡ ✉♥ x′ ♠❡❥♦,
❡♥ ✉♥❛ ✈❡❝✐♥❞❛❞ ❝❡,❝❛♥❛ ♦ ❜♦❧❛ ❝♦♥ ❝❡♥*,♦ ❡♥ x ② ,❛❞✐♦ ε *❛❧ 5✉❡ ❡/❡ x′ ❡/ ♠❡❥♦,✳
B♦, ❧♦ *❛♥*♦✱ /✐ x ❡/ >♣*✐♠♦ /❡ ❞❡❜❡ ❝✉♠♣❧✐, ❧❛ ▲❡② ❞❡ ❲❛❧,❛/✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✸✸
●!"✜❝♦ ✺
❚❛❧ ❝♦♠♦ '❡ ♦❜'❡*✈❛ ❡♥ ❡❧ ❣*.✜❝♦ ❛♥0❡*✐♦*✱ ❞❡'❞❡ 4✉❡ ❧❛ ❝❡'0❛ x ♥♦ ❝✉♠♣❧❛
❝♦♥ ❛❣♦0❛* ❡❧ ❣❛'0♦ '✐❡♠♣*❡ '❡*. ♣♦'✐❜❧❡ ❡♥❝♦♥0*❛* ✉♥❛ ❝❛♥❛'0❛ ❡♥ '✉ ✈❡❝✐♥❞❛❞
❝❡*❝❛♥❛ 0❛❧ 4✉❡ 0❛♠♣♦❝♦ ❛❣♦0❡ ❡❧ ❣❛'0♦ ② ❞8 ♠❛②♦* ✉0✐❧✐❞❛❞✳ ◆;0❡'❡ 4✉❡ ❧❛ ❝❡'0❛
4✉❡ '❡ ❡♥❝✉❡♥0*❛✱ x′✱ ❡'0. ❥✉'0♦ ❡♥ ❧❛ ♠✐0❛❞ ❞❡❧ *❛❞✐♦ ε ❞❡ ❧❛ ❜♦❧❛ ②❛ 4✉❡ ❡♥
❧❛ ❝♦♥'0*✉❝❝✐;♥ ❞❡❧ 0❡♦*❡♠❛ '❡ ❜✉'❝; ✉♥ ε = 12min
{
m−p.x
p1
, m−p.x
p2
, ..., m−p.x
pl
}
♣❛*❛ 4✉❡ ❧❛ ❜♦❧❛ 4✉❡❞❡ '✐❡♠♣*❡ ❡♥ ❡❧ ✐♥0❡*✐♦* ❞❡❧ ❝♦♥❥✉♥0♦ ♣*❡'✉♣✉❡'0❛*✐♦ ② ❡❧
0❡♦*❡♠❛ ❛❞4✉✐❡*❛ *❡❧❡✈❛♥❝✐❛✳ ❊♥ ❡❧ ❧>♠✐0❡✱ ❧❛ ❝❡'0❛ ❡❧❡❣✐❞❛ ❞❡❜❡ ❡'0❛* ❡♥0♦♥❝❡'
❡♥ ❧❛ ❢*♦♥0❡*❛ ② ❛❣♦0❛* ❡❧ ❣❛'0♦✳
❈♦"♦❧❛"✐♦ ✸
❙✐ U(x) ❡' ♠♦♥;0♦♥❛ ❡♥0♦♥❝❡' ∀(p,m) x ∈ X(p,m) ❝✉♠♣❧❡ ❝♦♥ ❛❣♦0❛* ❡❧
❣❛'0♦✳ ❊' ❞❡❝✐*✱ p.x = m
❚❡♦"❡♠❛ ✻
❙✐ U(x) ❡' ❝♦♥0✐♥✉❛ ❡♥0♦♥❝❡' X(p,m) ❡' ❤❡♠✐❝♦♥0✐♥✉❛ '✉♣❡*✐♦* ❡ ✐♥❢❡*✐♦*✳ ▲❛
♣*✉❡❜❛ ❡' ❞❡♠❛'✐❛❞♦ 08❝♥✐❝❛ ♣♦* ❧♦ 4✉❡ '❡ ♦♠✐0✐*.✳ ❊❧ ❧❡❝0♦* ✐♥0❡*❡'❛❞♦ ♣✉❡❞❡
❝♦♥'✉❧0❛* ▼♦♥'❛❧✈❡ ✭✷✵✵✾✮✳
❈♦"♦❧❛"✐♦ ✹
❙✐ U(x) ❡' ❝♦♥0✐♥✉❛ ② ❡'0*✐❝0❛♠❡♥0❡ ❝✉❛'✐❝;♥❝❛✈❛✱ ❡♥0♦♥❝❡' x(p,m) ❡' ❝♦♥✲
0✐♥✉❛✳ ❙❡ ❞❡❜❡ *❡❝♦*❞❛* 4✉❡ ❧❛ ❡'0*✐❝0❛♠❡♥0❡ ❝✉❛'✐❝♦♥❝❛✈✐❞❛❞ ❣❛*❛♥0✐③❛ 4✉❡
X(p,m) = {x(p,m)} ❡' ❞❡❝✐*✱ 4✉❡ ❧❛ ❝♦**❡'♣♦♥❞❡♥❝✐❛ '❡ ✈✉❡❧✈❛ ❢✉♥❝✐;♥✳ ❈♦♥
❡'0❡ ❝♦*♦❧❛*✐♦ '❡ ❣❛*❛♥0✐③❛ ❛❞❡♠.' 4✉❡ ❧❛ ❢✉♥❝✐;♥ ❞❡ ❞❡♠❛♥❞❛ x(p,m) ❡'0. ❜✐❡♥
❞❡✜♥✐❞❛ ② ❡' ✉♥❛ ❢✉♥❝✐;♥ ❝♦♥0✐♥✉❛✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✸✹
❚❡♦#❡♠❛ ✼
▲❛ ❝♦&&❡(♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛ X(p,m) (❛.✐(❢❛❝❡ ❡❧ ❛①✐♦♠❛ ❞2❜✐❧ ❣❡♥❡&❛❧
❞❡ ❧❛ ♣&❡❢❡&❡♥❝✐❛ &❡✈❡❧❛❞❛ ✭❆❉●:❘✮✳ ❊( ❞❡❝✐&✿
∀(p,m), (p′,m′) ∈ Rl++ × R+ ❧♦ (✐❣✉✐❡♥.❡ ❡( ❝✐❡&.♦✿

i) x ∈ X(p,m)
ii) x′ ∈ X(p′,m′)
iii) p.x′ ≤ m
iv) x /∈ X(p′,m′)


⇒ v) p′.x > m
❊❧ .❡♦&❡♠❛ ❡(♣❡❝A✜❝❛ ❛(A C✉❡ (✐ (❡ .✐❡♥❡♥ ❞♦( D♣.✐♠♦( ❞❡ ❞♦( ❝♦&&❡(♣♦♥❞❡♥❝✐❛(
❞✐(.✐♥.❛(✱ i) x ∈ X(p,m) ② ii) x′ ∈ X(p′,m′)✱ (✐❡♥❞♦ x′ ✜♥❛♥❝✐❛❜❧❡ ❛ (p,m) ②❛
C✉❡ iii) p.x′ ≤ m ♣❡&♦ ♥♦ D♣.✐♠♦ ②❛ C✉❡ ❛ (p,m) ❡❧ D♣.✐♠♦ ❡( x✱ ❞❡❜❡ (✉❝❡❞❡&
❡♥.♦♥❝❡( C✉❡ ❝✉❛♥❞♦ (❡ ❡❧✐❣❡ x′ ❛ (p′,m′) ❡( ♣♦&C✉❡ ②❛ x ♥♦ ❡( ✜♥❛♥❝✐❛❜❧❡ ❛
(p′,m′) ②❛ C✉❡ v) p′.x > m ❧♦ C✉❡ ✐♠♣❧✐❝❛ ❛ (✉ ✈❡③ C✉❡ iv) x /∈ X(p′,m′) ② ♣♦&
❧♦ .❛♥.♦✱ ❡❧ D♣.✐♠♦ ❛ (p′,m′) ♣❛(❛ ❛ (❡& x′✳
❊♥ ♦.&❛( ♣❛❧❛❜&❛(✱ ❡❧ .❡♦&❡♠❛ ❡(♣❡❝✐✜❝❛ C✉❡ ❝✉❛♥❞♦ (❡ ❡❧✐❣❡ x (✐❡♥❞♦ ❛(❡C✉✐✲
❜❧❡ x′ ♥♦ ♣✉❡❞❡ ♣❛(❛& C✉❡ ❝✉❛♥❞♦ (❡ ❡❧✐❥❛ x′ (✐❣❛ (✐❡♥❞♦ ❛(❡C✉✐❜❧❡ x✳
'#✉❡❜❛
❈❛♠❜✐❡♠♦( ❡❧ &❡(✉❧.❛❞♦ ♣&✐♥❝✐♣❛❧ ❞❡ ❧❛ ♣&✉❡❜❛✱ p′.x > m✱ ② ✈❡❛♠♦( (✐ ❧❧❡❣❛✲
♠♦( ❛ ✉♥❛ ❝♦♥.&❛❞✐❝❝✐D♥✳ :♦& ❧♦ .❛♥.♦✿


i) x ∈ X(p,m)
ii) x′ ∈ X(p′,m′)
iii) p.x′ ≤ m
iv) x /∈ X(p′,m′)


⇒ v) p′.x ≤ m
❉❡ ❛❝✉❡&❞♦ ❛ ❧♦ ❛♥.❡&✐♦&✱ (❡ .✐❡♥❡ C✉❡ v) p′.x ≤ m ✐♠♣❧✐❝❛ ❛ (✉ ✈❡③ C✉❡
x ∈ B(p′,m′)✳ ❊( ❞❡❝✐&✱ x ❡( ✜♥❛♥❝✐❛❜❧❡ ❛ (p′,m′)✳ ❆ ♣❡(❛& ❞❡ (❡& ✜♥❛♥❝✐❛❜❧❡✱
♥♦ ♦❜(.❛♥.❡✱ x ♥♦ ❡( ✉♥ ♠❛①✐♠✐③❛❞♦& ②❛ C✉❡ iv) x /∈ X(p′,m′) ② ♣♦& ❧♦ .❛♥.♦✿
u(x′) > u(x)✳ ❙❡ .✐❡♥❡ ❛❞❡♠L( C✉❡ ❛ ♣❡(❛& ❞❡ C✉❡ x′ ❡( ✜♥❛♥❝✐❛❜❧❡ ❛ (p,m) ②
♣♦& .❛♥.♦✱ ii)x′ ∈ B(p,m) ♥♦ ♦❜(.❛♥.❡✱ x′ ♥♦ ❡( ♠❛①✐♠✐③❛❞♦& ❛ (p,m) ②❛ C✉❡ ❡❧
D♣.✐♠♦ ❛ (p,m) ❡( i) x ∈ X(p,m) ② ♣♦& .❛♥.♦ u(x) ≥ u(x′)✱ ❧♦ ❝✉❛❧ ❝♦♥.&❛❞✐❝❡
❡❧ &❡(✉❧.❛❞♦ ❡♥❝♦♥.&❛❞♦ ❛♥.❡(✳
:❛&❛ ❝♦♥❝❧✉✐&✱ ❡( ✐♠♣♦&.❛♥.❡ ❛♥♦.❛& C✉❡ ❧❛ ✐♠♣♦&.❛♥❝✐❛ ❞❡❧ .❡♦&❡♠❛ &❛❞✐❝❛
❡♥ C✉❡ (♦❜&❡ X(p,m) ♥♦ ❤❡♠♦( ✐♠♣✉❡(.♦✱ ♣❛&❛ ❞❡♠♦(.&❛& ❡❧ .❡♦&❡♠❛✱ ♥✐♥❣N♥
(✉♣✉❡(.♦ (♦❜&❡ ❧❛( ♣&❡❢❡&❡♥❝✐❛( ♥✐ (♦❜&❡ ❧❛ ❢✉♥❝✐D♥ ❞❡ ✉.✐❧✐❞❛❞ ② (✐♥ ❡♠❜❛&❣♦✱
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✸✺
✈❡♠♦& '✉❡ &❡ ❝✉♠♣❧❡ ✉♥ &✉♣✉❡&-♦ ❝❧❛✈❡ ❞❡ 0❛❝✐♦♥❛❧✐❞❛❞ ❝♦♠♦ ❧♦ ❡& ❆❉●5❘✳
❊&-❡ -❡♦0❡♠❛ ❡& ❡♥-♦♥❝❡& ✉♥ -❡&- &♦❜0❡ ❧❛& ✈❛0✐❛❜❧❡& ♦❜&❡0✈❛❜❧❡& ❞❡ ❧❛& ✈❛0✐❛❜❧❡&
♥♦ ♦❜&❡0✈❛❜❧❡& ❝♦♠♦ &♦♥ ❧❛& ♣0❡❢❡0❡♥❝✐❛&✳
❈♦"♦❧❛"✐♦ ✺
❙✐ U(x) ❡& ❝♦♥-✐♥✉❛ ② ❡&-0✐❝-❛♠❡♥-❡ ❝✉❛&✐❝=♥❝❛✈❛ &❡ -✐❡♥❡ '✉❡✿
X(p,m) = {x(p,m)}
❊& ❞❡❝✐0✱ ❧❛ ❝♦00❡&♣♦♥❞❡♥❝✐❛ '✉❡❞❛ ❝♦♥ ✉♥ &♦❧♦ ❡❧❡♠❡♥-♦✳ ❆❤♦0❛ ♣♦❞❡♠♦& ❛✜0♠❛0
❛❞❡♠B& '✉❡ x(p,m) &❛-✐&❢❛❝❡ ❡❧ ❛①✐♦♠❛ ❞D❜✐❧ ❞❡ ❧❛ ♣0❡❢❡0❡♥❝✐❛ 0❡✈❡❧❛❞❛ ✭❆❉5❘✮✳
5♦0 ❧♦ -❛♥-♦✿
∀(p,m), (p′,m′) &❡ ❝✉♠♣❧❡ ❧♦ &✐❣✉✐❡♥-❡✿
{
i) p.x(p′,m′) ≤ m
ii) x(p′,m′) 6= x(p,m)
}
⇒ iii) p′.x(p,m) > m′
▲❛ ♣0✉❡❜❛ ❡& ✉♥❛ ❛♣❧✐❝❛❝✐=♥ ❞❡❧ -❡♦0❡♠❛ ❞❡❧ ♠B①✐♠♦✳
❍❛&-❛ ❛❝B ❡❧ -0❛-❛♠✐❡♥-♦ ❛ ❧❛ ❞❡♠❛♥❞❛✱ ♣❛&❡♠♦& ❛❤♦0❛ ❛ ❧❛ ❢✉♥❝✐=♥ ❞❡ ✉-✐❧✐✲
❞❛❞ ✐♥❞✐0❡❝-❛✱ ❧❛ ❝✉❛❧ ♥♦ ❡& ♠B& '✉❡ ❧❛ ❢✉♥❝✐=♥ ❞❡ ✉-✐❧✐❞❛❞ ❡✈❛❧✉❛❞❛ ❡♥ ❧❛ ❢✉♥❝✐=♥
❞❡ ❞❡♠❛♥❞❛ =♣-✐♠❛✳
✶✳✶✵✳ ▲❛ ❢✉♥❝✐*♥ ❞❡ ✉-✐❧✐❞❛❞ ✐♥❞✐/❡❝-❛
❙♦❜0❡ ❡❧ &✉♣✉❡&-♦ ❞❡ '✉❡ U(x) ❡& ❝♦♥-✐♥✉❛✱ ✉♥❛ ❢✉♥❝✐=♥ ❞❡ ✉-✐❧✐❞❛❞ ✐♥❞✐0❡❝-❛
&❡ ❞❡✜♥❡ ❝♦♠♦✿
V : Rl++ × R+ → R
V (p,m) = maxx∈B(p,m)u(x)
❊& ♥❡❝❡&❛0✐♦ ❛❝❧❛0❛0 ♣0✐♠❡0♦ '✉❡ ❧❛ ❢✉♥❝✐=♥ ❞❡ ✉-✐❧✐❞❛❞ ✐♥❞✐0❡❝-❛ ❡& ✉♥❛
❢✉♥❝✐=♥ ② ♥♦ ✉♥❛ ❝♦00❡&♣♦♥❞❡♥❝✐❛ ❝♦♠♦ &❡ ♦❜&❡0✈❛ ❞❡❧ ❤❡❝❤♦ ❞❡ '✉❡ ❧♦& ❡❧❡♠❡♥-♦&
❞❡❧ ❞♦♠✐♥✐♦ p ∈ Rl++ ② m ∈ R+ ♠❛♣❡❛♥ (→) ❡♥ ✉♥ &♦❧♦ ♣✉♥-♦ ❞❡ R✳ ▲♦ &❡❣✉♥❞♦
❡& '✉❡ ❡& ➫➫✐♥❞✐0❡❝-❛➫➫ ❞❡❜✐❞♦ ❛ '✉❡ ❡♥ ❡❧ ♣0♦❜❧❡♠❛ ❞❡❧ ❝♦♥&✉♠✐❞♦0 ❧♦ '✉❡ &❡
-✐❡♥❡ ❡& ❧❛ ❢✉♥❝✐=♥ ❞❡ ✉-✐❧✐❞❛❞ ❞✐0❡❝-❛ U(x)✱ ❧❛ ❝✉❛❧ ♥♦ ❡&-B ❡①♣0❡&❛❞❛ ♥✐ ❡♥
❢✉♥❝✐=♥ ❞❡ ♣0❡❝✐♦& ♥✐ ❡♥ 0❡♥-❛✳ 5❡0♦ ❡& ♣♦&✐❜❧❡ ❧❧❡❣❛0 ❛ ✉♥❛ ❢✉♥❝✐=♥ ❞❡ ✉-✐❧✐❞❛❞
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✸✻
✐♥❞✐%❡❝(❛ *✉❡ ❞✐%❡❝(❛♠❡♥(❡ ❞❡♣❡♥❞❡ ❞❡ %❡♥(❛. ② ♣%❡❝✐♦. ❝✉❛♥❞♦ .❡ %❡❛❧✐③❛ ❡❧
♣%♦❝❡.♦ ❞❡ ♠❛①✐♠✐③❛❝✐4♥ ❞❡ U(x) .✉❥❡(♦ ❛ ❧❛ %❡.(%✐❝❝✐4♥ ♣%❡.✉♣✉❡.(❛%✐❛ p.x = m
❚❡♦#❡♠❛ ✽
V (p,m) ❡. ❤♦♠♦❣8♥❡❛ ❞❡ ❣%❛❞♦ ❝❡%♦ ❡♥ (p,m)
'#✉❡❜❛
❉❡❜✐❞♦ ❛ *✉❡ x(p,m) ♥♦ ❝❛♠❜✐❛ .✐ (p,m) ❧♦ ❤❛❝❡♥ ✲❡❧ ❝♦♥%✉♠✐❞♦* ♥♦ %✉❢*❡
❞❡ ✐❧✉%✐,♥ ♠♦♥❡-❛*✐❛ ✲ .❡ ♣✉❡❞❡ ❛✜%♠❛% ♣♦% ❡❧ (❡♦%❡♠❛ ❞❡❧ ♠=①✐♠♦ *✉❡ .✐ ❧♦.
❛%❣✉♠❡♥(♦. ❞❡ ❧❛ ❢✉♥❝✐4♥ V .♦♥ ❤♦♠♦❣8♥❡♦. ❞❡ ❣%❛❞♦ ❝❡%♦ ❡♥ (p,m) ❧❛ ❢✉♥❝✐4♥
V (❛♠❜✐8♥ ❧♦ .❡%=✳
❚❡♦#❡♠❛ ✾
❙✐ U(x) ❡. ❧♦❝❛❧♠❡♥(❡ ♥♦ .❛❝✐❛❞❛✱ ❡♥(♦♥❝❡. V ❡. ❡.(%✐❝(❛♠❡♥(❡ ❝%❡❝✐❡♥(❡ ❡♥
m✳ ❊. ❞❡❝✐%✱ ❡❧ ❛❣❡♥(❡ ❝♦♥.✉♠✐❞♦% ❧❡ %❡♣♦%(❛ ♠=. ✉(✐❧✐❞❛❞ (❡♥❡% ♠=. %❡♥(❛✳
❊♥ ❝✉❛❧*✉✐❡% ❝❛.♦✱ V ❡. ♥♦ ❞❡❝%❡❝✐❡♥(❡ ❡♥ m ② ♥♦ ❝%❡❝✐❡♥(❡ ❡♥ pl ♣❛%❛ (♦❞♦
l = 1, 2, 3, ..., L
'#✉❡❜❛
❙❡❛♥ p, p′ ❞♦. ✈❡❝(♦%❡. ❞❡ ♣%❡❝✐♦. (❛❧❡. *✉❡ p′ ≥ p ❞❡✜♥❛♠♦. ❧♦. .✐❣✉✐❡♥(❡.
♣%❡.✉♣✉❡.(♦.✿
B(p,m) =
{
x ∈ Rl+/p.x ≤ m
}
B(p′,m) =
{
x ∈ Rl+/p
′.x ≤ m
}
❙❡ ❡✈✐❞❡♥❝✐❛ ♣%✐♠❡%♦ *✉❡ B(p′,m) ⊆ B(p,m) ② ♣♦% ❧♦ (❛♥(♦✱ ❡❧ ♠=①✐♠♦ *✉❡
♣✉❡❞❡ ❛❧❝❛♥③❛% u(x) .♦❜%❡ B(p,m) ❡. ❛❧ ♠❡♥♦. (❛♥ ❣%❛♥❞❡ ❝♦♠♦ ❡❧ *✉❡ ♣✉❡❞❡
❛❧❝❛♥③❛% ❡♥ B(p′,m)✳ ❨❛ *✉❡ V ❡.(= ❡♥ ❢✉♥❝✐4♥ ❞❡❧ 4♣(✐♠♦ *✉❡ u(x) ❛❧❝❛♥③❛ .♦❜%❡
❡❧ ❝♦♥❥✉♥(♦ ♣%❡.✉♣✉❡.(❛%✐♦✱ .❡ (✐❡♥❡ *✉❡ ❡❧ ✈❛❧♦% *✉❡ (♦♠❛%= V ❛ ❧♦. ♣%❡❝✐♦. p
.❡%❛ ❛❧ ♠❡♥♦. (❛♥ ❣%❛♥❞❡ ❝♦♠♦ ❡❧ *✉❡ (♦♠❛%= ❛ ❧♦. ♣%❡❝✐♦. p′✳ ❙❡ (✐❡♥❡ ❛.F *✉❡
V ♥♦ ♣✉❡❞❡ .❡% ❝%❡❝✐❡♥(❡ ❡♥ ♣%❡❝✐♦. ✭❱❛%✐❛♥✱ ✶✾✾✷✿✶✷✷✮✳ 
❉❡ ✐❣✉❛❧ ♠❛♥❡%❛ ♣♦❞❡♠♦. ❞❡✜♥✐% ❞♦. ♣%❡.✉♣✉❡.(♦. m,m′ (❛❧ *✉❡ m′ > m ②
❝♦♥.(%✉✐% ❞♦. ❝♦♥❥✉♥(♦. B(p,m) ② B(p,m′)✳ ■❣✉❛❧ *✉❡ .✉❝❡❞❡ ❡♥ ❡❧ ❝❛.♦ ❛♥(❡%✐♦%
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✸✼
V ❛❧❝❛♥③❛'( ✈❛❧♦'❡, ♥♦ ❞❡❝'❡❝✐❡♥/❡, ❝♦♥ '❡♥/❛' ♠❛②♦'❡, 2✉❡ ❝♦♥ '❡,♣❡❝/♦ ❛ '❡♥/❛,
♠❡♥♦'❡,✳
❚❡♦#❡♠❛ ✶✵
▲❛ ❢✉♥❝✐8♥ ❞❡ ✉/✐❧✐❞❛❞ ✐♥❞✐'❡❝/❛ V ❡, ❝✉❛,✐❝♦♥✈❡①❛✳ ❊, ❞❡❝✐'✱ ∀(p,m), (p′,m′), ∀λ ∈
[0, 1] ,❡ ❝✉♠♣❧❡ 2✉❡✿
V (λp+ (1− λ)p′, λm+ (1− λ)m′) ≤ max {V (p,m), V (p′,m′)}
(#✉❡❜❛
❋✐❥❛♠♦, (p,m), (p′,m′) ∈ Rl++ × R+ ② ✉♥ λ ∈ [0, 1]
❙❡❛
x ∈ B(λp+ (1− λ)p′, λm+ (1− λ)m′)
/❛❧ 2✉❡
(λp+ (1− λ)p′).x ≤ λm+ (1− λ)m′
❈♦♥ ❜❛,❡ ❡♥ ❧♦ ❛♥/❡'✐♦' ,❡ ❝✉♠♣❧❡♥ ❞♦, ,✐/✉❛❝✐♦♥❡,✿
p.x ≤ m
8
p′.x ≤ m′
❙✐ ♥♦ ❢✉❡'❛ ❝✐❡'/♦ ,✉ ♥❡❣❛❝✐8♥ ♥♦ ,❡'( ❝✐❡'/❛✱ ✈❡❛♠♦,✿
p.x > m ② p′.x > m′
▼✉❧/✐♣❧✐❝❛♥❞♦ ❡❧ ♣'✐♠❡'♦ ♣♦' λ ② ❡❧ ,❡❣✉♥❞♦ ♣♦' (1− λ) ,❡ /✐❡♥❡✿
λp.x > λm ② (1− λ)p′.x > λm′
❙✉♠❛♥❞♦ ❧❛, ❞♦, ❞❡,✐❣✉❛❧❞❛❞❡,✿
λp.x+ (1− λ)p′.x > λm+ (1− λ)m′
▲♦ ❝✉❛❧ ♥♦ ❡, ❝✐❡'/♦✳ ❙❡ /✐❡♥❡ ❛,D 2✉❡ ,8❧♦ ❤❛② ❞♦, ♣♦,✐❜✐❧✐❞❛❞❡,✿p.x ≤ m 8
p′.x ≤ m′✳ ❊,/♦ ❡, ❡2✉✐✈❛❧❡♥/❡ ❛ ❛✜'♠❛' 2✉❡✿
x ∈ B(p,m) 8 x ∈ B(p′,m′)✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✸✽
❈♦♥ ❡❧❧♦ ♣♦❞❡♠♦* ❞❡❝✐-✿
x ∈ B(p,m) ∪B(p′,m′)
❉❛❞❛ ❧❛ ❛♥1❡-✐♦- ❞❡✜♥✐❝✐3♥✱ ❡* ♣♦*✐❜❧❡ ♣♦*1✉❧❛- ✉♥ x∗ ∈ B(λp+(1−λ)p′, λm+
(1− λ)m′) 1❛❧ 7✉❡❀
V (λp+ (1− λ)p′, λm+ (1− λ)m′) = u(x∗)
♣♦- 1❛♥1♦✿
x∗ ∈ B(p,m) 3 x∗B(p′,m′)
u(x∗) ≤ V (p,m) 3 u(x∗) ≤ V (p′,m′)
❙❡ ❧❧❡❣❛ ❡♥1♦♥❝❡* ❛ ❧♦ *✐❣✉✐❡♥1❡✿
u(x∗) ≤ max {V (p,m), V (p′,m′)}
;❡-♦ ♣♦- ❝♦♥*1-✉❝❝✐3♥ *❡ ❤❛ ❞✐❝❤♦ 7✉❡✿
u(x∗) = V (λp+ (1− λ)p′, λm+ (1− λ)m′)
② ❛*>✿
V (λp+ (1− λ)p′, λm+ (1− λ)m′) ≤ max {V (p,m), V (p′,m′)}

❚❡♦#❡♠❛ ✶✶
V (p,m) ❡* ❝♦♥1✐♥✉❛✳
'#✉❡❜❛
;♦- ❞❡✜♥✐❝✐3♥ V (p,m) = u(x(p,m)) ② ②❛ 7✉❡ u(·) ❡* ✉♥❛ ❢✉♥❝✐3♥ ❞❡ ✉1✐❧✐❞❛❞
❝♦♥1✐♥✉❛ ② ❞❛❞♦ 7✉❡ x(p,m) *♦♥ ❢✉♥❝✐♦♥❡* ❞❡ ❞❡♠❛♥❞❛ ❝♦♥1✐♥✉❛*✱ ♣♦❞❡♠♦*
❛✜-♠❛- ❡♥1♦♥❝❡* 7✉❡ V (p,m) 1❛♠❜✐A♥ ❧♦ ❡*✳ 
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✸✾
✶✳✶✶✳ ❊♥❢♦&✉❡ ❞❡*❞❡ ❡❧ ❛♥-❧✐*✐* ❞✐❢❡/❡♥❝✐❛❧
❊❧ ❛♥&❧✐(✐( ❛♥)❡+✐♦+ (❡ ❤❛ ❤❡❝❤♦ (✐♥ +❡❝✉++✐+ ❛❧ ♠✉♥❞♦ ❞✐❢❡+❡♥❝✐❛❧ ② (❡ ❤❛
❤❡❝❤♦ ♣❛+❛ ❞❡♠♦()+❛+ 5✉❡✱ ❛♥)❡ )♦❞♦✱ ❧❛ )❡♦+7❛ ❞❡❧ ❝♦♥(✉♠✐❞♦+ ❡( ✉♥❛ )❡♦+7❛
❛♥❛❧7)✐❝❛✳ ❆❤♦+❛ ✈❛♠♦( ❛ ♣❛(❛+ ❛❧ ♠✉♥❞♦ ❞✐❢❡+❡♥❝✐❛❧ ♣♦+5✉❡ ❡♥ ❝✐❡+)❛ ❢♦+♠❛ (❡
)✐❡♥❡ ✉♥❛ ♠❛)❡♠&)✐❝❛ ♠&( ❛♠❡♥❛ ② ♣♦+5✉❡ ❡♥ ;❧ )❛♠❜✐;♥ ♣♦❞❡♠♦( ❡①)+❛❡+ )❡()(
❞❡ +❛❝✐♦♥❛❧✐❞❛❞✳
❊( ♥❡❝❡(❛+✐♦ ❛❝❧❛+❛+ 5✉❡ (❡ ♥❡❝❡(✐)❛♥ )+❡( ❝♦♥❞✐❝✐♦♥❡(✱ 5✉❡ (❡ ✐♠♣♦♥❡♥ ♠&(
❛❜❛❥♦✱ ♣❛+❛ )+❛❜❛❥❛+ ❡♥ ❡❧ ♠✉♥❞♦ ❞✐❢❡+❡♥❝✐❛❜❧❡✿
▲❛ ❢✉♥❝✐A♥ ♦❜❥❡)✐✈♦✱ f ✱ ❞❡❜❡+ (❡+ ❞✐❢❡+❡♥❝✐❛❜❧❡✳
❙♦♥ ♥❡❝❡(❛+✐♦( ❝♦♥❥✉♥)♦( ❛❜✐❡+)♦(✳
▲♦( (✉♣✉❡()♦( ❞❡❧ ♠✉♥❞♦ ❛♥❛❧7)✐❝♦ (❡ ❞❡❜❡♥ ❧❧❡✈❛+ ❛❧ ♠✉♥❞♦ ❞✐❢❡+❡♥❝✐❛❜❧❡✳
❊()❛( ❝♦♥❞✐❝✐♦♥❡( 5✉❡❞❛+&♥ ❡♥ );+♠✐♥♦( ❞❡ ♥✉❡()+❛ ❢✉♥❝✐A♥ ❞❡ ✉)✐❧✐❞❛❞ ❝♦♠♦
♣+❡(❡♥)❛♠♦( ❛ ❝♦♥)✐♥✉❛❝✐A♥✳
❙✉♣✉❡$%♦$✿
❚❡♥✐❡♥❞♦ ❞❡ ♥✉❡✈♦ ❧❛ ❢✉♥❝✐A♥ ❞❡ ✉)✐❧✐❞❛❞ U(x) : Rl+ → R (❡ ❞❡✜♥❡ ❧♦ (✐❣✉✐❡♥✲
)❡✿
U(x) ∈ Rl++✳ ▲❛ ✐♠♣♦+)❛♥❝✐❛ ❞❡ ❡❧❧♦ ❡( 5✉❡ ❡❧ ❡(♣❛❝✐♦ R
l
+ ❡( ❝❡++❛❞♦ ♣♦+5✉❡
✐♥❝❧✉②❡ ❧♦( ❡❥❡( ♠✐❡♥)+❛( ❡❧ ❡(♣❛❝✐♦ R
l
++ ❡( ❛❜✐❡+)♦ ♣♦+5✉❡ ♥♦ )♦❝❛ ❧♦( ❡❥❡(
②✱ ❝♦♠♦ (❡ +❡❝♦+❞❛+&✱ (♦♥ ♥❡❝❡(❛+✐♦( ❝♦♥❥✉♥)♦( ❛❜✐❡+)♦(✳
U(x) ∈ C2. ❊( ❞❡❝✐+✱ ❧❛ ❢✉♥❝✐A♥ ❞❡ ✉)✐❧✐❞❛❞ ❡( ❞♦❜❧❡♠❡♥)❡ ❞✐❢❡+❡♥❝✐❛❜❧❡✳
G♦+ ❧♦ )❛♥)♦✱ ❧❛ ❢✉♥❝✐A♥ U(x) ❞❡❜❡ ❝✉♠♣❧✐+ 5✉❡ ❧❛ ♠❛)+✐③ ❞❡ ♣+✐♠❡+❛(
❞❡+✐✈❛❞❛( Du(x) ❡①✐()❡ ② 5✉❡ ❧❛ ♠❛)+✐③ ❞❡ (❡❣✉♥❞❛( ❞❡+✐✈❛❞❛( D2u(x)
)❛♠❜✐;♥ ❡①✐()❛ ② (❡❛ ❝♦♥)✐♥✉❛ ❡♥ ❝❛❞❛ ✉♥♦ ❞❡ (✉( ❝♦♠♣♦♥❡♥)❡(
✶✻
✳
U(x) ❡( ♠♦♥A)♦♥❛ ② ❡♥ Rl++ ❡( ❞✐❢❡+❡♥❝✐❛❜❧❡ ② ❡()+✐❝)❛♠❡♥)❡ ♠♦♥A)♦♥❛✳
G♦+ ❧♦ )❛♥)♦✱ Du(x)≫ 0✳ ❊( ❞❡❝✐+✱ ❧❛ ✉)✐❧✐❞❛❞ ❞❡ ✉♥❛ ✉♥✐❞❛❞ ❞❡ ❝♦♥(✉♠♦
❛❞✐❝✐♦♥❛❧ ❡( ♣♦(✐)✐✈❛✳
U(x) ❡( ❝✉❛(✐❝A♥❝❛✈❛ ② ❡♥ Rl++ ❡( ❞✐❢❡+❡♥❝✐❛❜❧❡ ② ❡()+✐❝)❛♠❡♥)❡ ❝✉❛(✐❝A♥✲
❝❛✈❛✳ ❊( ❞❡❝✐+✱ ∀q ∈ Rl \ {0} (❡ )✐❡♥❡ 5✉❡✿ qTDu(x) = 0 ② qTD2u(x)q < 0✳
G♦+ ❧♦ )❛♥)♦✱ ❧❛ ✉)✐❧✐❞❛❞ ❞❡ ✉♥❛ ✉♥✐❞❛❞ ❞❡ ❝♦♥(✉♠♦ ❛❞✐❝✐♦♥❛❧ ❡( ♣♦(✐)✐✈❛
♣❡+♦ ❞❡❝+❡❝✐❡♥)❡✳
✶✻
❆ ❧❛ ♠❛$%✐③ ❞❡ ♣%✐♠❡%❛+ ❞❡%✐✈❛❞❛+ Du(x) +❡ ❧❡ ❝♦♥♦❝❡ ❝♦♥ ❡❧ ♥♦♠❜%❡ ❞❡ ❏❛❝♦❜✐❛♥♦ ② ❛ ❧❛
♠❛$%✐③ ❞❡ +❡❣✉♥❞❛+ ❞❡%✐✈❛❞❛+ D2u(x) +❡ ❧❡ ❝♦♥♦❝❡ ❝♦♥ ❡❧ ♥♦♠❜%❡ ❞❡ ❍❡++✐❛♥♦✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✹✵
●!"✜❝♦ ✻
"♦$ ❧❛' ♣$♦♣✐❡❞❛❞❡' ❛♥-❡$✐♦$❡'✱ '❡ -✐❡♥❡ /✉❡ ❡❧ ❤❡''✐❛♥♦ ❞❡❜❡ '❡$ '❡♠✐❞❡✜♥✐❞♦
♥❡❣❛-✐✈♦ ♣♦$ ❧❛ ❡'-$✐❝-❛ ❝✉❛'✐❝♦♥❝❛✈✐❞❛❞ ② ♣♦$ ❧♦ -❛♥-♦✱ ❡' ♦$-♦❣♦♥❛❧ ❛ ❧❛ -❛♥✲
❣❡♥-❡✱ qTDu(x) = 0✳ ❆'< ❡❧ ✈❡❝-♦$ ♦$-♦❣♦♥❛❧ ❡'♣❡❝✐✜❝❛ ❧♦' ♠❡❥♦$❡' ② ❧❛ -❛♥❣❡♥-❡
❤❛❝✐❛ ❧♦' ❧❛-❡$❛❧❡' ♠✉❡'-$❛ ❧♦' ♣❡♦$❡' ②❛ /✉❡ qTD2u(x)q < 0 ✐♥❞✐❝❛ /✉❡ ❧❛ ✉-✐❧✐✲
❞❛❞ ❞✐'♠✐♥✉②❡ ❛❧ ♠♦✈❡$♥♦' ♣♦$ ❧❛ ❧<♥❡❛ -❛♥❣❡♥❝✐❛❧✳ ❆❞❡♠>' ❧❛ -❛♥❣❡♥-❡ ❡'-❛ ♣♦$
❢✉❡$❛ ❞❡❧ ❝♦♥❥✉♥-♦ ❞❡ ♦♣❝✐♦♥❡' ♠❡❥♦$❡'✳ ❊'-♦ ❡' ❧♦ /✉❡ '❡ ♦❜'❡$✈❛ ❡♥ ❡❧ ❣$>✜❝♦
✻✳
■♥-❡$✐♦$✐❞❛❞ ❞❡ ❧❛' '♦❧✉❝✐♦♥❡'✳∀x ∈ Rl++ '❡ -✐❡♥❡ /✉❡
{
x ∈ Rl+/u(x
′) ≥ u(x)
}
⊆
R
l
++✳ ❊' ❞❡❝✐$✱ ❧❛' ❝❛♥❛'-❛' ♠❡❥♦$❡' -❛♠❜✐C♥ ✈❛♥ ❛ ❡'-❛$ ❡♥ ❡❧ ✐♥-❡$✐♦$ ② ♣♦$
-❛♥-♦✱ ♥♦ ❞❡❜❡♥ ❤❛❜❡$ '♦❧✉❝✐♦♥❡' ❞❡ ❡'/✉✐♥❛✳ ❚C❝♥✐❝❛♠❡♥-❡ ❡'-❡ '✉♣✉❡'✲
-♦ '❡ ♣✉❡❞❡ -❛♠❜✐C♥ ❡①♣$❡'❛$ ❛'<✿ "❛$❛ -♦❞❛ '❡❝✉❡♥❝✐❛ {Xn}
∞
n=1 ⊆ R
l
++
-❛❧ /✉❡ ❝♦♥✈❡$❥❛ ❛ ✉♥ X✱ ❡' ❞❡❝✐$ Xn → X ✱ ❡'-❡ ♣✉♥-♦ ❞♦♥❞❡ ❝♦♥✈❡$❣❡
❝✉♠♣❧✐$> /✉❡ X ∈ ∂Rl++ = R
l
+ \ R
l
++
"♦$ ❧♦ -❛♥-♦✱ '✐ ❞❡✜♥✐♠♦' ✉♥❛ ❢✉♥❝✐G♥ ❞❡ ❞❡♠❛♥❞❛ ❝♦♠♦ x : Rl++×R++ → R
l
++
❡'-❛ ❢✉♥❝✐G♥ '✐❡♠♣$❡ ✈❛ ❛ ❡'-❛$ ❡♥ ❡❧ ✐♥-❡$✐♦$ ② ♥♦ ✈❛ ❛ -♦❝❛$ ❡❧ ❜♦$❞❡
✶✼
✳
❯♥❛ ✈❡③ ❞❡✜♥✐❞♦ ❧♦' '✉♣✉❡'-♦' '♦❜$❡ ❧❛ ❢✉♥❝✐G♥ ❞❡ ✉-✐❧✐❞❛❞✱ ❝♦♥-✐♥✉❛♠♦' ❝♦♥
❧♦' -❡♦$❡♠❛' /✉❡ ❡♥ ❡❧ ♠✉♥❞♦ ❞✐❢❡$❡♥❝✐❛❧ '❡ ❝✉♠♣❧❡♥ '♦❜$❡ X(p,m)✳
❚❡♦#❡♠❛ ✶✷
▲❛ ❝♦$$❡'♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛ X(p,m) ❡' ❞✐❢❡$❡♥❝✐❛❜❧❡✳
❊' ❞❡❝✐$✱ ∀(p,m) ∈ Rl++ × R++ X(p,m) ❡' ❞✐❢❡$❡♥❝✐❛❜❧❡✳ "♦$ ❧♦ -❛♥-♦✱ ♣❛$❛
❝✉❛❧/✉✐❡$ $❡♥-❛ m ② ♣$❡❝✐♦' p '❡ -✐❡♥❡ ✉♥ ♠♦♠❡♥-♦ K♥✐❝♦✳
✶✼
 ♦" ❧♦ $❛♥$♦✱ ♥♦ (❡ ✈❛ ❛ $❡♥❡" ❡♥ ❝✉❡♥$❛ ❡❧ ♣"♦❜❧❡♠❛ ❞❡ ❧♦( ❜✐❡♥❡( (✉($✐$✉$♦( ♣❡"❢❡❝$♦(✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✹✶
 !✉❡❜❛
"♦$ ❝♦♥❞✐❝✐♦♥❡* ❞❡ ❑✉❤♥✲❚✉❝❦❡$
✶✽ ∃λ > 0 1❛❧ 4✉❡✿
Du(x) = λp
p.x = m
"$❡❣✉♥1❡♠♦♥♦* ❛❤♦$❛ ➽❈✉:♥1♦ ❝❛♠❜✐❛$: x ❛♥1❡ ✉♥ ♣❡4✉❡=♦ ❝❛♠❜✐♦ ❡♥ p ②
m ❄ ❉✐❢❡$❡♥❝✐❡♠♦* ② ✈❡❛♠♦*✿
D2u(x)dx = dλp+ λdp
p.dx+ x.dp = dm
❘❡♦$❞❡♥❛♥❞♦ ❧❛* ❡❝✉❛❝✐♦♥❡* ❛♥1❡$✐♦$❡* *❡ 1✐❡♥❡✿
D2u(x)dx− dλp = λdp
−p.dx = xdp− dm
❈♦♥*1$✉②❡♥❞♦ ✉♥ *✐*1❡♠❛ ♠❛1$✐❝✐❛❧ ❝♦♥ ❧❛* ❡❝✉❛❝✐♦♥❡* ❛♥1❡$✐♦$❡* *❡ ❧❧❡❣❛ ❛✿
[
D2u(x) −p
−pT 0
]
L+1xL+1
[
dx
dλ
]
L+1x1
=
[
λdp
x.dp− dm
]
L+1x1
❊*1❡ ❡* ✉♥ *✐*1❡♠❛ ❞❡❧ 1✐♣♦ A.X = b ② 1✐❡♥❡ *♦❧✉❝✐E♥ ♣❛$❛ X *✐ ② *♦❧♦ *F A
1✐❡♥❡ ✐♥✈❡$*❛✳ ❊* ❞❡❝✐$✱ *✐ A−1 ❡①✐*1❡✳ ❉❡❝✐$ 4✉❡ A 1❡♥❣❛ ✐♥✈❡$*❛ ❡* *✐♥E♥✐♠♦ ❞❡
4✉❡ *❡❛ ♥♦ *✐♥❣✉❧❛$ ♦ 4✉❡ *✉ ❞❡1❡$♠✐♥❛♥1❡ *❡❛ ❞✐*1✐♥1♦ ❛ ❝❡$♦✳
❙✉♣♦♥❣❛♠♦* ❡♥1♦♥❝❡*✱ ♣❛$❛ ❡❢❡❝1♦* ❞❡ ❧❧❡❣❛$ ❛ ✉♥❛ ❝♦♥1$❛❞✐❝❝✐E♥✱ ❞❡ 4✉❡ A
❡* *✐♥❣✉❧❛$ ②❛ 4✉❡ *✐ ❡*1♦ *✉❝❡❞❡ *❡ 1✐❡♥❡ 4✉❡
[
dx
dλ
]
L+1x1
♥♦ ❡①✐*1❡ ② ♣♦$ ❧♦
1❛♥1♦✱ X(p,m) ♥♦ *❡$F❛ ❞✐❢❡$❡♥❝✐❛❜❧❡✳
"♦*1✉❧❡♠♦* 4✉❡ ❡①✐*1❡ ✉♥ ✈❡❝1♦$
[
a1x1
b1x1
]
∈ RL+1 \ {0} 1❛❧ 4✉❡✿
✶✽
❙♦❜#❡ ❞✐❝❤❛* ❝♦♥❞✐❝✐♦♥❡* ✈❡# ▼♦♥*❛❧✈❡ ✭✷✵✵✾✮✳ ◆♦ *❡ ❞❡❜❡ ♦❧✈✐❞❛# 6✉❡ *❡ ❡*89 8#❛❜❛❥❛♥❞♦
❝♦♥ *♦❧✉❝✐♦♥❡* ✐♥8❡#✐♦#❡*✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✹✷
[
D2u(x) −p
−pT 0
]
L+1xL+1
[
a1x1
b1x1
]
L+1x1
=
[
0
0
]
L+1x1
❉❡ ❡$%❡ $✐$%❡♠❛ $❡ %✐❡♥❡✿
D2u(x).a− p.b = 0
pT .a = 0
❊$ ♥❡❝❡$❛-✐♦ ❛❝❧❛-❛- 0✉❡ pT1xL.aLx1 = a
T
1xL.pLx1 ② ❡❧ -❡$✉❧%❛❞♦ ❡$ ✉♥ ♥4♠❡-♦
(1x1)✳
❘❡♦-❞❡♥❛♥❞♦ ❧❛$ ❡❝✉❛❝✐♦♥❡$ ❛♥%❡-✐♦-❡$✿
D2u(x).a = p.b
aT .p = 0
❉❡ ❧❛ ♣-✐♠❡-❛ ❡❝✉❛❝✐8♥ ♣♦❞❡♠♦$ ❛✜-♠❛- 0✉❡ p.b 6= 0 ②❛ 0✉❡ b 6= 0 ② p≫ 0✳
❊♥ ❝❛$♦ ❝♦♥%-❛-✐♦✱ $✐ $❡ %✉✈✐❡-❛ p.b = 0 $❡-<❛ ♥❡❝❡$❛-✐♦ 0✉❡ b = 0 ② a = 0 ♣✉❡$
D2u(x) 6= 0✳ ◆♦ ♦❜$%❛♥%❡✱ ❡$%♦ ♥♦ $❡ ♣✉❡❞❡ ❝✉♠♣❧✐- ②❛ 0✉❡ ❞❡$❞❡ ❛♥%❡$ $❡ ❤❛
♣♦$%✉❧❛❞♦ 0✉❡
[
a1x1
b1x1
]
∈ RL+1 \ {0}✳
❆❞❡♠A$ ♣♦- $❡- p 6= 0 $❡ ❣❛-❛♥%✐③❛ 0✉❡ a 6= 0✳ ❊$%❛ ❝♦♥❞✐❝✐8♥ ❧❛ ❧❧❛♠❛-❡♠♦$
❝♦♥❞✐❝✐8♥ (a)
D♦- ❝♦♥❞✐❝✐♦♥❡$ ❞❡ ♣-✐♠❡- ♦-❞❡♥ ✭❈✳D✳❖✮ ❞❡❧ ♣-♦❜❧❡♠❛ ❞❡ ♦♣%✐♠✐③❛❝✐8♥ ❞❡❧
❝♦♥$✉♠✐❞♦-✱ $❡ %✐❡♥❡ %❛♠❜✐I♥ ❧♦ $✐❣✉✐❡♥%❡✿
p =
1
λ
Du(x)
❉♦♥❞❡ λ > 0 ❡$ ❧❛ ✉%✐❧✐❞❛❞ ♠❛-❣✐♥❛❧ ❞❡ ❧❛ -❡♥%❛✳ ❘❡❡♠♣❧❛③❛♥❞♦ ❡$%❛ ❡①♣-❡$✐8♥
❡♥ aT .p = 0 $❡ ❧❧❡❣❛ ❛✿
aT .(
1
λ
Du(x)) = 0
aT .(Du(x)) = 0
▲❛ ❝✉❛❧ ❧❧❛♠❛-❡♠♦$ ❝♦♥❞✐❝✐8♥ (b)
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✹✸
▼✉❧%✐♣❧✐❝❛♥❞♦ D2u(x).a = p.b ❛ ❛♠❜♦/ ❧❛❞♦/ ♣♦0 aT /❡ %✐❡♥❡✿
aT [D2u(x).a] = aT [p.b]
❨❛ 4✉❡ aT p.b = b.aT .p ② %♦♠❛♥❞♦ aT .p = 0 ❧❧❡❣❛♠♦/ ❛✿
aT [D2u(x).a] = 0
▲❛ ❝✉❛❧ ❧❧❛♠❛0❡♠♦/ ❧❛ ❝♦♥❞✐❝✐8♥ (c)
9♦0 ❧♦ %❛♥%♦✱ ♣❛0❛ 4✉❡ X(p,m) ♥♦ /❡❛ ❞✐❢❡0❡♥❝✐❛❜❧❡ /❡ ❞❡❜❡♥ ❝✉♠♣❧✐0 ❛❧
♠✐/♠♦ %✐❡♠♣♦ ❧❛/ ❝♦♥❞✐❝✐♦♥❡/ (a)✱ (b) ② (c) ♣❡0♦ ❡/%♦ ♥♦ ❡/ ♣♦/✐❜❧❡ ❞❡❜✐❞♦ ❛
4✉❡ ♣♦0 ❡❧ /✉♣✉❡/%♦ ❞❡ ❝✉❛/✐❝♦♥❝❛✈✐❞❛❞ ❞❡ ❧❛ ❢✉♥❝✐8♥ ❞❡ ✉%✐❧✐❞❛❞✱ ❡/ ♥❡❝❡/❛0✐♦
4✉❡ ∀q ∈ Rl /❡ %❡♥❣❛ 4✉❡ qTD2u(x)q < 0 ♣❡0♦ ❡/%❛ ❝♦♥❞✐❝✐8♥ ❡/ ✈✐♦❧❛❞❛ ❡♥ ❧❛
❝♦♥❞✐❝✐8♥ ✭❝✮✳ 9♦0 ❧♦ %❛♥%♦✱ ❡/ ♣♦/✐❜❧❡ ❛✜0♠❛0 4✉❡ X(p,m) ❡/ ❞✐❢❡0❡♥❝✐❛❜❧❡✳ 
❆♥%❡/ ❞❡ ❝♦♥%✐♥✉❛0✱ ✈❛♠♦/ ❛ /♦❧✉❝✐♦♥❛0 ❡❧ /✐/%❡♠❛
✶✾
❛♥%❡0✐♦0 ② ❡/%❛❜❧❡❝❡0
❛❧❣✉♥❛/ ♥♦%❛❝✐♦♥❡/✿
[
D2u(x) −p
−pT 0
]
L+1xL+1
[
dx
dλ
]
L+1x1
=
[
λdp
x.dp− dm
]
L+1x1
[
dx
dλ
]
L+1x1
=
[
D2u(x) −p
−pT 0
]−1 [
λdp
x.dp− dm
]
L+1x1
❙❡ %✐❡♥❡♥ ❧❛/ /✐❣✉✐❡♥%❡/ ❡❝✉❛❝✐♦♥❡/✿
dx =
∂x
∂p
∂p+
∂x
∂m
∂m
dλ =
∂λ
∂p
∂p+
∂λ
∂m
∂m
❊♥ ❢♦0♠❛ ♠❛%0✐❝✐❛❧✿
dx = Dpx(p,m)dp+Dmx(p,m).dm
dλ = Dpλ(·)dp+Dmλ(·)dm
✶✾
▲♦ "✐❣✉✐❡♥(❡ ❡" (❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥(❛ ,✉❡
[
D2u(x) −p
−pT 0
]
❞❡❜❡ "❡. ✐♥✈❡.(✐❜❧❡✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✹✹
▲♦ #✉❡ ❡& ❡#✉✐✈❛❧❡♥,❡ ❛ ,❡♥❡-✿
[
Dpx(p,m) Dmx(p,m)
Dpλ(·) Dmλ(·)
][
dp
dm
]
=
[
D2u(x) −p
−pT 0
]−1 [
λI 0
x(p,m) −1
][
dp
dm
]
❉❡ ❛❤♦-❛ ❡♥ ❛❞❡❧❛♥,❡ &❡ ❛❞♦♣,❛-3 ❧❛ &✐❣✉✐❡♥,❡ ♥♦,❛❝✐6♥✿
[
D2u(x) −p
−pT 0
]−1
=
[
1
λ
S −v
−vT k
]
❚❡♦#❡♠❛ ✶✸
❙❡ ❝✉♠♣❧❡ ❧❛ ❝♦♥❞✐❝✐6♥ ❞❡ ❛❣-❡❣❛❝✐6♥ ❞❡ ❈♦✉-♥♦,✳ ❊& ❞❡❝✐-❀
∀(p,m) ∈ Rl++ × R++
② ∀l ∈ {1, 2, ..., L} &❡ ❝✉♠♣❧❡✿
L∑
k=1
∂xk(p,m)
∂pl
pk = −xl(p,m)
❊♥ ❢♦-♠❛ ♠❛,-✐❝✐❛❧ ❧❛ ♥♦,❛❝✐6♥ &❡-?❛✿
∀(p,m) : pTDpx(p,m) = −x(p,m)
T
▲❛ ❛❣-❡❣❛❝✐6♥ ❞❡ ❈♦✉-♥♦, #✉✐❡-❡ ❞❡❝✐- #✉❡ &✐ ✈❛-?❛ ❡❧ ♣-❡❝✐♦ ❞❡ ✉♥ ❜✐❡♥
pl ❡♥ ✉♥❛ ✉♥✐❞❛❞✱ ✐♥♠❡❞✐❛,❛♠❡♥,❡ ♣❡-❞❡♠♦& (−xl(p,m)) ✉♥ ✈❛❧♦- ✐❣✉❛❧ ❛ ❧❛&
❝❛♥,✐❞❛❞❡&✱ ♣♦- ,❛♥,♦ ,❡♥❡♠♦& #✉❡ -❡♦-❞❡♥❛- ♥✉❡&,-♦ ❣❛&,♦ ❡♥ ❧♦& ♦,-♦& ❜✐❡♥❡&∑L
k=1
∂xk(p,m)
∂pl
pk ❡♥ ✉♥❛ ♠❡❞✐❞❛ ✐❣✉❛❧ ❛❧ ✈❛❧♦- ❞❡ ❧♦ #✉❡ ❤❡♠♦& ♣❡-❞✐❞♦ ♣♦- ❡❧
❛✉♠❡♥,♦ ❞❡❧ ♣-❡❝✐♦✳
(#✉❡❜❛
B♦- ❧❛ ❧❡② ❞❡ ❲❛❧-❛& &❡ ❝✉♠♣❧❡ p.x = m✱ ∀(p,m)✳ ❊♥ ✉♥ &✐&,❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡&
❡❧ ❡#✉✐✈❛❧❡♥,❡ &❡-?❛✿
L∑
k=1
xk(p,m)pk = m
❉❡-✐✈❛♥❞♦ ❝♦♥ -❡&♣❡❝,♦ ❛ pl✿
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✹✺
L∑
k=1
∂xk(p,m)
∂pl
pk + xl(p,m) = 0
L∑
k=1
∂xk(p,m)
∂pl
pk = −xl(p,m) 
❚❡♦#❡♠❛ ✶✹
❙❡ ❝✉♠♣❧❛ ❧❛ ❝♦♥❞✐❝✐.♥ ❞❡ ❛❣0❡❣❛❝✐.♥ ❞❡ ❊♥❣❡❧✳ ❊3 ❞❡❝✐0✱
∀(p,m) ∈ Rl++ × R++
② ∀l ∈ {1, 2, ..., L} 3❡ ❝✉♠♣❧❡✿
L∑
k=1
∂xk(p,m)
∂m
pk = 1
❊♥ ❧❛ ❢♦0♠❛ ♠❛80✐❝✐❛❧ ❧❛ ♥♦8❛❝✐.♥ 3❡09❛✿
∀(p,m) : pTDmx(p,m) = 1
❊3 ❞❡❝✐0✱ 3✐ ❛❧ ❛❣❡♥8❡ ❝♦♥3✉♠✐❞♦0 ❧❡ ❞❛♥ ✉♥ ♣❡3♦ ♠:3 3❡ ❧♦ ❣❛38❛ 8♦❞♦ ♦ ❧♦
;✉❡ ❡3 ❡;✉✐✈❛❧❡♥8❡✿ ❧❛ ✈❛0✐❛❝✐.♥ ;✉❡ ❡①♣❡0✐♠❡♥8❡ ❧❛ ❞❡♠❛♥❞❛ ❞❡ ❧♦3 l ❜✐❡♥❡3 ❛❧
✈❛0✐❛0 ❧❛ 0❡♥8❛ ❞❡❜❡ ❞❛0 ❝♦♠♦ 0❡3✉❧8❛❞♦ ❧❛ ✈❛0✐❛❝✐.♥ 8♦8❛❧ ♦ ❡❧ ✶✵✵✪✳
(#✉❡❜❛
B♦0 ❧❛ ❧❡② ❞❡ ❲❛❧0❛3 3❡ ❝✉♠♣❧❡✿
L∑
k=1
xk(p,m)pk = m
❉❡0✐✈❛♥❞♦ ♣❛0❝✐❛❧♠❡♥8❡ 0❡3♣❡❝8♦ ❛ m✿
L∑
k=1
∂xk(p,m)
∂m
pk = 1 
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✹✻
❚❡♦#❡♠❛ ✶✺
❙❡ ❝✉♠♣❧❡ ❧❛ ❝♦♥❞✐❝✐.♥ ❞❡ ❊✉❧❡0✳ ❊2 ❞❡❝✐0❀
∀(p,m) ∈ Rl++ × R++
② ∀l ∈ {1, 2, ..., L} 2❡ ❝✉♠♣❧❡✿
L∑
k=1
∂xk(p,m)
∂pk
pk +
∂xk(p,m)
∂m
m = 0
❊♥ ❧❛ ❢♦0♠❛ ♠❛70✐❝✐❛❧ ❧❛ ♥♦7❛❝✐.♥ 2❡08❛✿
∀(p,m) : Dpx(p,m).p+Dmx(p,m).m = 0
❊2 ❞❡❝✐0✱ ②❛ :✉❡ x(p,m) ❡2 ❤♦♠♦❣=♥❡❛ ❞❡ ❣0❛❞♦ ❝❡0♦✱ ❛❧ ✈❛0✐❛0 ❧❛ 0❡♥7❛ ② ❧♦2
♣0❡❝✐♦2 ❡♥ ❧❛ ♠✐2♠❛ ♣0♦♣♦0❝✐.♥ ♥♦ ❝❛♠❜✐❛ x(p,m)
(#✉❡❜❛
 ♦" ❤♦♠♦❣❡♥❡✐❞❛❞ ❞❡ ❣"❛❞♦ ❝❡"♦ ❞❡ x(p,m) ,❡ ❝✉♠♣❧❡✿
xk(λp, λm) = xk(p,m)
❉❡"✐✈❛♥❞♦ "❡,♣❡❝3♦ ❛ λ✿
L∑
k=1
∂xk(λp, λm)
∂pk
pk +
∂xk(λp, λm)
∂m
m = 0
❊,3♦ ,❡ ❝✉♠♣❧❡ ∀λ > 0✳  ❛"3✐❝✉❧❛"♠❡♥3❡ ❝✉❛♥❞♦ λ = 1 ❧❧❡❣❛♠♦, ❛
L∑
k=1
∂xk(p,m)
∂pk
pk +
∂xk(p,m)
∂m
m = 0 
✶✳✶✷✳ ❊❧ ❡❢❡❝(♦ *✉*(✐(✉❝✐-♥ ② ❡❧ ❛♣♦2(❡ ❞❡ ❙❧✉(*❦②
❱♦❧✈✐❡♥❞♦ ❞❡ ♥✉❡✈♦ ❛❧ ,✐,3❡♠❛ ❛♥3❡"✐♦"✿
[
dx
dλ
]
L+1x1
=
[
D2u(x) −p
−pT 0
]−1 [
λdp
x.dp− dm
]
L+1x1
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥3❛ ❧❛ ♥♦3❛❝✐8♥ ❡,3❛❜❧❡❝✐❞❛✱ ,❡ 3✐❡♥❡✿
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✹✼
[
D2u(x) −p
−pT 0
]−1
L+1xL+1
=
[
1
λ
S −v
−vT k
]
L+1xL+1
❊❧ "✐"$❡♠❛ "❡()❛ ❡♥$♦♥❝❡"✿
[
dx
dλ
]
L+1x1
=
[
1
λ
S −v
−vT k
][
λdp
x.dp− dm
]
❊❧ "✐"$❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡"✱ ♣❛(❛ ❡❧ ❝❛"♦ ❞❡ dx✱ ❡" ❛") ✐❣✉❛❧ ❛✿
dx =
1
λ
S(λdp)− v(xT .dp− dm)
❙✐♠♣❧✐✜❝❛♥❞♦✿
dx = S(dp)− v(xT )dp+ v.dm
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥$❛ ❡"$❛ 6❧$✐♠❛ ❡❝✉❛❝✐7♥✱ ✈❛♠♦" ❛ "✉♣♦♥❡( ❧♦" "✐❣✉✐❡♥$❡"
❡✈❡♥$♦"✿
9(✐♠❡(♦✿ ❙✉♣♦♥❣❛♠♦" ✉♥ ❝❤♦;✉❡ ✐❣✉❛❧ ❛ dp 6= 0 ② ❝♦♠♣❡♥"❡♠♦" ❧❛ (❡♥$❛
❡♥ dm = xT dp ❞❡ $❛❧ ♠❛♥❡(❛ ;✉❡ ❛♥$❡ ❧♦" ❝❛♠❜✐♦" ❡♥ ❧♦" ♣(❡❝✐♦"✱ ❡❧ ❛❣❡♥$❡
❝♦♥"✉♠✐❞♦( $❡♥❣❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ❛❞;✉✐(✐( ❧❛ ❝❡"$❛ ✐♥✐❝✐❛❧✳
❘❡❡♠♣❧❛③❛♥❞♦ dp 6= 0 ② dm = xT dp ❡♥ dx = S(dp)− v(xT )dp+ v.dm "❡ $✐❡♥❡✿
dx = Sdp− v(xT )dp+ v(xT dp)
❙✐♠♣❧✐✜❝❛♥❞♦✿
dx = Sdp
❊" ❞❡❝✐(✿
S =
dx
dp
❙✐❡♥❞♦ S = Dpx(p,m) ❧❛ ♠❛$(✐③ ❞❡ "✉"$✐$✉❝✐7♥✳
❙❡❣✉♥❞♦✿ ❙✉♣♦♥❣❛♠♦" ❛❤♦(❛ ✉♥ ❝❤♦;✉❡ dm 6= 0 ② dp = 0✳
❘❡❡♠♣❧❛③❛♥❞♦ ❡♥ dx = S(dp)− v(xT )dp+ v.dm "❡ $✐❡♥❡✿
dx = vdm
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✹✽
❊# ❞❡❝✐(✿
v =
dx
dm
❙✐❡♥❞♦ v = Dmx(p,m) ❝♦♠♣✉❡#0❛ ♣♦( ❡❧ ❡❢❡❝0♦ ✐♥❣(❡#♦✳
❚❡(❝❡(♦✿ ❙✉♣♦♥❣❛♠♦#✱ ♣♦( 8❧0✐♠♦✱ ✉♥ ❝❤♦:✉❡ dp 6= 0 ♣❡(♦ ❡#0❛ ✈❡③ ♥♦
❝♦♠♣❡♥#❡♠♦# (❡♥0❛ ❞❡ ♠♦❞♦ :✉❡ dm = 0✳
❘❡❡♠♣❧❛③❛♥❞♦ ❡♥ dx = S(dp)− v(xT )dp+ v.dm #❡ 0✐❡♥❡✿
dx = Sdp− v(xT )dp
❚♦♠❛♥❞♦ ❡❧ ❧>♠✐0❡ ❡♥ dp✿
dx
dp
= s− v(xT )
❊♥ ❢♦(♠❛ ♠❛0(✐❝✐❛❧ ❡# ❡:✉✐✈❛❧❡♥0❡ ❛ 0❡♥❡(✿
Dpx(p,m) = S − v.x(p,m)
T
❘❡❡♠♣❧❛③❛♥❞♦ v = dx
dm
✿
Dpx(p,m) = S −Dmx(p,m).x(p,m)
T
❊#0❛ ❡# ✜♥❛❧♠❡♥0❡ ❧❛ ❝♦♥♦❝✐❞❛ ❊❝✉❛❝✐@♥ ❞❡ ❙❧✉0#❦② ✭✶✾✺✸✮✳ ❊#0❛ ❡❝✉❛❝✐@♥
(❡✈✐#0❡ ❣(❛♥ ✐♠♣♦(0❛♥❝✐❛ ②❛ :✉❡ ❡# ✉♥❛ ♠❛♥❡(❛ ❞❡ ❧❧❡❣❛( ❛ ❛❧❣♦ ♥♦ ♦❜#❡(✈❛❜❧❡✱ ❝♦✲
♠♦ ❡# ❧❛ ♠❛0(✐③ ❞❡ ❡❢❡❝0♦ #✉#0✐0✉❝✐@♥ S✱ ♠❡❞✐❛♥0❡ ❧❛ ♦❜#❡(✈❛❝✐@♥ ❞❡ Dpx(p,m)
② Dmx(p,m).x(p,m)
T
✳ ❊# ❞❡❝✐(✱ ❡# ♣♦#✐❜❧❡ ♠❡❞✐❛♥0❡ ❧❛ ❡❝✉❛❝✐@♥ ❛♥0❡(✐♦( ❡♥✲
❝♦♥0(❛( ❧❛ ♠❛0(✐③ S✱ ❞❡✜♥✐❞❛ ❝♦♠♦ ❧❛ ♠❛0(✐③ ❞❡ ❡❢❡❝0♦ #✉#0✐0✉❝✐@♥✳ ❊#0❡ ❡❢❡❝0♦
#✉#0✐0✉❝✐@♥ ✈✐❡♥❡ ❞❡ #✉♣♦♥❡( ✉♥ ❝❛♠❜✐♦ ❡♥ ❧♦# ♣(❡❝✐♦# dp 6= 0 ② ❝♦♠♣❡♥#❛( ✉♥❛
(❡♥0❛ dm = xT dp ❞❡ 0❛❧ ♠❛♥❡(❛ :✉❡ ❡❧ ❛❣❡♥0❡ ❝♦♥#✉♠✐❞♦( #✉#0✐0✉②❛ ❧♦# ❜✐❡♥❡#
:✉❡ #❡ ❤❛❝❡♥ ♠K# ❝❛(♦# ❡♥ (❡❧❛❝✐@♥ ❝♦♥ ♦0(♦#✱ #✐♥ ✐♠♣♦(0❛( ❧❛# ✈❛(✐❛❝✐♦♥❡# ❡♥ ❧❛
(❡♥0❛ (❡❛❧ ② 0♦♠❛♥❞♦ ❡♥ ❝✉❡♥0❛ #@❧♦ ❧❛# ✈❛(✐❛❝✐♦♥❡# ❡♥ ❧♦# ♣(❡❝✐♦# (❡❧❛0✐✈♦#✳
▲❛ ♠❛0(✐③ ❞❡ ❡❢❡❝0♦ #✉#0✐0✉❝✐@♥ S ❡#0K ❞❡✜♥✐❞❛ ❡♥0♦♥❝❡# ❝♦♠♦✿
S = Dpx(p,m) +Dmx(p,m).x(p,m)
T
❙❡ ♦❜#❡(✈❛ ❛#> :✉❡ ❛❧ #❡( ♦❜#❡(✈❛❜❧❡# Dpx(p,m) ② Dmx(p,m).x(p,m)
T
✱ ❧❛
✐♠♣♦(0❛♥❝✐❛ ❞❡ ❙❧✉0#❦②✭✶✾✺✸✮ (❛❞✐❝❛ ❡♥ ❡♥❝♦♥0(❛( ❛:✉❡❧❧♦ :✉❡ ♥♦ ♦❜#❡(✈❛♠♦#✱
❡# ❞❡❝✐(✱ ♣♦❞❡♠♦# ❡#0✐♠❛( ❧❛ ♠❛0(✐③ ❞❡ ❡❢❡❝0♦ #✉#0✐0✉❝✐@♥ S✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✹✾
❊♥ $❡❧❛❝✐*♥ ❛ ✉♥ xl(p,m) ❧❛ ❡❝✉❛❝✐*♥ ❙❧✉-.❦② ♣✉❡❞❡ .❡$ ❡.❝$✐-❛ ❝♦♠♦✿
∂xl(p,m)
∂pk
= Sl,k −
∂xl(p,m)
∂m
xl(p,m)
◆*-❡.❡ ❡♥-♦♥❝❡. 7✉❡ Sl,k .❡$8 ❧❛ ♣❛$-❡ ❞❡ ❧❛ ✈❛$✐❛❝✐*♥ ❞❡ ❧❛ ❞❡♠❛♥❞❛ ❛-$✐❜✉✐✲
❜❧❡ ❛❧ ❡❢❡❝-♦ .✉.-✐-✉❝✐*♥✳ ❊.-❡ .❡ ❞❡❜❡ ❡.-$✐❝-❛♠❡♥-❡ ❛ ✈❛$✐❛❝✐♦♥❡. ❡♥ ❧♦. ♣$❡❝✐♦.
$❡❧❛-✐✈♦. ❞❡ ❧♦. ❜✐❡♥❡.✱ ②❛ 7✉❡ ❧♦. ❝♦♠♣♦♥❡♥-❡. ❞❡ ❧❛ ♠❛-$✐③ ❞❡ ❡❢❡❝-♦ .✉.-✐-✉❝✐*♥
-✐❡♥❡♥ ✐♠♣❧@❝✐-♦ ✉♥ ❝♦♠♣♦♥❡♥-❡ ❞❡ $❡♥-❛ ❝♦♠♣❡♥.❛❞❛ ♣❛$❛ 7✉❡ .❡ ♠❛♥-❡♥❣❛ ❧❛
❝❛♣❛❝✐❞❛❞ ❞❡ ❛❞7✉✐.✐❝✐*♥ ❞❡ ❧❛ $❡♥-❛ ♥❡❝❡.❛$✐❛ ♣❛$❛ ❛❧❝❛♥③❛$ ❧❛ ❝❡.-❛ ✐♥✐❝✐❛❧✳
B♦$ ♦-$❛ ♣❛$-❡✱
∂xl(p,m)
∂m
xl(p,m) .❡$8 ❧❛ ♣❛$-❡ ❞❡ ❧❛ ✈❛$✐❛❝✐*♥ ❞❡ ❧❛ ❞❡♠❛♥❞❛
❛-$✐❜✉✐❜❧❡ ❛ ❧♦ 7✉❡ .❡ ❝♦♥♦❝❡ ❝♦♠♦ ❡❧ ❡❢❡❝-♦ $❡♥-❛✳ ❊.-❡ -✐❡♥❡ 7✉❡ ✈❡$ ❝♦♥ ❧❛.
✈❛$✐❛❝✐♦♥❡. 7✉❡ ❡①♣❡$✐♠❡♥-❛ ❧❛ $❡♥-❛ ❡♥ -D$♠✐♥♦. ❞❡ ♣♦❞❡$ ❛❞7✉✐.✐-✐✈♦ ♣$♦✈♦❝❛✲
❞❛ ♣♦$ ❡❧ ❝❛♠❜✐♦ ❡♥ ❧♦. ♣$❡❝✐♦. ❞❡ ❧♦. ❜✐❡♥❡.✳ B♦$ ❧♦ -❛♥-♦✱ ❡❧ ❛♣♦$-❡ ❞❡ ❙❧✉-.❦②
-❛♠❜✐D♥ .❡ ♣✉❡❞❡ ❡①♣$❡.❛$ ❝♦♠♦ ❧❛ ❞✐✈✐.✐*♥ ❞❡ ❧❛. ✈❛$✐❛❝✐♦♥❡. ❞❡ ❧❛ ❞❡♠❛♥❞❛
❛♥-❡ ❝❛♠❜✐♦. ❡♥ ❧♦. ♣$❡❝✐♦. ❡♥ ❞♦. ❝♦♠♣♦♥❡♥-❡.✿ ❡❧ ❡❢❡❝-♦ .✉.-✐-✉❝✐*♥ ② ❡❧ ❡❢❡❝-♦
$❡♥-❛✳
❚❡♦#❡♠❛ ✶✻
∀(p,m) .❡ ❝✉♠♣❧❡ 7✉❡ ❧❛ ♠❛-$✐③ S(p,m) ❡. ✉♥❛ ♠❛-$✐③ .✐♥❣✉❧❛$✳
❆♥-❡. ❞❡ ❤❛❝❡$ ❧❛ ♣$✉❡❜❛ ❡. ♥❡❝❡.❛$✐♦ $❡❝♦$❞❛$ 7✉❡ ✉♥❛ ♠❛-$✐③ ❡. .✐♥❣✉❧❛$ .✐
-✐❡♥❡ ❝♦❧✉♠♥❛. ❧✐♥❡❛❧♠❡♥-❡ ❞❡♣❡♥❞✐❡♥-❡. ② ♣♦$ ❧♦ -❛♥-♦✱ ❡. ❞❡ $❛♥❣♦ ♥♦ ❝♦♠♣❧❡-♦
❞❡ -❛❧ ♠❛♥❡$❛ 7✉❡ .✉ ❞❡-❡$♠✐♥❛♥-❡ ❡. ❝❡$♦✳
(#✉❡❜❛
❘❡❝♦$❞❡♠♦. ♥✉❡✈❛♠❡♥-❡ ❧❛ ♥♦-❛❝✐*♥✿
[
D2u(x) −p
−pT 0
]−1
L+1xL+1
=
[
1
λ
S −v
−vT k
]
L+1xL+1
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥-❛ 7✉❡ AA−1 = I .❡ ♣✉❡❞❡ ❛✜$♠❛$✿
[
D2u(x) −p
−pT 0
][
1
λ
S −v
−vT k
]
=
[
I 0
0 1
]
❙✐❡♥❞♦ I ❧❛ ♠❛-$✐③ ✐❞❡♥-✐❞❛❞✳ ❈♦♥ ❜❛.❡ ❛❧ .✐.-❡♠❛ ♠❛-$✐❝✐❛❧✱ ❡. ♣♦.✐❜❧❡ ❡①-$❛❡$
❧❛ .✐❣✉✐❡♥-❡ ❡❝✉❛❝✐*♥✿
−pT (
1
λ
S)− 0(−vT ) = 0
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✺✵
❙✐♠♣❧✐✜❝❛♥❞♦✿
pT (
1
λ
S) = 0
pT (S) = 0
❨❛ /✉❡ pT ≫ 0 23❧♦ ❡①✐25❡ ❧❛ ♣♦2✐❜✐❧✐❞❛❞ ❞❡ /✉❡ S = 0✳ ❊2 ❞❡❝✐9✱ ❧❛2 ✜❧❛2 ❞❡
S 2♦♥ ❧✐♥❡❛❧♠❡♥5❡ ❞❡♣❡♥❞✐❡♥5❡2✳ ❆❞❡♠<2 ②❛ /✉❡ ❧❛2 ❞✐♠❡♥2✐♦♥❡2 ❞❡ S 2♦♥ LxL
2✉ 9❛♥❣♦ ❞❡❜❡ 2❡9 ✐♥❢❡9✐♦9 ❛ L✳ 
❚❡♦#❡♠❛ ✶✼
∀(p,m) 2❡ ❝✉♠♣❧❡ /✉❡ ❧❛ ♠❛59✐③ S(p,m) ❡2 2❡♠✐❞❡✜♥✐❞❛ ♥❡❣❛5✐✈❛✳ ❊2 ❞❡❝✐9❀
(
∀q ∈ Rl, qT .S.q ≤ 0
)
C♦9 ❧♦ 5❛♥5♦✱ ❧❛ ❢♦9♠❛ ❝✉❛❞9<5✐❝❛ ❞❡ S ❡2 ❝3♥❝❛✈❛ ❝♦♥ ✉♥ ♠<①✐♠♦ ✐❣✉❛❧ ❛
❝❡9♦✳
(#✉❡❜❛
❙❡❛ ✉♥ q ∈ Rl \ {0} → Sq = µq 2✐❡♥❞♦ µ ❡❧ ✈❛❧♦9 ♣9♦♣✐♦ ❝❛9❛❝5❡9D25✐❝♦ ❞❡ S
5❛❧ /✉❡ µ ≤ 0✳ C♦9 ❧♦ 5❛♥5♦✱ 2❡ 5✐❡♥❡ /✉❡
(
∀q ∈ Rl, qT .S.q ≤ 0
)

❚❡♦#❡♠❛ ✶✽
∀(p,m) 2❡ ❝✉♠♣❧❡ /✉❡ ❧❛ ♠❛59✐③ S(p,m) ❡2 ❞❡ 9❛♥❣♦ L − 1✳ ❊2 ❞❡❝✐9✱ ❡♥
S(p,m) ❤❛② L− 1 ❡❝✉❛❝✐♦♥❡2 ❧✐♥❡❛❧♠❡♥5❡ ✐♥❞❡♣❡♥❞✐❡♥5❡2✳
(#✉❡❜❛
C♦9 ❞❡✜♥✐❝✐3♥ ❡❧ 9❛♥❣♦ ❞❡
[
1
λ
S −p
−vT k
]
❡2 ✐❣✉❛❧ ❛ L+ 1 ②❛ /✉❡ ❧❛2 ❞✐♠❡♥✲
2✐♦♥❡2 ❞❡ ❡25❛ ♠❛59✐③ 2♦♥ L+ 1xL+ 1 ② ❡2 ✐♥✈❡95✐❜❧❡✳
❆❤♦9❛✿
rango
[
1
λ
S −v
−vT k
]
≤ rango(
1
λ
S) + 2
C♦9 ❧♦ 5❛♥5♦✿
rango(
1
λ
S) + 2 ≥ L+ 1
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✺✶
❙✐♠♣❧✐✜❝❛♥❞♦✿
rango(
1
λ
S) ≥ L− 1
❨❛ /✉❡ λ ❡2 ✉♥ ❡2❝❛❧❛3✱ ❡♥5♦♥❝❡2 ❡2 ♣♦2✐❜❧❡ ❛✜3♠❛3✿
rango(S) ≥ L− 1
❙❡ 5✐❡♥❡♥ ❛27 ❞♦2 ♣♦2✐❜✐❧✐❞❛❞❡2✳ ❙✐ ❡❧ 3❛♥❣♦ ❞❡ S ❡2 ≥ L− 1 ❡2 ♣♦3/✉❡✿
rango(S) = L− 1 : rango(S) = L
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥5❛ /✉❡ S ❡2 ✉♥❛ ♠❛53✐③ 2✐♥❣✉❧❛3 2✉ 3❛♥❣♦ ♥♦ ♣✉❡❞❡ 2❡3 L
② ♣♦3 ❧♦ 5❛♥5♦✱ rango(S) < L✳ ❆27✱ ❡❧ rango(S) ❞❡❜❡ 2❡3 ♠❡♥♦3 ❛ L ② ♠❛②♦3 ♦
✐❣✉❛❧ ❛ L− 1✳ ❊2 ❞❡❝✐3✿
L > rango(S) ≥ L− 1
❙:❧♦ ❡①✐25❡ ❛27 ❧❛ ♣♦2✐❜✐❧✐❞❛❞ ❞❡ /✉❡ rango(S) = L− 1 
❊♥ 3❡2✉♠❡♥✱ ❧❛ ♠❛53✐③ ❞❡ ❡❢❡❝5♦ 2✉25✐5✉❝✐:♥ ❡2 2✐♥❣✉❧❛3✱ 2❡♠✐❞❡✜♥✐❞❛ ♥❡❣❛5✐✈❛
② ❞❡ 3❛♥❣♦ ♥♦ ❝♦♠♣❧❡5♦✳
C♦3 D❧5✐♠♦✱ ♣3❡2❡♥5❛♠♦2 ❛ ❝♦♥5✐♥✉❛❝✐:♥ ❞♦2 5❡♦3❡♠❛2 ✐♠♣♦35❛♥5❡2 ❛♥5❡2 ❞❡
♣❛2❛3 ❛❧ ♣3♦❜❧❡♠❛ ❛✉①✐❧✐❛3 ❞❡ ❧❛ ♠✐♥✐♠✐③❛❝✐:♥ ❞❡❧ ❣❛25♦ ② ❧❛ ❞✉❛❧✐❞❛❞✳
❚❡♦#❡♠❛ ✶✾
∀(p,m) ❧❛ ❢✉♥❝✐:♥ ❞❡ ✉5✐❧✐❞❛❞ ✐♥❞✐3❡❝5❛ V (p,m) ❡2 ❞✐❢❡3❡♥❝✐❛❜❧❡✳
(#✉❡❜❛
❨❛ /✉❡ V (p,m) = u(x(p,m)) ② 5❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥5❛ /✉❡ 2❡ ❤❛ ♣3♦❜❛❞♦ /✉❡
x(p,m) ❡2 ❞✐❢❡3❡♥❝✐❛❜❧❡ ② ♣♦3 ❤✐♣:5❡2✐2 u(·) ❡2 ❝♦♥5✐♥✉❛✱ ❡♥5♦♥❝❡2 ♣♦3 ❡❧ 5❡♦3❡♠❛
❞❡❧ ♠F①✐♠♦ ❡2 ♣♦2✐❜❧❡ ❛2❡❣✉3❛3 /✉❡ V (p,m) ❡2 ❞✐❢❡3❡♥❝✐❛❜❧❡✳ 
❚❡♦#❡♠❛ ✷✵
❙❡ ❝✉♠♣❧❡ ❧❛ ✐❞❡♥5✐❞❛❞ ❞❡ ❘♦②✳ ❊2 ❞❡❝✐3✱ ∀(p,m) ② ∀l 2❡ ❝✉♠♣❧❡✿
xl(p,m) = −
∂V (p,m)
∂pl
∂V (p,m)
∂m
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✺✷
❊♥ ❢♦&♠❛ ♠❛)&✐❝✐❛❧✱ ❧❛ ♥♦)❛❝✐.♥ /❡&1❛✿
∀(p,m) : x(p,m) = −
1
∂V (p,m)
∂m
DpV (p,m)
 !✉❡❜❛
❘❡❝♦$❞❡♠♦' (✉❡ ❧❛ ❢✉♥❝✐/♥ ❞❡ ✉0✐❧✐❞❛❞ ✐♥❞✐$❡❝0❛ ❡'01 ❞❡✜♥✐❞❛ ❝♦♠♦
V (p,m) = u(x(p,m)
❉✐❢❡$❡♥❝✐❛♥❞♦ ♣❛$❝✐❛❧♠❡♥0❡ $❡'♣❡❝0♦ ❛ pl✿
∂V (p,m)
∂pl
=
L∑
k=1
∂u(x(p,m))
∂xk
.
∂xk(p,m)
∂pl
6♦$ ❧❛' ❈✳6✳❖ ❞❡❧ ♣$♦❜❧❡♠❛ ❞❡ ♠❛①✐♠✐③❛❝✐/♥ '❡ ❝✉♠♣❧❡ (✉❡✿
∂u(x(p,m))
∂xk
= λpk
❘❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ❡①♣$❡'✐/♥ ❛♥0❡$✐♦$ ❧❧❡❣❛♠♦' ❡♥0♦♥❝❡' ❛✿
∂V (p,m)
∂pl
=
L∑
k=1
λpk.
∂xk(p,m)
∂pl
∂V (p,m)
∂pl
= λ
L∑
k=1
pk.
∂xk(p,m)
∂pl
❚♦♠❛♥❞♦ ❡♥ ❝✉❡♥0❛ ❧❛ ❝♦♥❞✐❝✐/♥ ❞❡ ❛❣$❡❣❛❝✐/♥ ❞❡ ❈♦✉$♥♦0✱
∑L
k=1
∂xk(p,m)
∂pl
pk =
−xl(p,m)✱ ❧❛ ❡①♣$❡'✐/♥ ❛♥0❡$✐♦$ (✉❡❞❛✿
∂V (p,m)
∂pl
= λ(−xl(p,m)) [1]
❘❡❛❧✐③❛♥❞♦ ❛❤♦$❛ ❧❛ ❞❡$✐✈❛❞❛ ♣❛$❝✐❛❧ $❡'♣❡❝0♦ ❛ m✿
∂V (p,m)
∂m
=
L∑
k=1
∂u(x(p,m))
∂xk
.
∂xk(p,m)
∂m
❉❡ ♥✉❡✈♦ ✉0✐❧✐③❛♥❞♦ ❧❛ ❈✳6✳❖ ❧❧❡❣❛♠♦' ❛✿
∂V (p,m)
∂m
= λ
L∑
k=1
pk
∂xk(p,m)
∂m
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✺✸
❘❡❝♦&❞❛♥❞♦ ❧❛ ❝♦♥❞✐❝✐,♥ ❞❡ ❛❣&❡❣❛❝✐,♥ ❞❡ ❊♥❣❡❧✱
∑L
l=1
∂xl(p,m)
∂m
pl = 1✱ 0❡
♣✉❡❞❡ &❡❡♠♣❧❛③❛& ❡♥ ❧❛ ❡①♣&❡0✐,♥ ❛♥6❡&✐♦& ② ❧❧❡❣❛& ❛✿
∂V (p,m)
∂m
= λ [2]
❧❧❡✈❛♥❞♦ [2] ❛ [1]✿
∂V (p,m)
∂pl
=
∂V (p,m)
∂m
(−xl(p,m))
❉❡0♣❡❥❛♥❞♦ ♣❛&❛ x(p,m) ❧❧❡❣❛♠♦0 ✜♥❛❧♠❡♥6❡ ❛ ❧❛ ✐❞❡♥6✐❞❛❞ ❞❡ ❘♦②✿
xl(p,m) = −
∂V (p,m)
∂pl
∂V (p,m)
∂m

✶✳✶✸✳ ❊❧ ♣&♦❜❧❡♠❛ ❛✉①✐❧✐❛& ❞❡❧ ❝♦♥2✉♠✐❞♦&✿ ❧❛ ♠✐✲
♥✐♠✐③❛❝✐6♥ ❞❡❧ ❣❛28♦
=❛&❛ ❡♠♣❡③❛&✱ ❡0 ♥❡❝❡0❛&✐♦ ❛❝❧❛&❛& >✉❡ ❧❛ ❢❡❧✐❝✐❞❛❞ ♥♦ ♣✉❡❞❡ 6❡♥❡& ♣&❡❝✐♦ ②
♣♦& ❧♦ 6❛♥6♦✱ ✉♥ ✐♥❞✐✈✐❞✉♦ >✉❡ ❡06❡ ♣♦& ❡❧ ♠✉♥❞♦ ♠✐♥✐♠✐③❛♥❞♦ ❡❧ ❝♦06♦ ❞❡ 0❡& ❢❡❧✐③
♥♦ ❡0 &❛❝✐♦♥❛❧ ②❛ >✉❡ ❧♦ &❛❝✐♦♥❛❧ ❡0 ♠❛①✐♠✐③❛& ❧❛ ✉6✐❧✐❞❛❞ 0✐♥ ✐♠♣♦&6❛& ❡❧ ❝♦06♦✳
❙✐♥ ❡♠❜❛&❣♦✱ ❡❧ ♣&♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛❝✐,♥ ❞❡❧ ❣❛06♦ 0✐&✈❡ ❛♥❛❧C6✐❝❛♠❡♥6❡ ♣♦&
❛❧❣✉♥❛0 ❞✉❛❧✐❞❛❞❡0 ♣&❡0❡♥6❡0 ❝♦♥ ❡❧ ♣&♦❜❧❡♠❛ ❞❡ ❧❛ ♠❛①✐♠✐③❛❝✐,♥ ❞❡ ❧❛ ✉6✐❧✐❞❛❞✳
=❛&❛ ❡♠♣❡③❛&✱ ✈❛♠♦0 ❛ 0✉♣♦♥❡& ❞❡ ♥✉❡✈♦ >✉❡ ❡❧ ❝♦♥0✉♠✐❞♦& ❡06D &❡♣&❡0❡♥✲
6❛❞♦ ♣♦& ✉♥❛ ❢✉♥❝✐,♥ ❞❡ ✉6✐❧✐❞❛❞ U(x) : Rl+ → R ❝♦♥6✐♥✉❛✳ ❙❡ ✈❛ ❛ ❡06❛❜❧❡❝❡&✱
❛❞❡♠D0✱ ❡❧ 0✐❣✉✐❡♥6❡ 0✉♣✉❡06♦ ❝&✉❝✐❛❧ ♣❛&❛ ❝✉❛♥❞♦ ❞❡✜♥❛♠♦0 ❡❧ 6❡♦&❡♠❛ ❞❡ ♥♦
❡①❝❡0♦ ❞❡ ✉6✐❧✐❞❛❞✳
▼♦♥♦6♦❝✐❞❛❞ ❞G❜✐❧✿
(
∀x ∈ Rl+
)
: u(x) ≥ u(0)✳
❈♦♥ ❡06❡ 0✉♣✉❡06♦ 0❡ ❡06❛❜❧❡❝❡✱ ❡①♣❧C❝✐6❛♠❡♥6❡✱ >✉❡ ♣❛&❛ ❡❧ ❛❣❡♥6❡ ❝♦♥0✉♠✐❞♦&
♥♦ 6❡♥❡& ♥❛❞❛ ♥♦ ♣✉❡❞❡ 0❡& ❡!"#✐❝"❛♠❡♥"❡ ♠❡❥♦# >✉❡ 6❡♥❡& ❛❧❣♦✳
❊♥❢♦$✉❡ ❞❡(❞❡ ❡❧ ❛♥+❧✐(✐( -❡❛❧
❙❡ ✈❛ ❛♥❛❧✐③❛& ❡❧ ♣&♦❜❧❡♠❛ ❞❡ ❧❛ ♠✐♥✐♠✐③❛❝✐,♥ ❞❡❧ ❣❛06♦ 0✉❥❡6♦ ❛ ❛❧❝❛♥③❛& ✉♥
❞❡6❡&♠✐♥❛❞♦ ♥✐✈❡❧ ❞❡ ✉6✐❧✐❞❛❞✱ ❞❡ ✐❣✉❛❧ ♠❛♥❡&❛ ❝♦♠♦ 0❡ ❤✐③♦ ❝♦♥ ❡❧ ♣&♦❜❧❡♠❛
❞❡ ❧❛ ♠❛①✐♠✐③❛❝✐,♥ ❞❡ ❧❛ ✉6✐❧✐❞❛❞✱ ❡0 ❞❡❝✐&✱ ♠❡❞✐❛♥6❡ ❧❛ ❞❡♠❛♥❞❛ ②❛ >✉❡ ❡♥ ❡❧❧❛
❡06D♥ ❡①♣&❡0❛❞❛0 ❧❛0 ❞❡❝✐0✐♦♥❡0 &❛❝✐♦♥❛❧❡0 ❞❡❧ ♣&♦❜❧❡♠❛✳
=&✐♠❡&♦ ❡0 ♥❡❝❡0❛&✐♦ ❞❡✜♥✐& ❡❧ 0✐❣✉✐❡♥6❡ ❝♦♥❥✉♥6♦✿
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✺✹
℧ = U [Rl+]
℧ :
{
u ∈ R/∃x ∈ Rl+ : u(x) ≥ u
}
❊#$❡ ❝♦♥❥✉♥$♦ ❡#$+ ❢♦-♠❛❞♦ ❛#1 ♣♦- ✉♥ ♥✐✈❡❧ ❞❡ ✉$✐❧✐❞❛❞ ❝♦♥#$❛♥$❡ ♣♦#✐❜❧❡
u ∈ R✱ ♣❛-❛ ❡❧ ❝✉❛❧ ❡①✐#$❡♥ ❡❧❡♠❡♥$♦# 9✉❡ ❞❛♥ ♣♦- ❧♦ ♠❡♥♦# ❡#❡ ♥✐✈❡❧ ❞❡ ✉$✐❧✐❞❛❞
∃x ∈ Rl+ : u(x) ≥ u✳
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥$❛ ❡❧ ❛♥$❡-✐♦- ❝♦♥❥✉♥$♦✱ ✈❛♠♦# ❛ ❞❡✜♥✐- ❧❛ ❝♦--❡#♣♦♥❞❡♥❝✐❛
❞❡ ❞❡♠❛♥❞❛ ❝♦♠♣❡♥#❛❞❛ ♣❛-❛ ❡❧ ♣-♦❜❧❡♠❛ ❞❡ ❧❛ ♠✐♥✐♠✐③❛❝✐>♥ ❞❡❧ ❣❛#$♦✿
H : Rl++ × ℧⇒ R
l
+
H(p, u) : Argx∈Rl
+
min p.x s.a u(x) ≥ u
▼+# ❢♦-♠❛❧♠❡♥$❡✿
H(p, u) =
{
x ∈ Rl+/u(x) ≥ u ∧
(
∀x′ ∈ Rl+ : u(x
′) ≥ u
)
: p.x′ ≥ p.x
}
❊#$❛ ❝♦--❡#♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛ ❝♦♠♣❡♥#❛❞❛ ❡#$+ ❞❡✜♥✐❞❛✱ ❡♥$♦♥❝❡#✱ ❝♦♠♦
❛9✉❡❧ ❝♦♥❥✉♥$♦ ❞❡ ❡❧❡♠❡♥$♦# 9✉❡ ♠✐♥✐♠✐③❛♥ ❧❛ -❡♥$❛ ♣❛-❛ ❛❧❝❛♥③❛- ♣♦- ❧♦ ♠❡♥♦#
✉♥ ♥✐✈❡❧ ❞❡ ✉$✐❧✐❞❛❞ u✳ ❊♥ ♦$-❛# ♣❛❧❛❜-❛#✱ ❡# ✉♥ ❝♦♥❥✉♥$♦ ❞❡ ❡❧❡♠❡♥$♦# x ❝♦♥
❧♦# ❝✉❛❧❡# ❡# ♣♦#✐❜❧❡ ❛❧❝❛♥③❛- ♥✐✈❡❧ ❞❡ ✉$✐❧✐❞❛❞ u $❛❧ 9✉❡ ❝✉❛❧9✉✐❡- ♦$-♦ x′ ❝♦♥
❡❧ 9✉❡ $❛♠❜✐B♥ #❡❛ ♣♦#✐❜❧❡ ❛❧❝❛♥③❛- u ❝✉❡#$❛ ♠+#✱ p.x′ ≥ p.x✳ ❊# ❞❡❝✐-✱ ❡#$❛
❝♦--❡#♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛ ❝♦♠♣❡♥#❛❞❛ ✈❛ ❛ ❡#$❛- ❢♦-♠❛❞❛ ♣♦- $♦❞♦# ❧♦# x
❢❛❝$✐❜❧❡#✱ ❡♥ ❡❧ #❡♥$✐❞♦ ❞❡ 9✉❡ ❝♦♥ ❡❧❧♦# ❡# ♣♦#✐❜❧❡ ❛❧❝❛♥③❛- ✉♥ ♥✐✈❡❧ ❞❡ ✉$✐❧✐❞❛❞
u (u(x) ≥ u)✱ ② 9✉❡ ❝✉❡#$❛♥ ♠❡♥♦# 9✉❡ ❝✉❛❧9✉✐❡- ♦$-♦ x′ ❢❛❝$✐❜❧❡ (u(x′) ≥ u)✳
❊# ❞❡❝✐-✿ p.x′ ≥ p.x✳
❚❡♦#❡♠❛ ✷✶
▲❛ ❝♦--❡#♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛ ❝♦♠♣❡♥#❛❞❛ ❡# ❞❡ ✈❛❧♦-❡# ♥♦ ✈❛❝1♦#✳ ❊#
❞❡❝✐-✿
∀(p, u) ∈ Rl++ × ℧ : H(p, u) 6= ∅
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✺✺
 !✉❡❜❛
❋✐❥❛♠♦' ✉♥ (p, u) ∈ Rl++ × ℧ ② ❞❛❞♦ ,✉❡ u ∈ ℧ ❡' ♣♦'✐❜❧❡ ❛✜2♠❛2 ,✉❡
∃x′ ∈ Rl+ : u(x
′) = u✳ ❊' ❞❡❝✐2✱ '❡ ✈❛ ❛ ♣♦'8✉❧❛2 ✉♥ x′ ❝✉❛❧,✉✐❡2❛ ,✉❡ 8❛♠❜✐9♥
❡'8❛ ❡♥ ℧✳
❉❡✜♥✐♠♦' ❛❤♦2❛ ❡❧ '✐❣✉✐❡♥8❡ ❝♦♥❥✉♥8♦✿
D(p, u, x¯) =
{
x ∈ Rl+/u(x) ≥ u ∧ p.x¯ ≥ p.x
}
❊♥ ♣2✐♠❡2 ❧✉❣❛2✱ ❡'8❡ ❝♦♥❥✉♥8♦ ❡' ❞✐'8✐♥8♦ ❛ ℧ ②❛ ,✉❡ '❡ ❤❛ ✐♥❝♦2♣♦2❛❞♦
❧❛ ♣❛28❡ ❞❡ p.x¯ ≥ p.x✳ ❚❛♠❜✐9♥ ❡' ♣♦'✐❜❧❡ ❞❡✜♥✐2 ❡❧ ❝♦♥❥✉♥8♦ D(p, u, x¯) ❞❡ ❧❛
'✐❣✉✐❡♥8❡ ♠❛♥❡2❛✿
D(p, u, x¯) =
{
x ∈ Rl+/u(x) ≥ u
}
∩B(p, p.x¯)
❊' ❞❡❝✐2✱ ❡❧ ❝♦♥❥✉♥8♦ D(p, u, x¯) ❡' ❧❛ ✐♥8❡2'❡❝❝✐?♥ ❞❡❧ ❝♦♥❥✉♥8♦ ℧ ❝♦♥ ✉♥
❝♦♥❥✉♥8♦ ♣2❡'✉♣✉❡'8❛2✐♦ B(p, p.x¯)✳ @♦2 ❞❡✜♥✐❝✐?♥✱ ❡❧ ❝♦♥❥✉♥8♦ D(p, u, x¯) 6= ∅ ②❛
,✉❡ ❝✉❛❧,✉✐❡2 ♣2❡'✉♣✉❡'8♦ ❝✉♠♣❧❡ ❧❛ ♣2♦♣✐❡❞❛❞ ❞❡ ❤❛❝❡2 ,✉❡ B(p, p.x¯) 6= ∅ ② ❡'
♣♦'✐❜❧❡ ❛✜2♠❛2 ,✉❡ ❧❛ ✐♥8❡2'❡❝❝✐?♥ ❞❡ ✉♥ ❝♦♥❥✉♥8♦ ❝✉❛❧,✉✐❡2❛ ❝♦♥ ✉♥ ❝♦♥❥✉♥8♦
♥♦ ✈❛❝A♦ '❡2B ✉♥ ❝♦♥❥✉♥8♦ ♥♦ ✈❛❝A♦✳
❊' ♥❡❝❡'❛2✐♦✱ ❛❤♦2❛✱ ,✉❡ ❡❧ ❝♦♥❥✉♥8♦ D(p, u, x¯) ❝✉♠♣❧❛ ❛❞❡♠B' ❧♦ '✐❣✉✐❡♥8❡✿
▲♦' ❝♦♥❥✉♥8♦' ,✉❡ ❧♦ ❢♦2♠❛♥ ❞❡❜❡♥ '❡2 ❝❡22❛❞♦'✳
❙✐ ❧♦' ❝♦♥❥✉♥8♦' '♦♥ ❝❡22❛❞♦'✱ ❡' ♣♦'✐❜❧❡ ❛✜2♠❛2 ,✉❡ ❧❛ ✐♥8❡2'❡❝❝✐?♥ ❞❡ ❞♦'
❝♦♥❥✉♥8♦' ❝❡22❛❞♦' '❡2B ✉♥ ❝♦♥❥✉♥8♦ ❝❡22❛❞♦✳
❯♥♦ ❞❡ ❧♦' ❝♦♥❥✉♥8♦' ,✉❡ ❧♦ ❢♦2♠❛♥ ❞❡❜❡ '❡2 ❛❝♦8❛❞♦ ②❛ ,✉❡ ❝♦♥ ❧❛ ❡①✐'✲
8❡♥❝✐❛ ❞❡ ✉♥ ❝♦♥❥✉♥8♦ ❛❝♦8❛❞♦✱ '❡ ❣❛2❛♥8✐③❛ ,✉❡ ❧❛ ✐♥8❡2'❡❝❝✐?♥ 8❛♠❜✐9♥
'❡❛ ❛❝♦8❛❞❛ ✭❡❧ ❝♦♥❥✉♥8♦ ❛❝♦8❛❞♦ ❛❝♦8❛ ❛❧ ♦82♦✮✳
❊❧ ❧❡❝8♦2 '❡ ❤❛❜2B ♣❡2❝❛8❛❞♦ ❡♥8♦♥❝❡' ,✉❡ ❡' ♥❡❝❡'❛2✐♦ ,✉❡ D(p, u, x¯) '❡❛ ❝❡22❛❞♦
② ❛❝♦8❛❞♦ ❝♦♥ ❧♦ ❝✉❛❧ '❡ ❝✉♠♣❧❡ ,✉❡ D(p, u, x¯) '❡2B ❝♦♠♣❛❝8♦✳ ▲❛ ✐♠♣♦28❛♥❝✐❛
❞❡ ❡'8❛ ♣2♦♣✐❡❞❛❞ ❡' ,✉❡ ♣♦2 ❡❧ 8❡♦2❡♠❛ ❞❡ ❲❡✐❡2'82❛'' ♣♦❞❡♠♦' ❣❛2❛♥8✐③❛2 ,✉❡
❡❧ ❝♦♥❥✉♥8♦ ❝♦♠♣❛❝8♦ 8❡♥❞2B ❛❧ ♠❡♥♦' ✉♥ ❡❧❡♠❡♥8♦✱ ❧♦ ❝✉❛❧ ❡' ♣2❡❝✐'❛♠❡♥8❡ ❧❛
♣2✉❡❜❛✳
@❛'❡♠♦' ❡♥8♦♥❝❡' ❛ 2❡❛❧✐③❛2 ❧❛ ♣2✉❡❜❛ ♣♦2 ♣❛28❡'✳ @2✐♠❡2♦ ♣2♦❜❡♠♦' ,✉❡ ❧♦'
❝♦♥❥✉♥8♦' ,✉❡ ❢♦2♠❛♥ D(p, u, x¯) '♦♥ ❝❡22❛❞♦'✳
D(p, u, x¯) =
{
x ∈ Rl+/u(x) ≥ u
}
∩B(p, p.x¯) ❡' ❝❡22❛❞♦✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✺✻
"❛$❛ %✉❡ ✉♥ ❝♦♥❥✉♥,♦ -❡❛ ❝❡$$❛❞♦ ❡- ♥❡❝❡-❛$✐♦ %✉❡ ❝✉❛❧%✉✐❡$ -❡❝✉❡♥❝✐❛ ❞❡✜♥✐❞❛
-♦❜$❡ ❡❧ ❝♦♥❥✉♥,♦ ❝♦♥✈❡$❥❛ ❛ ❛❧❣5♥ ♣✉♥,♦ ② ❡-❡ ♣✉♥,♦ ♣❡$,❡♥❡③❝❛ ❛❧ ❝♦♥❥✉♥,♦✳
❉❡✜♥❛♠♦- ❛-< ❧❛ -❡❝✉❡♥❝✐❛ (xn)
∞
n=1 -♦❜$❡ ❡❧ ❝♦♥❥✉♥,♦
{
x ∈ Rl+/u(x) ≥ u
}
✳
❙✉♣♦♥❣❛♠♦- %✉❡ xn → x ∈ R
l
+✳ ▲❛ ♣$✐♠❡$❛ ♣$✉❡❜❛ ❝♦♥-✐-,❡ ❡♥ ♣$♦❜❛$ ❧♦ -✐✲
❣✉✐❡♥,❡✿
x ∈ Rl+
∀n ∈ N : {xn ≥ 0⇒ x ≥ 0}
❊- ❞❡❝✐$✱ ②❛ %✉❡ ❡♥ ❡❧ ❧<♠✐,❡ -❡ -❛,✐-❢❛❝❡♥ ❧❛- ❞❡-✐❣✉❛❧❞❛❞❡- ❞D❜✐❧❡-✱ -✐ ❧❛
-❡❝✉❡♥❝✐❛ ❝♦♥✈❡$❣❡ ❛ ✉♥ x ❡♥,♦♥❝❡- ❡-❡ x ≥ 0 ② ♣♦$ ❧♦ ,❛♥,♦✿ x ∈ Rl+✳
▲❛ -❡❣✉♥❞❛ ♣❛$,❡ ❞❡ ❧❛ ♣$✉❡❜❛ ❝♦♥-✐-,❡ ❡♥ ♣$♦❜❛$ %✉❡ ❡❢❡❝,✐✈❛♠❡♥,❡ ∀n ∈
N : u(xn) ≥ u✳ ▲❛ ♣$✉❡❜❛ ❝♦♥-✐-,❡ ❛-< ❡♥ ❞❡♠♦-,$❛$ %✉❡ limn→∞u(xn) ≥ u✳ ❊-
❞❡❝✐$✱ ❡- ♥❡❝❡-❛$✐♦ ♣$♦❜❛$ %✉❡ ❡❧ ❧<♠✐,❡ ❞❡ ❧❛ -❡❝✉❡♥❝✐❛ ❡①✐-,❡ ② %✉❡ ❡-❡ ❧<♠✐,❡
❝✉♠♣❧❡ ❝♦♥ ❧❛ ♣$♦♣✐❡❞❛❞ ❞❡ -❡$ ≥ u✳ ❨❛ %✉❡ -❡ -✉♣♦♥❡ %✉❡ ❧❛ ❢✉♥❝✐G♥ ❞❡ ✉,✐❧✐❞❛❞
❡- ❝♦♥,✐♥5❛ ② %✉❡ ❧❛ -❡❝✉❡♥❝✐❛ ❝♦♥✈❡$❣❡ ❛ x -❡ ,✐❡♥❡ %✉❡ ❧❛ ❢✉♥❝✐G♥ ❞❡ ✉,✐❧✐❞❛❞
❝♦♥-❡$✈❛ ❧♦- ❧<♠✐,❡- ❞❡ ❧❛ -❡❝✉❡♥❝✐❛ ② ♣♦$ ❧♦ ,❛♥,♦✿
limn→∞u(xn) = u(x) ≥ u
❙❡ ❤❛ ♣$♦❜❛❞♦ ❡♥,♦♥❝❡- %✉❡ ✉♥❛ -❡❝✉❡♥❝✐❛ %✉❡ ❤❡♠♦- ❞❡✜♥✐❞♦ -♦❜$❡ ❡❧
❝♦♥❥✉♥,♦
{
x ∈ Rl+/u(x) ≥ u
}
,✐❡♥❡ ❧❛ ♣$♦♣✐❡❞❛❞ ❞❡ %✉❡ ♣❛$❛ ❝✉❛❧%✉✐❡$ x -❡ ❝✉♠✲
♣❧❡ %✉❡ x ∈ Rl+ ② ❡❧ ❧<♠✐,❡ ❞❡ ❞✐❝❤❛ -❡❝✉❡♥❝✐❛✱ x✱ ❝✉♠♣❧❡ ❧❛ ♣$♦♣✐❡❞❛❞ ❞❡ %✉❡
u(x) ≥ u✳ "♦$ ❧♦ ,❛♥,♦✱ %✉❡❞❛ ❞❡♠♦-,$❛❞♦ %✉❡ ❡❧ ❝♦♥❥✉♥,♦
{
x ∈ Rl+/u(x) ≥ u
}
❡- ❝❡$$❛❞♦✳
▲❛ ♦,$❛ ♣❛$,❡ ❞❡ ❧❛ ♣$✉❡❜❛ ❝♦♥-✐-,❡ ❡♥ ♣$♦❜❛$ -✐ ❡❧ ❝♦♥❥✉♥,♦ B(p, p.x¯) ❡- ❝❡$$❛✲
❞♦✳ ❉❡✜♥❛♠♦- ❞❡ ♥✉❡✈♦ ✉♥❛ -❡❝✉❡♥❝✐❛ (xn)
∞
n=1 -♦❜$❡ ❡❧ ❝♦♥❥✉♥,♦
{
x ∈ Rl+/p.x¯ ≥ p.x
}
✳
❙✉♣♦♥❣❛♠♦- %✉❡ ❧❛ -❡❝✉❡♥❝✐❛ ❝♦♥✈❡$❣❡✳ ❊- ❞❡❝✐$ xn → x ∈ R
l
+✳ ❨❛ ❛♥,❡- -❡
❤❛ ♣$♦❜❛❞♦ %✉❡ ❡- ♣♦-✐❜❧❡ ❛✜$♠❛$ %✉❡ ❡❧ ♣✉♥,♦ ❛❧ %✉❡ ❝♦♥✈❡$❣❡✱ x✱ ❝✉♠♣❧❡ ❝♦♥
❧❛ ♣$♦♣✐❡❞❛❞ ❞❡ -❡$ ,❛❧ %✉❡ x ∈ Rl+✳ ❊- ♥❡❝❡-❛$✐♦ ❛❤♦$❛ ♣$♦❜❛$ -✐✿
∀n ∈ N :
{
xn ≥ 0⇒ x ≥ 0
p.xn ≤ p.x¯⇒ limn→∞p.xn ≤ p.x¯
}
❊- ❞❡❝✐$✱ ❛❧ ❡-,❛$ ❞❡✜♥✐❞❛ ❧❛ -❡❝✉❡♥❝✐❛ -♦❜$❡ ❡❧ ❝♦♥❥✉♥,♦ B(p, p.x¯) ❡-,❛ ❞❡❜❡
❝✉♠♣❧✐$ ❧❛- ♣$♦♣✐❡❞❛❞❡- ❞❡ ❝✉❛❧%✉✐❡$ ❡❧❡♠❡♥,♦ %✉❡ ♣❡$,❡♥❡③❝❛ ❛ ❞✐❝❤♦ ❝♦♥❥✉♥,♦✳
❊- ♣♦-✐❜❧❡ ❛-❡❣✉$❛$ ♣♦$ ❝♦♥,✐♥✉✐❞❛❞ %✉❡ limn→∞p.xn → p.x ≤ p.x¯✳ "♦$ ❧♦ ,❛♥,♦✱
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✺✼
"❡ ❝♦♠♣(✉❡❜❛ ❛", -✉❡ ❡❧ ❝♦♥❥✉♥1♦ B(p, p.x¯) ❡" ✉♥ ❝♦♥❥✉♥1♦ ❝❡((❛❞♦✳
❨❛ -✉❡ ❧❛ ✐♥1❡("❡❝❝✐6♥ ❞❡ ❞♦" ❝♦♥❥✉♥1♦" ❝❡((❛❞♦" ❞❛ ❝♦♠♦ (❡"✉❧1❛❞♦ ✉♥ ❝♦♥✲
❥✉♥1♦ ❝❡((❛❞♦✱ "❡ ❝✉♠♣❧❡ -✉❡ D(p, u, x¯) "❡(9 ✉♥ ❝♦♥❥✉♥1♦ ❝❡((❛❞♦✳ ❊" ♥❡❝❡"❛(✐♦
❛❤♦(❛ ♣(♦❜❛( "✐ D(p, u, x¯) ❡" ✉♥ ❝♦♥❥✉♥1♦ ❛❝♦1❛❞♦ ♣❛(❛ ❧♦ ❝✉❛❧ ❜❛"1❛ ♣(♦❜❛( "✐
❛❧❣✉♥♦ ❞❡ ❧♦" ❝♦♥❥✉♥1♦" -✉❡ ❧♦ ❢♦(♠❛♥ ❡" ✉♥ ❝♦♥❥✉♥1♦ ❛❝♦1❛❞♦✳ ❊❧✐❥❛♠♦" ❡❧ ❝♦♥✲
❥✉♥1♦ B(p, p.x¯)✳ ∀x ∈ B(p, p.x¯), ∀l "❡ ❝✉♠♣❧❡ -✉❡ 0 ≤ xl ≤
p.x¯
pl
✳ ❙✐ ♥♦ ❢✉❡(❛ ❛",
② ♣❛"❛(❛ ♣♦( ❡❥❡♠♣❧♦ -✉❡ plxl > p.x¯ "❡ 1❡♥❞(,❛ ❧❛ "✐1✉❛❝✐6♥ ❡♥ -✉❡ ❡♥ ✉♥ "♦❧♦
❜✐❡♥ "❡ ❡"1❛(,❛ ❞❡"1✐♥❛♥❞♦ ♠9" ❞❡ ❧❛ (❡♥1❛ ❞✐"♣♦♥✐❜❧❡
✷✵
② ❡"1❛ ♣(♦♣✐❡❞❛❞✱ ✈✐♦❧❛
❧♦ -✉❡ ❤❡♠♦" ❧❧❛♠❛❞♦ ❧❛ ❧❡② ❞❡ ❲❛❧(❛"✳ B♦( ♦1(❛ ♣❛(1❡✱ ❡❧ "✉♣✉❡"1♦ 0 ≤ plxl ♥♦
❣❡♥❡(❛ ♠❛②♦( ♣(♦❜❧❡♠❛✳
❙❡ ❝✉♠♣❧❡ ❡♥1♦♥❝❡" -✉❡ ❡❧ ❝♦♥❥✉♥1♦ B(p, p.x¯) ❡"19 ❛❝♦1❛❞♦ ② ♣♦( ❧♦ 1❛♥1♦✱
"❡ 1✐❡♥❡ ❝♦♠♦ (❡"✉❧1❛❞♦ -✉❡ ❡❧ ❝♦♥❥✉♥1♦ D(p, u, x¯) 1❛♠❜✐C♥ ❡" ❛❝♦1❛❞♦✳ ❈♦♥ ❧❛
♣(♦♣✐❡❞❛❞ -✉❡ "❡ ❤❛❜,❛ ♣(♦❜❛❞♦ ❛♥1❡" ✭❡❧ ❝♦♥❥✉♥1♦ D(p, u, x¯) ❡" ✉♥ ❝♦♥❥✉♥1♦
❝❡((❛❞♦✮ "❡ 1✐❡♥❡ ❝♦♠♦ (❡"✉❧1❛❞♦ -✉❡ D(p, u, x¯) ❡" ✉♥ ❝♦♥❥✉♥1♦ ❝♦♠♣❛❝1♦ ② ♣♦(
❡❧ 1❡♦(❡♠❛ ❞❡ ❲❡✐❡("1(❛"" "❡ ♣✉❡❞❡ ❛"❡❣✉(❛( -✉❡ ❡♥ D(p, u, x¯) ❡①✐"1❡ ✉♥ ❡❧❡♠❡♥1♦
1❛❧ -✉❡✿
(∃x∗ ∈ D(p, u, x¯)) : ∀x ∈ D(p, u, x¯) : p.x∗ ≤ p.x
❊" ❞❡❝✐(✱ ♣♦( ❲❡✐❡("1(❛"" ❡①✐"1❡ ✉♥ ❡❧❡♠❡♥1♦ x∗ -✉❡ ❡" ♠,♥✐♠♦✳
❊" ♥❡❝❡"❛(✐♦ (❡❝♦(❞❛( -✉❡ ❡(❛ ♥❡❝❡"❛(✐♦ ✉♥ ♠,♥✐♠♦ ♣❛(❛ ❡❧ ❝♦♥❥✉♥1♦ ℧ ❡❧
❝✉❛❧ ❞❡"♣✉C" ❞❡ ✐♥1❡(❝❡♣1❛(❧♦ ❝♦♥ B(p, p.x¯) ❞✐❡(♦♥ ❝♦♠♦ (❡"✉❧1❛❞♦ ❡❧ ❝♦♥❥✉♥1♦
D(p, u, x¯)✳ ❈♦♥❥✉♥1♦ ❡❧ ❝✉❛❧ ❢✉❡✱ ✜♥❛❧♠❡♥1❡✱ ❛❧ -✉❡ "❡ ❧❡ ❡♥❝♦♥1(6 ✉♥ ❡❧❡♠❡♥1♦
♠,♥✐♠♦✳ ❙❡ ♥❡❝❡"✐1❛ ❡♥1♦♥❝❡" -✉❡ ❡❧❡♠❡♥1♦ ❡♥❝♦♥1(❛❞♦ ❝✉♠♣❧❛ ❧♦ "✐❣✉✐❡♥1❡✿
∀x ∈ Rl+/u(x) ≥ u : p.x
∗ ≤ p.x
B♦( ❧♦ 1❛♥1♦✱ "❡ ❞❡❜❡ ❝✉♠♣❧✐( -✉❡ ♣❛(❛ ❝✉❛❧-✉✐❡( ♦1(♦ ❡❧❡♠❡♥1♦ x ∈ Rl+ -✉❡
"❡❛ ❢❛❝1✐❜❧❡✱ u(x) ≥ u✱ "❡ ❝✉♠♣❧❛ -✉❡ ❡❧ ❡❧❡♠❡♥1♦ ❡♥❝♦♥1(❛❞♦ x∗ "❡❛ (❡❛❧♠❡♥1❡
✉♥ ♠,♥✐♠♦ ❡♥ ❡❧ ❝♦♥❥✉♥1♦ ℧ ❡" ❞❡❝✐(✿ p.x∗ ≤ p.x
❙❡ ♥❡❝❡"✐1❛ ♣(♦❜❛( ❡♥1♦♥❝❡" -✉❡ ♣❛(❛ ✉♥ x ∈ D(p, u, x¯) ♦ -✉❡ ♥♦ ❡"1❡ ❡♥ ❡❧
❝♦♥❥✉♥1♦✱ x /∈ D(p, u, x¯)✱ "❡ ❝✉♠♣❧❛ -✉❡ p.x∗ ≤ p.x✳ B♦( ❞❡✜♥✐❝✐6♥✱ "✐ "❡ 1♦♠❛
✉♥ ❡❧❡♠❡♥1♦ x -✉❡ ♣❡(1❡♥❡③❝❛ ❛❧ ❝♦♥❥✉♥1♦ D(p, u, x¯) ❡" ♣♦"✐❜❧❡ ❛"❡❣✉(❛( ♣♦(
❲❡✐❡("1(❛"" -✉❡ ❡❧ ♠,♥✐♠♦ ❡" x∗ ② ♣♦( ❧♦ 1❛♥1♦ p.x∗ ≤ p.x✳
B♦( ♦1(❛ ♣❛(1❡✱ "✐ "❡ 1♦♠❛ ✉♥ ❡❧❡♠❡♥1♦ x -✉❡ ♥♦ ♣❡(1❡♥❡③❝❛ ❛ D(p, u, x¯) ❡"
♣♦(-✉❡ "❡ ❝✉♠♣❧❡ -✉❡ p.x > p.x¯ ② ♣♦( ❧♦ 1❛♥1♦ p.x > p.x¯ > p.x∗✳ ❊" ❞❡❝✐(✱ ❡"❡
✷✵
❊♥ ❡#$❡ ❝❛#♦ p.x¯ ❤❛❝❡ ❡❧ ♣❛♣❡❧ ❞❡ ,❡♥$❛ m✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✺✽
x /∈ D(p, u, x¯) ♥♦ $❡&'❛ ✜♥❛♥❝✐❛❜❧❡ ② ♥♦ ♣♦❞&'❛ ♣♦& ❡❧❧♦ $❡& ✉♥ ♠'♥✐♠♦✳ ❙❡ ❧❧❡❣❛
❛$' 6✉❡ ❧❛ ❝♦7❛ ✐♠♣✉❡$7❛ $♦❜&❡ ℧✱ p.x ≤ p.x¯ ❝♦♥ ❧❛ ❝✉❛❧ $❡ ❢♦&♠♦ ❡❧ ❝♦♥❥✉♥7♦
D(p, u, x¯) ❧♦ ;♥✐❝♦ 6✉❡ ❤❛ ❤❡❝❤♦ ❡$ ❡①❝❧✉✐& ❧♦$ x ♥♦ ✜♥❛♥❝✐❛❜❧❡$ ❞❡❧ ❝♦♥❥✉♥7♦ ℧
② ❡♥ &❡❛❧✐❞❛❞ ♥♦ ❤❛ 7❡♥✐❞♦ ♠❛②♦& ✐♥✢✉❡♥❝✐❛✳
?♦❞❡♠♦$ ❛$❡❣✉&❛& ❡♥7♦♥❝❡$ 6✉❡ ❡❧ ❡❧❡♠❡♥7♦ ♠'♥✐♠♦ ❤❛❧❧❛❞♦ ♣❡&7❡♥❡❝❡ ❛❧
❝♦♥❥✉♥7♦ ℧ ② ♣♦& ❧♦ 7❛♥7♦✱ ❧❛ ❝♦&&❡$♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛ ❝♦♠♣❡♥$❛❞❛ ❡$ ♥♦
✈❛❝'❛✱ ❡$ ❞❡❝✐&✿ H(p, u) 6= ∅ 
❚❡♦#❡♠❛ ✷✷
▲❛ ❝♦&&❡$♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛ ❝♦♠♣❡♥$❛❞❛ ❡$ ❤♦♠♦❣C♥❡❛ ❞❡ ❣&❛❞♦ ❝❡&♦
❡♥ ♣&❡❝✐♦$ p✳ ❊$ ❞❡❝✐&✿
(
∀p ∈ Rl++, ∀u ∈ ℧, ∀λ ∈ R
l
++
)
❙❡ ❝✉♠♣❧❡✿
H(λp, u) = H(p, u)
❊♥ ❝✐❡&7❛ ❢♦&♠❛ ❡$7❡ 7❡♦&❡♠❛ ♥♦$ ✐❧✉$7&❛ 6✉❡ ♣❛&❛ ❡❧ ❝♦♥$✉♠✐❞♦& ♥♦ ✐♠♣♦&7❛♥
❧♦$ ♣&❡❝✐♦$ ❛❜$♦❧✉7♦$ $✐ ♥♦ ❧♦$ ♣&❡❝✐♦$ &❡❧❛7✐✈♦$✳ ❊$ ❞❡❝✐&✱ $✐ ✈❛&'❛♥ ❧♦$ ♣&❡❝✐♦$ ❡♥
❧❛ ♠✐$♠❛ ♣&♦♣♦&❝✐E♥ ❧❛ ❞❡♠❛♥❞❛ ♥♦ ✈❛&'❛ ②❛ 6✉❡ ❡❧ ♥✐✈❡❧ ❞❡ ✉7✐❧✐❞❛❞ ❛ ❛❧❝❛♥③❛&
♥♦ ❝❛♠❜✐❛ ✭▼❛$✲❈♦❧❡❧❧✱ ❲❤✐♥$7♦♥ ② ●&❡❡♥✱ ✶✾✾✺✿✻✶✮✳
'#✉❡❜❛
▲❛ ❤♦♠♦❣❡♥❡✐❞❛❞ ❞❡ ❣&❛❞♦ ❝❡&♦ ❡♥ p $❡ ❞❡❜❡ ❛ 6✉❡ ❡❧ ✈❡❝7♦& E♣7✐♠♦ 6✉❡
♠✐♥✐♠✐③❛ p.x $✳❛ u(x) ≥ u ❡$ ❡❧ ♠✐$♠♦ 6✉❡ ♠✐♥✐♠✐③❛ λp.x $✉❥❡7♦ ❛ ❧❛ ♠✐$♠❛
&❡$7&✐❝❝✐E♥✱ ♣❛&❛ ❝✉❛❧6✉✐❡& ❡$❝❛❧❛& λ > 0✳ ❊$ ❞❡❝✐&✱ $✐ ❧♦ 6✉❡ $❡ ♣&❡7❡♥❞❡ ❡$
♠✐♥✐♠✐③❛& ❡❧ ❣❛$7♦ p.x✱ ❝✉❛♥❞♦ $❡ ❛❧7❡&❛♥ 7♦❞♦$ ❧♦$ ♣&❡❝✐♦$ ♣♦& ✉♥ ❡$❝❛❧❛& λ
♥♦ ❝❛♠❜✐❛ ❡❧ ♦❜❥❡7♦ ❛ ♠✐♥✐♠✐③❛& ②❛ 6✉❡ 7♦❞♦$ ❧♦$ ♣&❡❝✐♦$ ❝❛♠❜✐❛&♦♥ ❡♥ ✉♥❛
♣&♦♣♦&❝✐E♥ ✐❣✉❛❧✳ 
❚❡♦#❡♠❛ ✷✸
(
∀(p, u) ∈ Rl++ × ℧, ∀x ∈ H(p, u)
)
: u(x) = u
❊$7❡ 7❡♦&❡♠❛✱ ❧❧❛♠❛❞♦ 7❡♦&❡♠❛ ❞❡ ♥♦ ❡①❝❡$♦ ❞❡ ✉7✐❧✐❞❛❞✱ ❡$7❛❜❧❡❝❡ 6✉❡ 7♦❞♦
x ❡♥ ❡❧ E♣7✐♠♦ ❧❛ ✉7✐❧✐❞❛❞ 6✉❡ $❡ ❧❡ ❡①✐❣❡ ❞❡❜❡ $❡& ❡①❛❝7❛♠❡♥7❡ u✱ ♥✐ ♠Q$ ♥✐
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✺✾
♠❡♥♦&✳ ❊& ❞❡❝✐,✱ ❝✉❛❧1✉✐❡, ❝❛♥❛&2❛ 1✉❡ &❡❛ 3♣2✐♠❛ ❞❡❜❡ ❞❛, ❡❧ ♥✐✈❡❧ ❞❡ ✉2✐❧✐❞❛❞
,❡1✉❡,✐❞♦✳ ❊&2❡ 2❡♦,❡♠❛✱ ❡♥ ❝✐❡,2❛ ❢♦,♠❛✱ ❝✉♠♣❧❡ ❡❧ ♣❛♣❡❧ ❞❡ ❧❛ ❧❡② ❞❡ ❲❛❧,❛&
❡♥ ❧❛ ❝♦,,❡&♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛ ♦,❞✐♥❛,✐❛ ♦ ♥♦ ❝♦♠♣❡♥&❛❞❛✳
 !✉❡❜❛
❙❡ ✜❥❛ ❝✉❛❧1✉✐❡, p ∈ Rl++✳ ❙❡ 2,❛❡ ❞❡ ♥✉❡✈♦ ❡❧ &✉♣✉❡&2♦ ❝,✉❝✐❛❧ ❞❡ ♠♦♥♦2♦✲
❝✐❞❛❞ ❞>❜✐❧ 1✉❡ ❡&2❛❜❧❡❝❡ 1✉❡ u(x) ≥ u(0)✳ ❙❡ 2✐❡♥❡♥ ❛&? ❞♦& ❝❛&♦&✿
i) u(x) = u(0)→ H(p, u) = {0}✳ ❊& ❞❡❝✐,✱ &✐ ❡❧ ❛❣❡♥2❡ ❝♦♥&✉♠❡ ❛❧❣♦ 1✉❡ 2✐❡♥❡
✈❛❧♦, ② ♣♦, ❧♦ 2❛♥2♦ p≫ 0✱ ❧♦ ♠B& ❜❛,❛2♦ ❡♥ ❡❧ ❝❛&♦ ❞❡ 1✉❡ ❧♦ 1✉❡ ❛❞1✉✐,✐3
,❡♣♦,2❡ ✉♥ ♥✐✈❡❧ ❞❡ ✉2✐❧✐❞❛❞ u(x) = u(0) &❡,?❛ ♥♦ ❛❞1✉✐,✐, ♥❛❞❛ ② ❛&?
H(p, u) = {0}✳ ❙❡ ♦❜&❡,✈❛ ❛❞❡♠B& 1✉❡ ❡❧ ❝❛&♦ ❡♥ 1✉❡ u(x) < u(0) ♥♦ &❡
2✐❡♥❡ ❡♥ ❝✉❡♥2❛ ②❛ 1✉❡ ❡♥ ❡&2❛ ♦❝❛&✐3♥ ❧♦ 1✉❡ ❛❞1✉✐,✐3 ❡❧ ❛❣❡♥2❡ &❡,?❛ ✉♥
➫➫♠❛❧➫➫ 1✉❡ ❧❡ ,❡♣♦,2❛ ❞❡&✉2✐❧✐❞❛❞ ② ❧♦ ♠❡❥♦, ❡♥ ❡&2❡ ❝❛&♦ &❡,?❛ ♥♦ ❛❞1✉✐,✐,
♥❛❞❛✳
❊& ♣♦&✐❜❧❡ ❛✜,♠❛, ❡♥2♦♥❝❡& 1✉❡ x ∈ H(p, u) : u(x) = u
ii) u(x) > u(0)✳ ❙✉♣♦♥❣❛♠♦& 1✉❡ ❡❧ x ∈ H(p, u) ❡& 2❛❧ 1✉❡ x > 0 ⇒ p.x > 0✳
C,✐♠❡,♦ &❡ ❞❡❜❡ ❛❝❧❛,❛, 1✉❡ ❡❧ ❤❡❝❤♦ ❞❡ 1✉❡ x > 0 ❡& ♥❡❝❡&❛,✐♦ ②❛ 1✉❡ &❡
&✉♣♦♥❡ u(x) > 0 ② p≫ 0 ❧♦ 1✉❡ ❣❛,❛♥2✐③❛ 1✉❡ p.x > 0✳
❚♦♠❡♠♦& ❛❤♦,❛ ✉♥ α ∈ (0, 1) ② &❡❛ xα = α.x✳ ❨❛ 1✉❡ α < 1 ② p.x > 0 ❡& ♣♦&✐❜❧❡
❛✜,♠❛, 1✉❡ xα ∈ R
l
+ ② ♣♦, 2❛♥2♦ p.xα < p.x ❞❡❜✐❞♦ ❛ 1✉❡ α < 1 ❤❛❝❡ 1✉❡
xα < x ② ❛&? xα ❡& ✜♥❛♥❝✐❛❜❧❡✳
❙✉♣♦♥❣❛♠♦& 1✉❡ &✉❝❡❞❡ 1✉❡ u(x) > u✳ ❊♥ ❡&2❡ ❝❛&♦✱ ♣♦, ❝♦♥2✐♥✉✐❞❛❞ ❞❡ ❧❛
❢✉♥❝✐3♥ ❞❡ ✉2✐❧✐❞❛❞✱ ❡①✐&2❡ ✉♥ α ∈ (0, 1) ② ✉♥ xα ∈ R
l
+ 2❛❧ 1✉❡ u(xα) ≥ u ②
p.xα < p.x✳ C❡,♦ ❡&2♦ ✈❛ ❡♥ ❝♦♥2,❛❞✐❝❝✐3♥ ❞❡ 1✉❡ x ❢✉❡,❛ ✉♥ 3♣2✐♠♦ ② ♣♦, 2❛♥2♦✱
✈❛ ❡♥ ❝♦♥2,❛❞✐❝❝✐3♥ ❞❡ 1✉❡ x ∈ H(p, u) →← 
❊& ♣♦&✐❜❧❡ ❛✜,♠❛, ❡♥2♦♥❝❡& 1✉❡ x ∈ H(p, u) : u(x) = u✳ ▲❛ ,❡♣,❡&❡♥2❛❝✐3♥
❣,B✜❝❛ ❞❡ ❧❛ ♣,✉❡❜❛ &❡ ♠✉❡&2,❛ ❛ ❝♦♥2✐♥✉❛❝✐3♥✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✻✵
●!"✜❝♦ ✼
❊♥ ❡❧ ❝❛(♦ ❡♥ *✉❡ ❧❛ ❢✉♥❝✐.♥ ❞❡ ✉0✐❧✐❞❛❞ ♥♦ ❢✉❡1❛ ❝♦♥0✐♥✉❛ ❡❧ 0❡♦1❡♠❛ ♥♦ (❡
♣♦❞14❛ ✈❡1✐✜❝❛1✳ ❱❡❛♠♦( ❡❧ ❝❛(♦ ❣1❛✜❝❛♠❡♥0❡✳
●!"✜❝♦ ✽
❈✉❛♥❞♦ ❧❛ ❢✉♥❝✐*♥ ❞❡ ✉,✐❧✐❞❛❞ ♥♦ ❡- ❝♦♥,✐♥✉❛✱ ❡❧ xα /✉❡ -❡ ❡♥❝✉❡♥,0❛ ❛ ❧❛
✐③/✉✐❡0❛ ❞❡ x ♣♦❞03❛ ❞❛0 ♠❡♥♦- ✉,✐❧✐❞❛❞ /✉❡ u ② ❡-,♦ ❤❛❝❡ /✉❡ ❡-,❛ ❝❡-,❛ ❞❡
❡♥,0❛❞❛ ♥♦ -❡❛ ❢❛❝,✐❜❧❡✳
❙❡ ❤❛ ❡-,❛❜❧❡❝✐❞♦ ❡♥,♦♥❝❡- /✉❡ ∀x ∈ H(p, u) : u(x) = u > u(0)
❚❛❧ ❝♦♠♦ -❡ ✈❡0✐✜❝❛✱ ❡- 0❡❛❧♠❡♥,❡ ✐♠♣♦0,❛♥,❡ ❡❧ -✉♣✉❡-,♦ ❞❡ /✉❡
(
∀x ∈ Rl+
)
:
u(x) ≥ u(0) ②❛ /✉❡ ❞❡ ,♦♠❛0-❡ ❡❧ ❝❛-♦ ❞❡ /✉❡ u(x) < u(0) ❡❧ ,❡♦0❡♠❛ ♥♦ -❡
❝✉♠♣❧✐03❛✱ ✈❡❛♠♦-✳
■♥✐❝✐❛❧♠❡♥,❡ ❡- ♥❡❝❡-❛0✐♦ ❛❝❧❛0❛0 ❞❡ ❡♥,0❛❞❛ /✉❡ u(x) < u(0) ✐♠♣❧✐❝❛ /✉❡ x
-❡03❛ ✉♥ ➫➫♠❛❧➫➫✳ >♦0 ❧♦ ,❛♥,♦ -❡ ❡-,? ✐♥,❡♥,❛♥❞♦ ❝♦♠♣0♦❜❛0 ❧♦ -✐❣✉✐❡♥,❡✿
∃umal ∈ ℧ ,❛❧ /✉❡ umal < u(0).
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✻✶
❊♥ ❡%&❡ ❝❛%♦✱ ♥❡❝❡%❛+✐❛♠❡♥&❡ H(p, umal) = {0} , %❡+.❛ ❝❡+♦ %✐❡♠♣+❡ ② ❝✉❛♥❞♦
❝❡+♦ %✐+✈❛ ❡♥ ❡❧ ♠.♥✐♠♦ ②❛ 5✉❡ ♥♦ %❡ ♣✉❡❞❡ ❣❛%&❛+ ♠❡♥♦% 5✉❡ ♥♦ ❣❛%&❛+ ♥❛❞❛✳
8♦+ ❧♦ &❛♥&♦ %✐ H(p, umal) = {0} ♥♦ ❡# ❝✐❡&'♦ (✉❡ u(0) > umal ②❛ (✉❡ ❤❛② ♣✉♥'♦#
.♣'✐♠♦# ❡♥ (✉❡ #❡ ♦❜'✐❡♥❡♥ ❡#'&✐❝'❛♠❡♥'❡ ♠1# ✉'✐❧✐❞❛❞ ❞❡ ❧♦ (✉❡ ❧❛ ❝❡#'❛ ❡①✐❣❡✱
②❛ (✉❡ ❡♥ ❝❡&♦ #❡ '✐❡♥❡ ♠1# ✉'✐❧✐❞❛❞✳ ▲✉❡❣♦ ❡❧ #✉♣✉❡#'♦ ❞❡ (✉❡ u(x) ≥ u(0) ♥♦
❡# ✉♥❛ ♥❡❝❡#✐❞❛❞ '9❝♥✐❝❛ ♣❛&❛ (✉❡ ❧❛ ♣&✉❡❜❛ ❢✉♥❝✐♦♥❡✱ ❡# (✉❡ #✐♥ ❡#'❡ #✉♣✉❡#'♦
❡❧ '❡♦&❡♠❛ ♥♦ ❡# ❝✐❡&'♦✳
❚❡♦#❡♠❛ ✷✹
❙✐ u(x) ❡# ❝✉❛#✐❝.♥❝❛✈❛ ❡♥'♦♥❝❡# H(p, u) ❡# ❞❡ ✈❛❧♦&❡# ❝♦♥✈❡①♦# ② #✐ u(x) ❡#
❡#'&✐❝'❛♠❡♥'❡ ❝✉❛#✐❝.♥❝❛✈❛ ❡♥'♦♥❝❡# H(p, u) ❡# ❞❡ ✈❛❧♦&❡# ✉♥✐'❛&✐♦#✳ ❊# ❞❡❝✐&✿
∀(p, u) ∈ Rl++ × ℧ : H(p, u) = {h(p, u)}
❙❡ '✐❡♥❡ ❡♥'♦♥❝❡#✱ ❡♥ ❡❧ ?❧'✐♠♦ ❝❛#♦✱ (✉❡ ❧❛ ❝♦&&❡#♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛
❝♦♠♣❡♥#❛❞❛ ♣❛#❛ ❛ #❡& ✉♥❛ ❢✉♥❝✐.♥✳ ▲❛ ❢✉♥❝✐.♥ ❞❡ ❞❡♠❛♥❞❛ ❝♦♠♣❡♥#❛❞❛ ♣✉❡❞❡
❡①♣&❡#❛&❡ '❛♠❜✐9♥ ❝♦♠♦✿
h : Rl++ × ℧→ R
l
+
h(p, u) = argx∈Rl
+
min p.x s.a u(x) ≥ u
▲❛ ♣&✉❡❜❛ ❡# ❜❛#'❛♥'❡ ♣❛&❡❝✐❞❛ ❛ ❧❛ (✉❡ #❡ ❤✐③♦ ❝♦♥ ❧❛ ❝♦&&❡#♣♦♥❞❡♥❝✐❛ ❞❡
❞❡♠❛♥❞❛ ♦&❞✐♥❛&✐❛ ② ❧❛ ♦♠✐'✐&❡♠♦#✳
❚❡♦#❡♠❛ ✷✺
❙❡ ❝✉♠♣❧❡ ❧❛ ❧❡② ❝♦♠♣❡♥#❛❞❛ ❞❡ ❧❛ ❞❡♠❛♥❞❛✳ ❊# ❞❡❝✐&✿
∀p, p′ ∈ Rl++, ∀u ∈ ℧, ∀x ∈ H(p, u) ② ∀x
′ ∈ H(p′, u)
#❡ ❝✉♠♣❧❡✿
(p− p′)(x− x′) ≤ 0
△p△x ≤ 0
❈♦♥ ❡#'❡ '❡♦&❡♠❛ #❡ ❡#'❛❜❧❡❝❡ ✉♥❛ ❞❡ ❧❛# ♣&✐♥❝✐♣❛❧❡# ♣&♦♣♦#✐❝✐♦♥❡# ❞❡ ❧❛
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✻✷
"❡♦%&❛ ❞❡❧ ❝♦♥,✉♠✐❞♦%✱ ❞❛❞♦, ❧♦, ❛①✐♦♠❛, ❡,"❛❜❧❡❝✐❞♦,✱ ② ❡, 4✉❡ ❧❛, ❝❛♥"✐❞❛❞❡,
❞❡♠❛♥❞❛❞❛, ✈❛%&❛♥ ❡♥ ❢♦%♠❛ ♦♣✉❡,"❛ ❛ ❧♦, ♣%❡❝✐♦, ♦ ❧♦ 4✉❡ ❡, ❡4✉✐✈❛❧❡♥"❡✿ ❡❧
❡❢❡❝"♦ ,✉,"✐"✉❝✐9♥ ❡, ✐♥✈❡%,♦ ❛ ❧❛ ✈❛%✐❛❝✐9♥ ❞❡ ❧♦, ♣%❡❝✐♦,✳
❊,"❡ "❡♦%❡♠❛ "❛♠❜✐<♥ %❡❝✐❜❡ ❡❧ ♥♦♠❜%❡ ❞❡ ❚❡♦#❡♠❛ ❢✉♥❞❛♠❡♥*❛❧ ❞❡ ❧❛ *❡♦#,❛
❞❡❧ ❝♦♥.✉♠✐❞♦# ✭●%❡❡♥✱ ✶✾✽✷✮✳
 !✉❡❜❛
❙❡ ✜❥❛ ✉♥ p, p′ ∈ Rl++✳ F♦% ❞❡✜♥✐❝✐9♥✿
p.x ≤ p.x′ ②❛ 4✉❡ ❛ ❧♦, ♣%❡❝✐♦, p ❧❛ ❞❡♠❛♥❞❛ 9♣"✐♠❛ ❡, x ∈ H(p, u)✳
p′.x′ ≤ p′.x ②❛ 4✉❡ ❛ ❧♦, ♣%❡❝✐♦, p′ ❧❛ ❞❡♠❛♥❞❛ 9♣"✐♠❛ ❡, x′ ∈ H(p′, u)✳
▲❛ ♣%✐♠❡%❛ ❞❡,✐❣✉❛❧❞❛❞ ❡, ❡4✉✐✈❛❧❡♥"❡ ❛ "❡♥❡%✿ p(x− x′) ≤ 0 ② ❞❡ ❧❛ ,❡❣✉♥❞❛ ,❡
♣✉❡❞❡ ❧❧❡❣❛% ❛✿ p′(x′ − x) ≤ 0
❙✉♠❛♥❞♦ ❧❛, ❞♦, ❞❡,✐❣✉❛❧❞❛❞❡,✿
p(x− x′) + p′(x′ − x) ≤ 0
(p− p′)(x− x′) ≤ 0
❉❡✜♥✐❡♥❞♦ △p = (p − p′) ② △x = (x − x′) ,❡ ❧❧❡❣❛ ✜♥❛❧♠❡♥"❡ ❛ ❧❛ ❧❡②
❝♦♠♣❡♥,❛❞❛ ❞❡ ❧❛ ❞❡♠❛♥❞❛✱ △p△x ≤ 0✳ 
❊, ♥❡❝❡,❛%✐♦ "❡♥❡% ❡♥ ❝✉❡♥"❛ 4✉❡ ❧❛ ❧❡② ❝♦♠♣❡♥,❛❞❛ ❞❡ ❧❛ ❞❡♠❛♥❞❛ ♦ ❧❛
✈❛%✐❛❝✐9♥ ✐♥✈❡%,❛ ❡♥"%❡ ♣%❡❝✐♦, ② ❝❛♥"✐❞❛❞❡, ,9❧♦ ,❡ ❝✉♠♣❧❡ ❡♥ ❧❛, ❞❡♠❛♥❞❛,
❝♦♠♣❡♥,❛❞❛, ② ♥♦ ❡♥ ❧❛, ❞❡♠❛♥❞❛, ♦%❞✐♥❛%✐❛, ✭♥♦ ❝♦♠♣❡♥,❛❞❛,✮ ②❛ 4✉❡ ❛❧❧&
❡①✐,"❡ ❡❧ ♣%♦❜❧❡♠❛ ❞❡ ❧♦, ❜✐❡♥❡, ●✐✛❡♥ ✭❜✐❡♥❡, ♠✉② ✐♥❢❡%✐♦%❡,✮✳ ❙✐♥ ❡♠❜❛%❣♦✱ ❡♥
❧❛ ❝♦%%❡,♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛ ♦%❞✐♥❛%✐❛ ❤❡♠♦, ❡,"❛❜❧❡❝✐❞♦✱ ② ♣%♦❜❛❞♦✱ ♦"%♦ ❞❡
❧♦, ♣✐❧❛%❡, ❞❡ ❧❛ %❛❝✐♦♥❛❧✐❞❛❞✿ ❊❧ ❆①✐♦♠❛ ❉<❜✐❧ ❞❡ ❧❛ F%❡❢❡%❡♥❝✐❛ ❘❡✈❡❧❛❞❛✳
❈♦!♦❧❛!✐♦ ✻
❙✐ ❧❛ ❝♦%%❡,♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛ ❝♦♠♣❡♥,❛❞❛ H(p, u) ❡, ❤♦♠♦❣<♥❡❛ ❞❡
❣%❛❞♦ ❝❡%♦ ❡♥ ♣%❡❝✐♦,✱ ❡♥"♦♥❝❡, h(p, u) "❛♠❜✐<♥ ❧♦ ❡,✳
✶✳✶✹✳ ▲❛ ❢✉♥❝✐*♥ ❞❡ ❣❛./♦
❚❡♥✐❡♥❞♦ ❞❡✜♥✐❞❛, ❧❛, ♣%♦♣✐❡❞❛❞❡, ,♦❜%❡ ❧❛ ❝♦%%❡,♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛
❝♦♠♣❡♥,❛❞❛ H(p, u)✱ ② ❡,"❛❜❧❡❝✐❞♦ ❜❛❥♦ 4✉< ❝♦♥❞✐❝✐♦♥❡, ❡❧❧❛ ,❡ ❝♦♥✈✐❡%"❡ ❡♥
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✻✸
✉♥❛ ❢✉♥❝✐(♥✱ ❡+ ♣♦+✐❜❧❡ ❞❡✜♥✐2 ❧♦ 3✉❡ +❡ ❝♦♥♦❝❡ ❝♦♠♦ ❧❛ ❢✉♥❝✐(♥ ❞❡ ❣❛+6♦ ② ❧♦+
6❡♦2❡♠❛+ 3✉❡ ❞❡ ❡❧❧❛ +❡ ❞❡+♣2❡♥❞❡♥✳
▲❛ ❢✉♥❝✐(♥ ❞❡ ❣❛+6♦ ❡+6: ❞❡✜♥✐❞❛ ❝♦♠♦✿
e : Rl+ × ℧→ R
l
+
e(p, u) = minx∈Rl
+
p.x s.a u(x) ≥ u
e(p, u) = p.x, ♣❛2❛ ❝✉❛❧3✉✐❡2 x ∈ H(p, u) 6= ∅
▲❛ ❢✉♥❝✐(♥ ❞❡ ❣❛+6♦ ❡+ ❡♥6♦♥❝❡+ ❧❛ ❝❛♥6✐❞❛❞ ♠<♥✐♠❛ ❞❡ 2❡♥6❛ ♥❡❝❡+❛2✐❛ ♣❛2❛
❧♦❣2❛2 ❡❧ ♥✐✈❡❧ ❞❡ ✉6✐❧✐❞❛❞ u ❛ ❧♦+ ♣2❡❝✐♦+ p✳
❚❡♦#❡♠❛ ✷✻
▲❛ ❢✉♥❝✐(♥ ❞❡ ❣❛+6♦ e(p, u) ❡+ ❤♦♠♦❣?♥❡❛ ❞❡ ❣2❛❞♦ ✉♥♦ ❡♥ ♣2❡❝✐♦+✳ ❊+ ❞❡❝✐2✿
(
∀p ∈ Rl++, ∀u ∈ ℧, ∀λ > 0
)
: e(λp, u) = λe(p, u)
(#✉❡❜❛
❙✐ x ♠✐♥✐♠✐③❛ ❡❧ ❣❛+6♦ ❛ ❧♦+ ♣2❡❝✐♦+ p✱ x 6❛♠❜✐?♥ ♠✐♥✐♠✐③❛ ❡❧ ❣❛+6♦ ❛ ❧♦+
♣2❡❝✐♦+ λp✳ ❙✉♣♦♥❣❛♠♦+ 3✉❡ ♥♦ ❢✉❡2❛ ❛+< ② 3✉❡ ❢✉❡2❛ x′ ❧❛ ❝♦♠❜✐♥❛❝✐(♥ ♠✐♥✐♠✐✲
③❛❞♦2❛ ❞❡ ❣❛+6♦ ❛ ❧♦+ ♣2❡❝✐♦+ λp 6❛❧ 3✉❡✿ λp.x′ < λp.x
❙✐♠♣❧✐✜❝❛♥❞♦ ② ❝❛♥❝❡❧❛♥❞♦ λ ❡+6♦ ✐♠♣❧✐❝❛2<❛ 3✉❡ p.x′ < p.x ♣♦2 6❛♥6♦ +❡
❝♦♥62❛❞✐❝❡ ❡❧ ❤❡❝❤♦ ❞❡ 3✉❡ ❛ ❧♦+ ♣2❡❝✐♦+ p ❧❛ +♦❧✉❝✐(♥ ♠✐♥✐♠✐③❛❞♦2❛ ❡+ x✳ ❆+<✱
❧❛ +♦❧✉❝✐(♥ ♠✐♥✐♠✐③❛❞♦2❛ ❞❡❧ ❣❛+6♦ ♥♦ ✈❛2<❛ ❝✉❛♥❞♦ +❡ ♠✉❧6✐♣❧✐❝❛♥ ❧♦+ ♣2❡❝✐♦+
♣♦2 ✉♥ ❡+❝❛❧❛2 λ > 0 ② ❡❧ ❣❛+6♦ ❞❡❜❡ ♠✉❧6✐♣❧✐❝❛2+❡ ❡①❛❝6❛♠❡♥6❡ ♣♦2 ❡❧ ♠✐+♠♦
❡+❝❛❧❛2✿ e(λp, u) = λe(p, u) ✭❱❛2✐❛♥✱ ✶✾✾✷✿✽✻✮✳
❘❡❝♦2❞❡♠♦+ 6❛♠❜✐?♥ 3✉❡ ❛♥6❡+ +❡ ❤❛❜<❛ ♣2♦❜❛❞♦ 3✉❡ ❧❛ ❢✉♥❝✐(♥ ❞❡ ❞❡♠❛♥❞❛
❝♦♠♣❡♥+❛❞❛ h(p, u) ❡+ ❤♦♠♦❣?♥❡❛ ❞❡ ❣2❛❞♦ ❝❡2♦ ❡♥ ♣2❡❝✐♦+✳ ❨❛ 3✉❡ ❧❛ ❢✉♥❝✐(♥
❞❡ ❣❛+6♦ 6❛♠❜✐?♥ ❡+6: ❞❡✜♥✐❞❛ ❝♦♠♦ e(p, u) = p.h(p, u) +❡ 6✐❡♥❡ ❡♥6♦♥❝❡+ 3✉❡ ❛❧
✈❛2✐❛2 ❧♦+ ♣2❡❝✐♦+ ♣♦2 ✉♥ ❡+❝❛❧❛2 λ > 0✱ h(p, u) ♥♦ ❝❛♠❜✐❛ ② ❧♦ O♥✐❝♦ 3✉❡ ❝❛♠❜✐❛
❡+ ❡❧ ♥✐✈❡❧ ❞❡ ❣❛+6♦ e(p, u)✳ ❊+ ❞❡❝✐2✿
e(λp, u) = λp.h(p, u) = λe(p, u) 
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✻✹
❚❡♦#❡♠❛ ✷✼
▲❛ ❢✉♥❝✐)♥ ❞❡ ❣❛-.♦ e(p, u) ❡- ❡-.0✐❝.❛♠❡♥.❡ ❝0❡❝✐❡♥.❡ ❡♥ u ② ♥♦ ❞❡❝0❡❝✐❡♥.❡
❡♥ p✳ ❊- ❞❡❝✐0✿
i) ∀p ∈ Rl++, ∀u, u
′ : u > u′ =⇒ e(p, u) > e(p, u′)
ii) ∀u ∈ ℧, ∀p, p′ : p > p′ =⇒ e(p, u) ≥ e(p′, u)
❈♦♥ ❡-.❡ .❡♦0❡♠❛ -❡ ❡-.❛❜❧❡❝❡✱ ❡♥.♦♥❝❡-✱ :✉❡ ♣❛0❛ ❛❧❝❛♥③❛0 ♥✐✈❡❧❡- ❞❡ ✉.✐❧✐❞❛❞
♠>- ❛❧.♦ ❡- ♥❡❝❡-❛0✐♦ ❣❛-.❛0 ♠>- 0❡♥.❛✳ ?♦0 ♦.0❛ ♣❛0.❡✱ -❡ ❡-.❛❜❧❡❝❡ .❛♠❜✐@♥ :✉❡
❝✉❛♥❞♦ -✉❜❡♥ ❧♦- ♣0❡❝✐♦- ② -❡ ❞❡-❡❛ ♠❛♥.❡♥❡0 ❡❧ ♠✐-♠♦ ♥✐✈❡❧ ❞❡ ✉.✐❧✐❞❛❞✱ ❡-
♥❡❝❡-❛0✐♦ ❣❛-.❛0 ♣♦0 ❧♦ ♠❡♥♦- ❧❛ ♠✐-♠❛ 0❡♥.❛ :✉❡ ❛♥.❡- ❞❡ ❧❛ ✈❛0✐❛❝✐)♥ ❞❡ ❧♦-
♣0❡❝✐♦-✳ ❊- ❞❡❝✐0✱ ❝✉❛♥❞♦ -✉❜❡♥ ❧♦- ♣0❡❝✐♦- ❡❧ ♥✐✈❡❧ ❞❡ ❣❛-.♦ ♥♦ ♣✉❡❞❡ -❡0 ♠❡♥♦0
② ♠A♥✐♠♦ ❞❡❜❡ -❡0 ✐❣✉❛❧ :✉❡ ❡❧ ❡①✐-.❡♥.❡ ❛♥.❡- ❞❡ ❧❛ ✈❛0✐❛❝✐)♥ ❡♥ ❝❛-♦ ❞❡ :✉❡ -❡
♣0❡-❡♥.❡ ❛❧❣✉♥❛ -✉-.✐.✉❝✐)♥ ❞❡ ❜✐❡♥❡- ❝✉❛♥❞♦ -✉❜❡♥ ❧♦- ♣0❡❝✐♦-✳
(#✉❡❜❛
i) ❋✐❥❛♠♦- ✉♥ p, u, u′ ∈ Rl++ × ℧✳ ❙✉♣♦♥❣❛♠♦- :✉❡ u > u
′
♣❡0♦ -✉❝❡❞❡ :✉❡
e(p, u) ≤ e(p, u′)
❙❡❛ ✉♥ x ∈ H(p, u)✳ ?♦0 ❞❡✜♥✐❝✐)♥ ♣❛0❛ .♦❞♦ x )♣.✐♠♦ ❞❡ ❧❛ ❝♦00❡-♣♦♥❞❡♥❝✐❛ -❡
❝✉♠♣❧❡ :✉❡ u(x) ≥ u✳ ❨❛ :✉❡ -❡ ❤❛ ✐♠♣✉❡-.♦ :✉❡ u > u′ -❡ .✐❡♥❡✿ u(x) ≥ u ≥ u′✳
❆❞❡♠>-✿ p.x = e(p, u) ≤ e(p, u′)
?♦0 ❧♦ .❛♥.♦✱ .❛♠❜✐@♥ ❡- ♣♦-✐❜❧❡ ❛✜0♠❛0 :✉❡ x ∈ H(p, u′) ② u(x) > u′ ♣❡0♦
-✐ ❡-.♦ ♦❝✉00❡ -❡ ❧❧❡❣❛ ❛ :✉❡ x ❡-.❛ ❞❛♥❞♦ ♠>- ✉.✐❧✐❞❛❞ :✉❡ ❡❧ ♥✐✈❡❧ 0❡:✉❡0✐❞♦
❝♦♥.0❛❞✐❝✐❡♥❞♦ ❡❧ ❛①✐♦♠❛ ❞❡ ♥♦ ❡①❝❡-♦ ❞❡ ✉.✐❧✐❞❛❞✳ ?♦0 ❧♦ .❛♥.♦ -✐ u > u ❞❡❜❡
-✉❝❡❞❡0 :✉❡ e(p, u) ≥ e(p, u′) 
ii) ❙✉♣♦♥❣❛♠♦- :✉❡ p ≤ p′ -✐❡♥❞♦ x ② x′ ❧❛- ❝♦♠❜✐♥❛❝✐♦♥❡- ♠✐♥✐♠✐③❛❞♦0❛- ❞❡❧
❣❛-.♦ ❛ ❧♦- ♣0❡❝✐♦- p ② p′ 0❡-♣❡❝.✐✈❛♠❡♥.❡✳ ❊♥ ❡-.❡ ❝❛-♦✱ p.x ≤ p.x′ ②❛
:✉❡ ❛ ❧♦- ♣0❡❝✐♦- p ❧❛ ❝♦♠❜✐♥❛❝✐)♥ ♠✐♥✐♠✐③❛❞♦0❛ ❡- x ② ♥♦ x′✳ ❆❞❡♠>-
p.x′ ≤ p′.x′ ②❛ :✉❡ p ≤ p′✳ ❯♥✐❡♥❞♦ ❧❛- ❞♦- ❞❡-✐❣✉❛❧❞❛❞❡- -❡ ❧❧❡❣❛ ❛ :✉❡
p.x ≤ p′.x′ ② ♣♦0 ❧♦ .❛♥.♦✿ e(p, u) ≤ e(p′, u) ✭❱❛0✐❛♥✱ ✶✾✾✷✿✽✻✮✳ 
❚❡♦#❡♠❛ ✷✽
▲❛ ❢✉♥❝✐)♥ ❞❡ ❣❛-.♦ e(p, u) ❡- ❝)♥❝❛✈❛ ❡♥ ♣0❡❝✐♦-✳ ❊- ❞❡❝✐0✿
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✻✺
(
∀p, p′ ∈ Rl++, ∀u ∈ ℧, ∀λ ∈ [0, 1]
)
: e(λp+(1−λ)p′, u) ≥ λe(p, u)+(1−λ)e(p′, u)
❈♦♥ ❡&'❡ '❡♦(❡♠❛ &❡ ❡&'❛❜❧❡❝❡ ❡♥'♦♥❝❡& .✉❡ ❛ ♣(❡❝✐♦& ♠❛②♦(❡& ❡❧ ❣❛&'♦ ❝(❡❝❡
♣❡(♦ ❝❛❞❛ ✈❡③ ♠❡♥♦&✳ 8♦( ❧♦ '❛♥'♦✱ &❡ ❡&'❛ ❝♦♥'❡♠♣❧❛♥❞♦ ✐♥❞✐(❡❝'❛♠❡♥'❡ ❧❛
♣♦&✐❜✐❧✐❞❛❞ ❞❡ .✉❡ ❛ ♣(❡❝✐♦& ♠❛②♦(❡& ❡①✐&'❛ ❧❛ ♣♦&✐❜✐❧✐❞❛❞ ❞❡ &✉&'✐'✉✐( ❧♦& ❜✐❡♥❡&
.✉❡ ❤❛❝❡♥ ♠<& ❝❛(♦& ❡♥ (❡❧❛❝✐=♥ ❝♦♥ ♦'(♦& ② ❛&>✱ ❡❧ ❣❛&'♦ ❛❧ ❛✉♠❡♥'❛( ❧♦& ♣(❡❝✐♦&
❝(❡❝❡ ♣❡(♦ ♥♦ ❡♥ ❧❛ ♠✐&♠❛ ♣(♦♣♦(❝✐=♥
✷✶
✳ ❉❡&♣✉@& &❡ ✈❛ ❛ ❞❡♠♦&'(❛( .✉❡ ❡❧
❣(❛❞✐❡♥'❡✱ ❧❛ (❛③=♥ ❞❡ ❝❛♠❜✐♦ ❞❡ ❧❛ ❢✉♥❝✐=♥ ❞❡ ❣❛&'♦✱ ❡& ♣(❡❝✐&❛♠❡♥'❡ ❧❛ ❞❡♠❛♥❞❛
❝♦♠♣❡♥&❛❞❛✳
●!"✜❝♦ ✾
 !✉❡❜❛
❋✐❥❛♠♦& p, p′ ∈ Rl++, u ∈ ℧, λ ∈ [0, 1]
(
∀x ∈ Rl+ : u(x) ≥ u
)
: p.x ≥ e(p, u) ② p′.x ≥ e(p′, u)
(
∀x ∈ Rl+ : u(x) ≥ u
)
: λp.x ≥ λe(p, u) ② (1− λ)p′.x ≥ (1− λ)e(p′, u)
❙✉♠❛♥❞♦ ❧❛& ❞♦& ❞❡&✐❣✉❛❧❞❛❞❡&✿
λp.x+ (1− λ)p′.x ≥ λe(p, u) + (1− λ)e(p′, u)
✷✶
◆!"❡$❡ %✉❡ ❧❛ ❝♦♥❝❛✈✐❞❛❞ ❡$ ❡♥"♦♥❝❡$ ✉♥ ❝♦♥❝❡♣"♦ ❝❛0❞✐♥❛❧ ② ♥♦ ♦0❞✐♥❛❧✱ ❧♦ %✉❡ ❡$ ♣❡0✲
"✐♥❡♥"❡ ♣❛0❛ ❧❛ ❢✉♥❝✐!♥ ❞❡ ❣❛$"♦ e(p, u) %✉❡ ❡$ ❛♥"❡ "♦❞♦ 0❡♥"❛ ✭♣❡$♦$✮ ❡$ ❞❡❝✐0✱ ✉♥ ❝♦♥❝❡♣"♦
❝❛0❞✐♥❛❧✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✻✻
(λp+ (1− λ)p′).x ≥ λe(p, u) + (1− λ)e(p′, u)
!♦# ❞❡✜♥✐❝✐*♥ +✐ x ∈ H(λp+ (1− λ)p′, u) +❡ ❝✉♠♣❧❡✿
(λp+ (1− λ)p′).x ≥ e(λp+ (1− λ)p′, u)
!♦# ❧♦ 1❛♥1♦✿
e(λp+ (1− λ)p′, u) ≥ λe(p, u) + (1− λ)e(p′, u) 
❚❡♦#❡♠❛ ✷✾
❉✉❛❧✐❞❛❞✿
❇❛❥♦ ❧♦+ +✉♣✉❡+1♦+ ❞❡ ♥♦ +❛❝✐❡❞❛❞ ❧♦❝❛❧✱ p ∈ Rl++ ② ✉♥❛ ❢✉♥❝✐*♥ ❞❡ ✉1✐❧✐❞❛❞
❝♦♥1✐♥✉❛ +❡ ❝✉♠♣❧❡✿
i) ∀m ≥ 0, x∗ ∈ X(p,m)⇒ x∗ ∈ H(p, u(x∗))
ii) ∀u ∈ ℧, x∗ ∈ H(p, u)⇒ x∗ ∈ X(p, p.x∗)
❈♦♥ ❡+1❡ 1❡♦#❡♠❛ +❡ ❛✜#♠❛ ❡♥1♦♥❝❡+✱ ❡♥ ❧❛ ♣#✐♠❡#❛ ♣❛#1❡✱ :✉❡ ❡❧ x∗ :✉❡ ♠❛①✐♠✐③❛
❧❛ ✉1✐❧✐❞❛❞ ❛ ❧♦+ ♣#❡❝✐♦+ p ② #❡♥1❛ m 1❛♠❜✐>♥ ♠✐♥✐♠✐③❛ ❡❧ ❣❛+1♦ ❛ ❧♦+ ♣#❡❝✐♦+ p
❝♦♥ ✉♥ ♥✐✈❡❧ ❞❡ ✉1✐❧✐❞❛❞ u(x∗)✳
▲❛ +❡❣✉♥❞❛ ♣❛#1❡ ❞❡❧ 1❡♦#❡♠❛ ❡+1❛❜❧❡❝❡ :✉❡ ❡❧ x∗ :✉❡ ♠✐♥✐♠✐③❛ ❡❧ ❣❛+1♦ ❛ ❧♦+
♣#❡❝✐♦+ p ♣❛#❛ ❛❧❝❛♥③❛# ✉♥ ♥✐✈❡❧ ❞❡ ✉1✐❧✐❞❛❞ u 1❛♠❜✐>♥ ♠❛①✐♠✐③❛ ❧❛ ✉1✐❧✐❞❛❞ ❛ ❧♦+
♣#❡❝✐♦+ p ❞❛❞❛ ✉♥❛ #❡♥1❛ p.x∗✳ ❈♦♥ ❡+1❡ 1❡♦#❡♠❛ ❞❡ ❧❛ ❞✉❛❧✐❞❛❞ ❡+ :✉❡ ❛❞:✉✐❡#❡
+❡♥1✐❞♦ ❡❧ ♣#♦❜❧❡♠❛ ❞❡ ❧❛ ♠✐♥✐♠✐③❛❝✐*♥ ❞❡ ❣❛+1♦✱ ②❛ :✉❡ +❡ ❡+1C ❛✜#♠❛♥❞♦ :✉❡
❞✐❝❤♦ ♣#♦❜❧❡♠❛ 1✐❡♥❡ +✉ ❡:✉✐✈❛❧❡♥1❡ ❡♥ ❡❧ ♣#♦❜❧❡♠❛ ❞❡ ❧❛ ♠❛①✐♠✐③❛❝✐*♥ ❞❡ ❧❛
✉1✐❧✐❞❛❞✳
(#✉❡❜❛
✶✳ ❋✐❥❛♠♦+ ✉♥m ≥ 0 ② +✉♣♦♥❣❛♠♦+ :✉❡ x∗ ∈ X(p,m) ♣❡#♦ :✉❡ x∗ /∈ H(p, u(x∗))✳
❙❡ ❡+1❛ ❛✜#♠❛♥❞♦ ❡♥1♦♥❝❡+ ❧♦ +✐❣✉✐❡♥1❡✿
i) ❨❛ :✉❡ x∗ ∈ X(p,m) +❡ ❡+1C +✉♣♦♥✐❡♥❞♦ :✉❡ x∗ ❡+ ❢❛❝1✐❜❧❡ ② ♣♦# ❧♦ 1❛♥1♦✱
❞❛❞♦ ❡❧ ♣#♦❜❧❡♠❛ ❞❡ ❧❛ ♠❛①✐♠✐③❛❝✐*♥ ❞❡ ❧❛ ✉1✐❧✐❞❛❞✱ ✉♥ x∗ ❢❛❝1✐❜❧❡ ❝✉♠♣❧❡
❝♦♥ :✉❡ p.x∗ ≤ m
ii) ❨❛ :✉❡ x∗ ∈ X(p,m) ❡+1❛♠♦+ +✉♣♦♥✐❡♥❞♦ :✉❡ x∗ ❡+ ✉♥ *♣1✐♠♦ ② ♣♦# 1❛♥1♦✿
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✻✼
∀x ∈ Rl+/p.x ≤ m : u(x) ≤ u(x
∗)
❊# ❞❡❝✐(✱ ❛❧ #❡( x∗ ✉♥ .♣0✐♠♦ ❞❡❜❡ ❞❛( ♣♦( ❧♦ ♠❡♥♦# ❧❛ ♠✐#♠❛ ✉0✐❧✐❞❛❞ 4✉❡
❝✉❛❧4✉✐❡( ♦0(♦ x ❢❛❝0✐❜❧❡ (p.x ≤ m)✳
iii) ❨❛ 4✉❡ x∗ /∈ H(p, u(x∗)) ❡# ♣♦(4✉❡ ❡①✐#0❡ ♦0(♦ x˜ 4✉❡ ❡# ❢❛❝0✐❜❧❡✳ ❘❡❝♦(✲
❞❡♠♦# 4✉❡ ❢❛❝0✐❜❧❡ ❡♥ ❡#0❡ ❝❛#♦ ❞❡ ❧❛ ❝♦((❡#♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛ ❝♦♠♣❡♥#❛❞❛
❡# ❛4✉❡❧ 4✉❡ ❞❛ ♣♦( ❧♦ ♠❡♥♦# ✉♥ ♥✐✈❡❧ ❞❡ ✉0✐❧✐❞❛❞ u(x∗) ♣❡(♦ 4✉❡ ❝✉❡#0❛ ♠❡♥♦#
4✉❡ x∗ ❊# ❞❡❝✐(✿
∃x˜ ∈ Rl+/u(x˜) ≥ u(x
∗) ∧ p.x˜ < p.x∗
❙❡ ♥♦0❛ ❡♥0♦♥❝❡# 4✉❡ ✉♥ x∗ 4✉❡ #❛0✐#❢❛❣❛ i) ② iii) ❤❛❝❡ 4✉❡ p.x˜ < p.x∗ = m
② ♣♦( 0❛♥0♦✿ p.x˜ < m✳ ❆ #✉ ✈❡③ ❞❡ ii) ② iii) #❡ 0✐❡♥❡✿
∀x ∈ Rl+/p.x ≤ m : u(x) ≤ u(x˜)
❙❡ 0✐❡♥❡ ❛#C 4✉❡ ♣♦( ❞❡✜♥✐❝✐.♥ x˜ ∈ X(p,m) ❝♦♥ p.x˜ < m ♣❡(♦ ❡#0♦ ✈❛ ❡♥
❝♦♥0(❛ ❞❡ 4✉❡ x∗ #❡❛ ✉♥ .♣0✐♠♦ ② ❞❛(C❛ ❝♦♠♦ (❡#✉❧0❛❞♦ ❞❡ 4✉❡ x∗ /∈ X(p,m)
②❛ 4✉❡ ❡①✐#0❡ ✉♥ x˜ ❝♦♥ ❡❧ ❝✉❛❧ #❡ ❛❧❝❛♥③❛ ❡❧ ♠✐#♠♦ ♥✐✈❡❧ ❞❡ ✉0✐❧✐❞❛❞ 4✉❡ ❝♦♥ x∗
♣❡(♦ ❝♦♥ ❡❧ 4✉❡ ❡# ♥❡❝❡#❛(✐♦ ✉♥ ♠❡♥♦( ❣❛#0♦✳ ❆ #✉ ✈❡③✱ ❡#0♦ ✈❛ ❡♥ ❝♦♥0(❛✈C❛ ❞❡ ❧❛
❧❡② ❞❡ ❲❛❧(❛# ❞❛❞♦ 4✉❡ ❡❧ #✉♣✉❡#0♦ ❞❡ ♥♦ #❛❝✐❡❞❛❞✱ ❡#0❛❜❧❡❝✐❞♦ ❛❧ ✐♥✐❝✐♦✱ ✐♠♣♦♥❡
❝♦♠♦ ❝♦♥❞✐❝✐.♥ ❞❡ 4✉❡ ♥♦ ♣✉❡❞❡ ❡①✐#0✐( ✉♥ x˜ ❝♦♥ ❡❧ 4✉❡ #❡ ♥♦ ❛❣♦0❡ ❧❛ (❡♥0❛ ❡#
❞❡❝✐(✿ ♥♦ ♣✉❡❞❡ ❞❛(#❡ ❡❧ ❝❛#♦ ❞❡ 4✉❡ ∃x˜ :p.x˜ < m 
✷✳ ❋✐❥❛♠♦# ✉♥ u ∈ ℧ ② #✉♣♦♥❣❛♠♦# 4✉❡ x∗ ∈ H(p, u) ♣❡(♦ 4✉❡ x∗ /∈ X(p, p.x∗)✳
❙❡ ❡#0H ❛✜(♠❛♥❞♦ ❡♥0♦♥❝❡# ❧♦ #✐❣✉✐❡♥0❡✿
i) ❨❛ 4✉❡ x∗ ∈ H(p, u) ❡#0❛♠♦# #✉♣♦♥✐❡♥❞♦ 4✉❡ x∗ ❡# ❢❛❝0✐❜❧❡ ② ❝✉♠♣❧❡ ❧♦
#✐❣✉✐❡♥0❡✿ u(x∗) ≥ u
ii) ❨❛ 4✉❡ x∗ ∈ H(p, u) ❡#0❛♠♦# #✉♣♦♥✐❡♥❞♦ 4✉❡ x∗ ❡# ✉♥ .♣0✐♠♦ ② ♣♦( 0❛♥0♦✿
x ∈ Rl+/u(x) ≥ u : p.x ≥ p.x
∗
❊# ❞❡❝✐(✱ ❛❧ #❡( x∗ ✉♥ .♣0✐♠♦✱ ♣❛(❛ ❝✉❛❧4✉✐❡( ♦0(♦ x ❢❛❝0✐❜❧❡ (u(x) ≥ u) ❡❧
❣❛#0♦ ❞❡❜❡ #❡( ♠❛②♦( p.x ≥ p.x∗
iii) ❨❛ 4✉❡ x∗ /∈ X(p, p.x∗) ❡# ♣♦(4✉❡ ❡①✐#0❡ ♦0(♦ x˜ ❝♦♥ ❡❧ 4✉❡ #❡ ❛❧❝❛♥③❛ ✉♥ ❣❛#0♦
♣♦( ❧♦ ♠❡♥♦# ✐❣✉❛❧❀ p.x∗ ≥ p.x˜ ♣❡(♦ 4✉❡ ❜(✐♥❞❛ ♠H# ✉0✐❧✐❞❛❞✿ u(x˜) > u(x∗)✳
❊# ❞❡❝✐(✿
∃x˜ ∈ Rl+/p.x˜ ≤ p.x
∗ ∧ u(x˜) > u(x∗)
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✻✽
❙❡ ♥♦&❛ ❡♥&♦♥❝❡) *✉❡ ✉♥ x∗*✉❡ )❛&✐)❢❛❣❛ i) ② iii) ❤❛❝❡ *✉❡ )❡ ♣✉❡❞❛ ❡)&❛❜❧❡❝❡5
*✉❡ u(x˜) > u✳ ❆ )✉ ✈❡③ ❞❡ ii) ② iii) )❡ &✐❡♥❡✿
∀x ∈ Rl+/u(x) ≥ u : p.x ≥ p.x
∗ ≥ p.x˜
❈♦♥ ❜❛)❡ ❡♥ ❡)&♦ ♣♦❞❡♠♦) ❡)&❛❜❧❡❝❡5 *✉❡✱ ♣♦5 ❞❡✜♥✐❝✐?♥✱ ❡❧ 5❡)✉❧&❛❞♦ ❡)
x˜ ∈ H(p, u) ❝♦♥ u(x˜) > u ♣❡5♦ ❡)&❛ ✈❡ ❡♥ ❝♦♥&5❛❞✐❝❝✐?♥ ❞❡ *✉❡ x∗ )❡❛ ✉♥ ?♣&✐♠♦
② ♣♦5 ❧♦ &❛♥&♦ )❡ ❧❧❡❣❛5@❛ ❛ *✉❡ x∗ /∈ H(p, u) ②❛ *✉❡ ❡①✐)&❡ ✉♥ x˜ *✉❡ ❝✉❡)&❛ ♣♦5
❧♦ ♠❡♥♦) ❧♦ ♠✐)♠♦ *✉❡ x∗ ♣❡5♦ *✉❡ ❜5✐♥❞❛ ♠B) ✉&✐❧✐❞❛❞✳ ❆ )✉ ✈❡③ ❡)&♦ ✈❛ ❡♥
❝♦♥&5❛❞✐❝❝✐?♥ ❞❡❧ &❡♦5❡♠❛ ❞❡ ♥♦ ❡①❝❡)♦ ❞❡ ✉&✐❧✐❞❛❞ *✉❡ )❡ ❞❡)♣5❡♥❞❡ ❞❡❧ )✉♣✉❡)&♦
✐♥✐❝✐❛❧ ❞❡ *✉❡ p ∈ Rl++ 
✶✳✶✺✳ ■♠♣♦'(❛♥❝✐❛ ❞❡ ❧♦0 ♣'❡❝✐♦0 ♠❛②♦'❡0 ❛ ❝❡'♦
② ❧❛ ♥♦ 0❛❝✐❡❞❛❞ ❧♦❝❛❧
❊) ♥❡❝❡)❛5✐♦ ❡)&❛❜❧❡❝❡5 ❧❛ ✐♠♣♦5&❛♥❝✐❛ *✉❡ &✐❡♥❡♥ ❧♦) )✉♣✉❡)&♦) )♦❜5❡ ❧♦)
*✉❡ ❤❡♠♦) ❤❡❝❤♦ ❧❛) ♣5✉❡❜❛) ❛♥&❡5✐♦5❡)✱ ❛ )❛❜❡5✿ ♥♦ )❛❝✐❡❞❛❞ ❧♦❝❛❧ ② ♣5❡❝✐♦)
❡)&5✐❝&❛♠❡♥&❡ ♠❛②♦5❡) ❛ ❝❡5♦✳
◆♦ "❛❝✐❡❞❛❞ ❧♦❝❛❧
❯♥❛ ❢✉♥❝✐?♥ ❞❡ ✉&✐❧✐❞❛❞ *✉❡ ✈✐♦❧❡ ❡❧ ♣5✐♥❝✐♣✐♦ ❞❡ ♥♦ )❛❝✐❡❞❛❞ ❧♦❝❛❧ ✐♠♣❧✐❝❛
❝✉5✈❛) ❞❡ ✐♥❞✐❢❡5❡♥❝✐❛ ❣5✉❡)❛) ②❛ *✉❡ ❞❡ ♥♦ ❝✉♠♣❧✐5)❡ ❧❛ ♥♦ )❛❝✐❡❞❛❞ ❧♦❝❛❧✱ ❡)
♣♦5*✉❡ ♣❛5❛ ✉♥ x ∈ Rl+ ❡①✐)&❡ ✉♥ x
′
❝✉❛❧*✉✐❡5❛✱ &❛❧ *✉❡ x′ ∈ Bε(x)✳ ◆♦ ♦❜)&❛♥&❡✱
❡)&❛ ❝❡)&❛ ❜5✐♥❞❛ ❡❧ ♠✐)♠♦ ♥✐✈❡❧ ❞❡ ✉&✐❧✐❞❛❞✳ ●5B✜❝❛♠❡♥&❡ ❡*✉✐✈❛❧❡ ❛ &❡♥❡5✿
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❊❧ ♣%♦❜❧❡♠❛ +✉❡ -❡ ♣%❡-❡♥/❛ ❡- +✉❡ ❡♥ ❡❧ ❝❛-♦ ❞❡ ❞❛% -♦❧✉❝✐3♥ ❛❧ ♣%♦❜❧❡♠❛ ❞❡
♠❛①✐♠✐③❛❝✐3♥ ❞❡ ✉/✐❧✐❞❛❞ ✭-✉❥❡/♦ ❛ %❡-/%✐❝❝✐♦♥❡- ❞❡ ♣%❡-✉♣✉❡-/♦✮ -❡ ♣%❡-❡♥/❛%9❛
❤♦❧❣✉%❛ ❡♥ ❡❧ ❣❛)*♦ ♣❛%❛ ❛❧❝❛♥③❛% ✉♥ ♥✐✈❡❧ ❞❡ ✉/✐❧✐❞❛❞ u✳ ❊- ❞❡❝✐%✱ -✐ ❜✐❡♥ -❡
%❡-✉❡❧✈❡ ❡❧ ♣%♦❜❧❡♠❛ ❞❡ ♠❛①✐♠✐③❛❝✐3♥ ❞❡ ❧❛ ✉/✐❧✐❞❛❞ ② ♣♦% /❛♥/♦ -❡ ❡♥❝✉❡♥/%❛
✉♥ x∗ ∈ X(p,m) ♥♦ ♦❜-/❛♥/❡✱ +✉❡❞❛ -✐♥ %❡-♦❧✈❡% ❡❧ ♣%♦❜❧❡♠❛ ❞❡ ❧❛ ♠✐♥✐♠✐③❛❝✐3♥
❣❛-/♦ ②❛ +✉❡ ♥♦ ❡- ♣♦-✐❜❧❡ ❡♥❝♦♥/%❛% ✉♥ -♦❧♦ ♠✐♥✐♠✐③❛❞♦% ♣❛%❛ ❛❧❝❛♥③❛% ✉♥ ♥✐✈❡❧
❞❡ ✉/✐❧✐❞❛❞ u ❝♦♠♦ -❡ ♦❜-❡%✈❛ ❡♥ ❡❧ -✐❣✉✐❡♥/❡ ❣%❛✜❝♦✳
●!"✜❝♦ ✶✶
 !❡❝✐♦& ♠❛②♦!❡& ❛ ❝❡!♦
❙✉♣♦♥❣❛♠♦- +✉❡ ♥♦ /♦❞♦- ❧♦- ♣%❡❝✐♦- ❝✉♠♣❧❡♥ ❡❧ ♣%✐♥❝✐♣✐♦ ❞❡ p ∈ Rl++ ②
+✉❡ ❡①✐-/❡ ✉♥ ❜✐❡♥ ♣❛%❛ ❡❧ ❝✉❛❧ ❡❧ ♣%❡❝✐♦ ❡- ❝❡%♦✱ ❡- ❞❡❝✐% p = 0✳ ❊♥ ❡-/❡ ❝❛-♦
❡-/❛%9❛♠♦- ♣♦-/✉❧❛♥❞♦ ✉♥ ❜✐❡♥ +✉❡ ❡- ❣%❛/✐- ② ♣♦% /❛♥/♦✱ ❜❛❥♦ ❡❧ -✉♣✉❡-/♦ ❞❡ ♥♦
-❛❝✐❡❞❛❞ ❧♦❝❛❧✱ ❡❧ ❝♦♥-✉♠♦ ❞❡ ❞✐❝❤♦ ❜✐❡♥ -❡%9❛ ✐♥✜♥✐/♦✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✼✵
"♦$ ♦%$❛ ♣❛$%❡✱ *✐ ✈❛♠♦* ❛❧ ❝❛*♦ ❞❡ R
2
❧❛ $❡❝%❛ ♣$❡*✉♣✉❡*%❛❧ ❡* p1x1+p2x2 =
m ♣❡$♦ ❜❛❥♦ ❡❧ *✉♣✉❡*%♦ ❞❡ 4✉❡✱ ♣♦$ ❡❥❡♠♣❧♦✱ p2 = 0 *❡ %❡♥❞$6❛ ✉♥❛ $❡❝%❛
p1x1 = m ❝✉②❛ ♣❡♥❞✐❡♥%❡ ②❛ ♥♦ *❡$✐❛ −
p1
p2
②❛ 4✉❡ ❜❛❥♦ ❡❧ *✉♣✉❡*%♦ ❞❡ p2 = 0 *❡
✈✉❡❧✈❡ ✐❣✉❛❧ ❛∞✳ "♦$ ❧♦ %❛♥%♦✱ ❡♥ ❡*%❡ ❝❛*♦✱ *✐❡♠♣$❡ ❡❧ ❛❣❡♥%❡ ❛❣❡♥%❡ ❝♦♥*✉♠✐❞♦$
✈❛ ❛ %$❛%❛$ ❞❡ ♠❛①✐♠✐③❛$ *✉ ✉%✐❧✐❞❛❞ ❝♦♥ ❜❛*❡ ❡♥ ❡❧ ❜✐❡♥ ❣$❛%✐* ② ♥♦ ❝♦♥*✉♠✐$<
❞❡❧ ❜✐❡♥ x1✳ ❆*6✱ ❡♥ ❧❛ ♣$❡*❡♥❝✐❛ ❞❡ ❜✐❡♥❡* ❣$❛%✐*✱ ♥✉♥❝❛ ♠❛①✐♠✐③❛$< *✉ ✉%✐❧✐❞❛❞
② ❡❧ $❡*✉❧%❛❞♦ *❡$6❛✿ X(p, p.x∗) = ∅✳
"♦$ ♦%$❛ ♣❛$%❡✱ *✐ ❜✐❡♥ ❡①✐*%❡ ✉♥ x∗ 4✉❡ ♠✐♥✐♠✐③❛ ❡❧ ❣❛*%♦✱ ②❛ 4✉❡ ❡❧ ❣❛*%♦
♠6♥✐♠♦ ✈❛ ❛ *❡$ ✐❣✉❛❧ ❛ ❝❡$♦✱ *✐❡♠♣$❡ *❡$< ♣♦*✐❜❧❡ ♦❜%❡♥❡$ ♠❛②♦$ ♥✐✈❡❧ ❞❡ ✉%✐❧✐❞❛❞
❛ u ② ♣♦$ ❧♦ %❛♥%♦✱ ❤❛② ❤♦❧❣✉%❛ ❡♥ ❡❧ ♥✐✈❡❧ ❞❡ ✉,✐❧✐❞❛❞✳
❈♦♥ ❜❛*❡ ❡♥ ❧♦ ❛♥%❡$✐♦$ *❡ ❞❡*♣$❡♥❞❡ ✉♥ $❡*✉❧%❛❞♦ ❝❧❛✈❡✳ ❙✐ ✉♥ ❝♦♥*✉♠✐❞♦$
❡*%< ♠❛①✐♠✐③❛♥❞♦ *✉ ✉%✐❧✐❞❛❞ ② ♥♦ ❡①✐*%❡ ❝♦♥*✉♠♦ ❞❡ *❛❝✐❡❞❛❞ ❡♥ *✉ ❝♦♥❥✉♥%♦
❞❡ ❝♦♥*✉♠♦✱ ❡♥%♦♥❝❡* ❡❧ $❡*✉❧%❛❞♦ ❡* 4✉❡ ♥♦ %♦❞❛* ❧❛* ♠❡$❝❛♥6❛* ♣✉❡❞❡♥ *❡$
❣$❛%✉✐%❛* ♦ %❡♥❡$ ♣$❡❝✐♦ ❝❡$♦ ✭▲♦③❛♥♦✱ ▼♦♥*❛❧✈❡ ② ❱✐❧❧❛ ✭✶✾✾✾✿✹✽✮✳
●!"✜❝♦ ✶✷
❈♦"♦❧❛"✐♦ ✼
✶✳ ❙✐ "❡ ❝✉♠♣❧❡ ❡❧ "✉♣✉❡")♦ ❞❡ ♥♦ "❛❝✐❡❞❛❞ ❧♦❝❛❧ ❡♥)♦♥❝❡" ∀p ∈ Rl++, ∀u ∈
℧, ∀m ∈ Rl++ "❡ ❝✉♠♣❧❡✿
i) e(p, v(p,m)) ≡ m
ii) v(p, e(p, u)) ≡ u
▲❛ ♣0✐♠❡0❛ ♣❛0)❡ ❡"♣❡❝1✜❝❛ 3✉❡ ❡❧ ❣❛")♦ ♠1♥✐♠♦ ♥❡❝❡"❛0✐♦ ♣❛0❛ ❛❧❝❛♥③❛0 ❡❧ ♥✐✈❡❧
❞❡ ✉)✐❧✐❞❛❞ v(p,m) ❡" ♣0❡❝✐"❛♠❡♥)❡ m✳ ❈♦♥ ❧❛ "❡❣✉♥❞❛ ♣❛0)❡ "❡ ❡"♣❡❝1✜❝❛ 3✉❡
❧❛ ✉)✐❧✐❞❛❞ ♠9①✐♠❛ ❣❡♥❡0❛❞❛ ♣♦0 ❧❛ 0❡♥)❛ e(p, u) ❡" u✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✼✶
✷✳ ❙✐ u(x) ❡% ❡%&'✐❝&❛♠❡♥&❡ ❝✉❛%✐❝-♥❝❛✈❛ %❡ ❝✉♠♣❧❡ ❧♦ %✐❣✉✐❡♥&❡✿
i) h(p, v(p,m)) ≡ x(p,m)
ii) x(p, e(p, u)) ≡ h(p, u)
▲❛ ♣'✐♠❡'❛ ♣❛'&❡ ❡%&❛❜❧❡❝❡ 6✉❡ ❧❛ ❞❡♠❛♥❞❛ ❝♦♠♣❡♥%❛❞❛ ✭❤✐❝❦%✐❛♥❛✮ ❝♦''❡%♣♦♥✲
❞✐❡♥&❡ ❛❧ ♥✐✈❡❧ ❞❡ ✉&✐❧✐❞❛❞ v(p,m) ❡% ❡6✉✐✈❛❧❡♥&❡ ❛ ❧❛ ❞❡♠❛♥❞❛ ♥♦ ❝♦♠♣❡♥%❛❞❛
✭♠❛'%❤❛❧❧✐❛♥❛✮ ❝♦''❡%♣♦♥❞✐❡♥&❡ ❛ ❧❛ '❡♥&❛ m✳ ▲❛ %❡❣✉♥❞❛ ♣❛'&❡ ❡%&❛❜❧❡❝❡ 6✉❡
❧❛ ❞❡♠❛♥❞❛ ♥♦ ❝♦♠♣❡♥%❛❞❛ ✭♠❛'%❤❛❧❧✐❛♥❛✮ ❝♦''❡%♣♦♥❞✐❡♥&❡ ❛❧ ♥✐✈❡❧ ❞❡ '❡♥&❛
e(p, u) ❡% ❡6✉✐✈❛❧❡♥&❡ ❛ ❧❛ ❞❡♠❛♥❞❛ ❝♦♠♣❡♥%❛❞❛ ✭❤✐❝❦%✐❛♥❛✮ ❝♦''❡%♣♦♥❞✐❡♥&❡ ❛❧
♥✐✈❡❧ ❞❡ ✉&✐❧✐❞❛❞ u✳
✶✳✶✻✳ ❊♥❢♦'✉❡ ❞❡+❞❡ ❡❧ ❛♥.❧✐+✐+ ❞✐❢❡0❡♥❝✐❛❧
❊♥ ♥❡❝❡%❛'✐♦ '❡❝♦'❞❛' 6✉❡ ♥✉❡%&'❛ ❢✉♥❝✐-♥ ❞❡ ✉&✐❧✐❞❛❞ ❡%&@ ❞❡✜♥✐❞❛ ❝♦♠♦
U(x) : Rl+ → R✳ ❊%&❛ ❢✉♥❝✐-♥ ❞❡ ✉&✐❧✐❞❛❞ ❝♦♥&✐♥✉❛✱ ❝✉❛%✐❝-♥❝❛✈❛✱ ♠♦♥-&♦♥❛
② ❞❡✜♥✐❞❛ %♦❜'❡ R
l
++ ♣❛'❛ %♦❧✉❝✐♦♥❡% ✐♥&❡'✐♦'❡%✱ ❧❡ ✈❛♠♦% ❛ ❛❣'❡❣❛' ❛❤♦'❛ ❡❧
%✉♣✉❡%&♦✿
u(x) ≥ u(0)
▼@% ❢♦'♠❛❧♠❡♥&❡✿
℧
0 = int℧ = (u(0), supx∈Rl
+
u(x))
❈♦♥ ❜❛%❡ ❛ ❧♦% &❡♦'❡♠❛% ❡%&❛❜❧❡❝✐❞♦% ❛♥&❡%✱ ❡% ♣♦%✐❜❧❡ ❛✜'♠❛' ❡♥&♦♥❝❡% 6✉❡
❧❛% %✐❣✉✐❡♥&❡% ❢✉♥❝✐♦♥❡% ❞❡ ❞❡♠❛♥❞❛✿
x : Rl++ × R++ → R
l
++
h : Rl++ × ℧
0 → Rl++
%♦♥ ❢✉♥❝✐♦♥❡% F♥✐❝❛% ② ❡%&@♥ ❞❡✜♥✐❞❛% ❡♥ ❡❧ ✐♥&❡'✐♦'✳ ❈♦♥ ❧♦ ❛♥&❡'✐♦'✱ %❡ ♣✉❡❞❡
❛✜'♠❛' ♣♦' ❞✉❛❧✐❞❛❞ 6✉❡ h(p, u) ❡% ❞✐❢❡'❡♥❝✐❛❜❧❡ ②❛ 6✉❡ x(p,m) ❡% ❞✐❢❡'❡♥❝✐❛❜❧❡✳
▼@% ❡①❛❝&❛♠❡♥&❡✿
∀(p, u) ∈ Rl++ × ℧
0 → x = h(p, u)
❙✐ ② %-❧♦ %H✿
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✼✷
∃µ > 0 "❛❧ %✉❡ (❛"✐(❢❛❝❡✿ p = µDu(x) ② u(x) = u✳ ❉♦♥❞❡ ❡("❛( ♣4♦♣✐❡❞❛❞❡(
✈✐❡♥❡♥ ❞❡ ❧❛ (♦❧✉❝✐6♥ ❛❧ ♣4♦❜❧❡♠❛ ❞❡ ❧❛ ♠✐♥✐♠✐③❛❝✐6♥ ❞❡ ❣❛("♦✿
min p.x s.a u(x) = u
❊("❡ ♣4♦❜❧❡♠❛ ❞❡ ♠❛①✐♠✐③❛❝✐6♥ ❝♦♥ 4❡("4✐❝❝✐♦♥❡(✱ (❡ 4❡(✉❡❧✈❡ ♠❡❞✐❛♥"❡ ❧❛
❝♦♥❞✐❝✐♦♥❡( ♣❛4❛ ✉♥ 6♣"✐♠♦ ❞❡❧ (✐❣✉✐❡♥"❡ ❧❛❣4❛♥❣✐❛♥♦✿
L =p.x+ µ(u(x)− u)
❈♦♥❞✐❝✐♦♥❡( ❞❡ ♣4✐♠❡4 ♦4❞❡♥ ✭❈✳@✳❖✮ ♣❛4❛ ✉♥ 6♣"✐♠♦✿
∂L
∂x
: p = µDu(x)
∂L
∂µ
: u(x) = u
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥"❛ %✉❡ h(p, u) ❡( ❞✐❢❡4❡♥❝✐❛❜❧❡ ② %✉❡ x = h(p, u) ✈❛♠♦(
❡♥"♦♥❝❡( ❛ ❞❡✜♥✐4 ❧♦( "❡♦4❡♠❛( %✉❡ ❡♥ ❡❧ ♠✉♥❞♦ ❞✐❢❡4❡♥❝✐❛❧ (❡ "✐❡♥❡♥ ♣❛4❛ ❡❧
♣4♦❜❧❡♠❛ ❞❡ ❧❛ ♠✐♥✐♠✐③❛❝✐6♥ ❞❡❧ ❣❛("♦✳
❚❡♦#❡♠❛ ✸✵
∀(p, u) ∈ Rl++ × ℧
0
❧❛ ❢✉♥❝✐6♥ ❞❡ ❣❛("♦ e : Rl++ × ℧
0 → Rl++ ❡( ❞✐❢❡4❡♥❝✐❛❜❧❡✳
(#✉❡❜❛
❘❡❝♦4❞❡♠♦( %✉❡ e(p, u) = p.h(p, u)) ② ②❛ %✉❡ h(p, u) ❡( ❞✐❢❡4❡♥❝✐❛❜❧❡✱ e(p, u)
"❛♠❜✐F♥ ❡( ❞✐❢❡4❡♥❝✐❛❜❧❡ ♣♦4 ❡❧ "❡♦4❡♠❛ ❞❡❧ ♠G①✐♠♦✳ 
❚❡♦#❡♠❛ ✸✶
∀p ∈ Rl++, ∀u ∈ ℧
0, ∀l ∈ {1, 2, ..., L} (❡ ❝✉♠♣❧❡✿
∂e
∂pl
(p, u) = hl(p, u)
▲❛ ♥♦"❛❝✐6♥ ♠❛"4✐❝✐❛❧ (❡4I❛✿
(∀p, ∀u : Dpe(p, u) = h(p, u))
❊("❡ "❡♦4❡♠❛ 4❡❝✐❜❡ ❡❧ ♥♦♠❜4❡ ❞❡ ▲❡♠❛ ❞❡ ❙❤❡♣❛4❞ ✭✶✾✺✸✮✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✼✸
 !✉❡❜❛
❙❡ ✜❥❛ ✉♥ (p, u) ∈ Rl++✳ *♦, ❞❡✜♥✐❝✐0♥✿
e(p, u) = p.h(p, u)
❉❡,✐✈❛♥❞♦ ,❡4♣❡❝6♦ ❛ pl✿
∂e
∂pl
(p, u) = hl(p, u) +
L∑
k=1
∂hk(p, u)
∂pl
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥(❛ *✉❡ x = h(p, u) ② *✉❡ ❛❞❡♠-. u(x) = u .❡ (✐❡♥❡ ❡♥(♦♥❝❡.✿
u(h(p, u) = u
❉❡1✐✈❛♥❞♦ ♣❛1❝✐❛❧♠❡♥(❡ ❝♦♥ 1❡.♣❡❝(♦ ❛ pl .❡ (✐❡♥❡✿
L∑
k=1
∂u(h(p, u))
∂xk
.
∂hk(p, u)
∂pl
= 0
❘❡❝♦1❞❡♠♦. ❛❞❡♠-. ❧❛. ❈✳8✳❖ ❞❡❧ ♣1♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛❝✐<♥✿
p = µDu(x)
Du(x) =
p
µ(p, u)
▲❧❡✈❛♥❞♦ ❧❛. ❈✳8✳❖ ❛ ❧❛ ❡①♣1❡.✐<♥ ❛♥(❡1✐♦1 .❡ ❧❧❡❣❛ ❛✿
1
µ(p, u)
L∑
k=1
pk
∂hk(p, u)
∂pl
= 0
❊①✐.(❡♥ ❡♥(♦♥❝❡. ❞♦. ♣♦.✐❜✐❧✐❞❛❞❡. ♣❛1❛ ❧❛ ✐❣✉❛❧❞❛❞✿
1
µ(p, u)
= 0
L∑
k=1
pk
∂hk(p, u)
∂pl
= 0
8♦1 ❡❧ ♠A(♦❞♦ ❞❡ ▲❛❣1❛♥❣❡ ❡. ♥❡❝❡.❛1✐♦ *✉❡ µ(p, u) 6= 0 ② ♣♦1 ❧♦ (❛♥(♦
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✼✹
1
µ(p,u) 6= 0✳ ❆❞❡♠'( ②❛ +✉❡ pk 6= 0 (❡ -✐❡♥❡ ❡♥-♦♥❝❡( ❝♦♠♦ 2♥✐❝❛ ♦♣❝✐4♥✿
L∑
k=1
∂hk(p, u)
∂pl
= 0
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥-❛ ❡❧❧♦✱ ❧❛ ❡①♣:❡(✐4♥ ✐♥✐❝✐❛❧✿
∂e
∂pl
(p, u) = hl(p, u) +
L∑
k=1
∂hk(p, u)
∂pl
❙❡ ❝♦♥✈✐❡:-❡ ❡♥✿
∂e
∂pl
(p, u) = hl(p, u)
❊!"❡ ❡! ♣%❡❝✐!❛♠❡♥"❡ ❡❧ ▲❡♠❛ ❞❡ ❙❤❡♣❛%❞
✷✷
✳ 
❈♦"♦❧❛"✐♦ ✽
❙✐ ❧❛ ❢✉♥❝✐3♥ ❞❡ ❣❛!"♦ e(p, u) ❡! ❝3♥❝❛✈❛ ❡♥ ♣%❡❝✐♦!✱ ❡♥"♦♥❝❡! ❧❛ ❢✉♥❝✐3♥ ❞❡
❞❡♠❛♥❞❛ ❝♦♠♣❡♥!❛❞❛ h(p, u) ❡! ❞❡ ♣❡♥❞✐❡♥"❡ ♥❡❣❛"✐✈❛✳ ❊! ❞❡❝✐%✿ !❡ ❝✉♠♣❧❡ ❡❧
"❡♦%❡♠❛ ❢✉♥❞❛♠❡♥"❛❧ ❞❡ ❧❛ "❡♦%9❛ ❞❡❧ ❝♦♥!✉♠✐❞♦%✿
∂hi(p, u)
∂pi
< 0
'"✉❡❜❛
❉❡❜✐❞♦ ❛ <✉❡ e(p, u) ❡! ❝3♥❝❛✈❛ !❡ "✐❡♥❡ <✉❡ ❧❛ ♠❛"%✐③ ❞❡ !❡❣✉♥❞❛! ❞❡%✐✈❛❞❛!
♦ ♠❛"%✐③ ❤❡!!✐❛♥❛ ❡! !❡♠✐❞❡✜♥✐❞❛ ♥❡❣❛"✐✈❛ ② ❛!9 !✉! ♠❡♥♦%❡! ♣%✐♥❝✐♣❛❧❡! !♦♥
♥❡❣❛"✐✈♦!✳ ❊!♦! ♠❡♥♦%❡! ♣%✐♥❝✐♣❛❧❡! ✈❛♥ ❛ !❡% ♣%❡❝✐!❛♠❡♥"❡
∂hi(p,u)
∂pi
♣♦% ❡❧ ❧❡♠❛
❞❡ ❙❤❡♣❛%❞✳
❚❡♦"❡♠❛ ✸✷
∀p, u !❡ ❝✉♠♣❧❡✿
Dph(p, u) = D
2
ppe(p, u)
❊! ✉♥❛ ♠❛"%✐③ !✐♠@"%✐❝❛✱ !❡♠✐❞❡✜♥✐❞❛ ♥❡❣❛"✐✈❛✱ !✐♥❣✉❧❛% ② ❞❡ %❛♥❣♦ L− 1✳
✷✷
❊❧ ❧❡❝$♦& ♣✉❡❞❡ ♥♦$❛& ,✉❡ ❡❧ $❡♦&❡♠❛ ❡. ✉♥❛ ❛♣❧✐❝❛❝✐0♥ ❞✐&❡❝$❛ ❞❡❧ $❡♦&❡♠❛ ❞❡ ❧❛ ❡♥✈♦❧✈❡♥$❡✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✼✺
 !✉❡❜❛
"♦$ ❡❧ ❧❡♠❛ ❞❡ ❙❤❡♣❛$❞ -❡ .✐❡♥❡ 1✉❡ Dpe(p, u) = h(p, u)✳ ❆❤♦$❛✱ ②❛ 1✉❡
e(p, u) ❝✉♠♣❧❡ ❧❛ ♣$♦♣✐❡❞❛❞ ❞❡ -❡$ ✉♥❛ ❢✉♥❝✐9♥ ❝9♥❝❛✈❛✱ ❧❛ ♠❛.$✐③ ❞❡ -❡❣✉♥❞❛-
❞❡$✐✈❛❞❛- ❞❡ e(p, u) ❡- -❡♠✐❞❡✜♥✐❞❛ ♥❡❣❛.✐✈❛ ② ❛❞❡♠>-✱ ♣♦$ -❡$ ✉♥❛ ♠❛.$✐③ ❞❡
-❡❣✉♥❞❛- ❞❡$✐✈❛❞❛- ♦ ♠❛.$✐③ ❍❡--✐❛♥❛✱ ❡- ✉♥❛ ♠❛.$✐③ -✐♠@.$✐❝❛ ♣♦$ ❡❧ .❡♦$❡♠❛
❞❡ ❨♦✉♥❣✳ 
❊- ♥❡❝❡-❛$✐♦ $❡❝♦$❞❛$ 1✉❡ ❧❛ ❢✉♥❝✐9♥ ❞❡ ❣❛-.♦ .❛♠❜✐@♥ ❡-.❛ ❞❡✜♥✐❞❛ ❝♦♠♦
e(p, u) = p.h(p, u) ② ♣♦$ ❧♦ .❛♥.♦✱ ❧❛ ♠❛.$✐③ ❞❡ -❡❣✉♥❞❛- ❞❡$✐✈❛❞❛- ❞❡ ❧❛ ❢✉♥❝✐9♥
❞❡ ❣❛-.♦ ✈❛ ❛ ❡-.❛$ ❢♦$♠❛❞❛ ♣♦$ ❧♦- ❝❛♠❜✐♦- 1✉❡ ❡①♣❡$✐♠❡♥.❛♥ ❧❛- ❞❡♠❛♥❞❛-
❝♦♠♣❡♥-❛❞❛- ❛❧ ✈❛$✐❛$ ❧♦- ♣$❡❝✐♦-✳ ❊-.❛ ♠❛.$✐③ ❡- ❡♥.♦♥❝❡- ❧❛ ♠❛.$✐③ ❞❡ ❡❢❡❝.♦
-✉-.✐.✉❝✐9♥ ②❛ 1✉❡✱ ♣♦$ ❞❡✜♥✐❝✐9♥✱ ❡♥ ❧❛- ❞❡♠❛♥❞❛- ❝♦♠♣❡♥-❛❞❛- -❡ ❝♦♠♣❡♥-❛ ❧❛
$❡♥.❛ ❝✉❛♥❞♦ -❡ ❛❧.❡$❛ ❡❧ ♣$❡❝✐♦ ♣❛$❛ ♠❛♥.❡♥❡$ ✉♥ ♥✐✈❡❧ ❞❡ ✉.✐❧✐❞❛❞ ❝♦♥-.❛♥.❡ ②
♣♦$ .❛♥.♦✱ ❧❛- ♣$♦♣✐❡❞❛❞❡- ❞❡ ❧❛ ♠❛.$✐③ Dph(p, u) = D
2
ppe(p, u) -♦♥ ❡1✉✐✈❛❧❡♥.❡-
❛ ❧❛- ❞❡ ❧❛ ♠❛.$✐③ ❞❡ ❡❢❡❝.♦ -✉-.✐.✉❝✐9♥ S ❞❡ ❙❧✉.-❦② ❞❡✜♥✐❞❛ ❛♥.❡-✳
❚❡♦!❡♠❛ ✸✸
∀p, u, ∀l, k ∈ {1, 2, ..., L} -❡ ❝✉♠♣❧❡✿
∂hk(p, u)
∂pk
=
∂xl(p,m)
∂pk
+ xk(p,m)
∂xl(p,m)
∂m
❝♦♥ m = e(p, u)
▲❛ ♥♦.❛❝✐9♥ ❡♥ ❢♦$♠❛ ♠❛.$✐❝✐❛❧ -❡$H❛✿
∀p, u :
(
Dph(p, u) = Dpx(p,m) +Dmx(p,m)x
T (p,m)
)
❊-.❡ .❡♦$❡♠❛ -❡ ❝♦♥♦❝❡ ♥✉❡✈❛♠❡♥.❡ ❝♦♠♦ ❧❛ ❊❝✉❛❝✐9♥ ❞❡ ❙❧✉.-❦② ② ♥♦ ❡-
.$✐✈✐❛❧ 1✉❡ -❡ ❤✉❜✐❡$❛ ❧❧❡❣❛❞♦ ♥✉❡✈❛♠❡♥.❡ ❛ @❧ ♣♦$ ❧❛ ✈H❛ ❞❡❧ ♣$♦❜❧❡♠❛ ❞❡ ❧❛
❞❡♠❛♥❞❛ ❝♦♠♣❡♥-❛❞❛ ♦ ❤✐❝❦-✐❛♥❛✳ ▼>- ❛❜❛❥♦ ❡①♣❧✐❝❛♠♦- ❛ 1✉@ ♥♦- $❡❢❡$✐♠♦-✳
 !✉❡❜❛
"♦$ ❡❧ ❝♦$♦❧❛$✐♦ ✼ -❡ .✐❡♥❡✿
hl(p, u) = xl(p, e(p, u))
❉❡$✐✈❛♥❞♦ ♣❛$❝✐❛❧♠❡♥.❡ $❡-♣❡❝.♦ ❛ pk✿
∂hl(p, u)
∂pk
=
∂xl(p, e(p, u))
∂pk
+
∂xl(p, e(p, u))
∂m
.
∂e(p, u)
∂pk
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✼✻
"♦$ ❡❧ ❧❡♠❛ ❞❡ ❙❤❡♣❛$❞ -❡ .✐❡♥❡✿
∂e(p, u)
∂pk
= hk(p, u)
"♦$ .❛♥.♦✿
∂hl(p, u)
∂pk
=
∂xl(p, e(p, u))
∂pk
+ hk(p, u)
∂xl(p, e(p, u))
∂m
◆✉❡✈❛♠❡♥.❡ ♣♦$ ❡❧ ❝♦$♦❧❛$✐♦ ✼ -❡ .✐❡♥❡✿
hk(p, u) = xk(p, e(p, u))
❙❡ ❧❧❡❣❛ ❡♥.♦♥❝❡-✿
∂hl(p, u)
∂pk
=
∂xl(p, e(p, u))
∂pk
+ xk(p, e(p, u))
∂xl(p, e(p, u))
∂m
❇❛❥♦ ❡❧ -✉♣✉❡-.♦ ❞❡ 9✉❡ m = e(p, u) -❡ ❧❧❡❣❛ ✜♥❛❧♠❡♥.❡✿
∂hk(p, u)
∂pk
=
∂xl(p,m)
∂pk
+ xk(p,m)
∂xl(p,m)
∂m

✶✳✶✼✳ ▲❛ ❡&✉✐✈❛❧❡♥❝✐❛ ❞❡ ❧♦/ ❡♥❢♦&✉❡/ ❞❡ ❍✐❝❦/ ②
❙❧✉5/❦②
❈♦"♦❧❛"✐♦ ✾
❚❡♥✐❡♥❞♦ ❡❧ ❝✉❡♥.❛ ❡❧ .❡♦$❡♠❛ ❛♥.❡$✐♦$✿
i) Dph(p, u) = Dpx(p,m) +Dmx(p,m)x
T (p,m)
❚♦♠❛♥❞♦ ❞❡ ♥✉❡✈♦ ❧♦ 9✉❡ -❡ ❤❛ ❞❡✜♥✐❞♦ ❝♦♠♦ ❡❧ ❛♣♦$.❡ ❞❡ ❙❧✉.-❦②✱ ❡♥ ❡❧ ♣$♦✲
❜❧❡♠❛ ❞❡ ❧❛ ♠❛①✐♠✐③❛❝✐C♥ ❞❡ ❧❛ ✉.✐❧✐❞❛❞✱ -❡ .✐❡♥❡✿
ii)Dpx(p,m) = S(p,m)−Dmx(p,m)x
T (p,m)
◆C.❡-❡ ❡♥.♦♥❝❡- ❧♦ -✐❣✉✐❡♥.❡✿
iii) S(p,m) = Dpx(p,m) +Dmx(p,m)x
T (p,m)
"♦$ ❧♦ .❛♥.♦ ❞❡ i) ② iii) -❡ ❝✉♠♣❧❡✿
S(p,m) = Dph(p, u)
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✼✼
❊" ❞❡❝✐'✱ ❝♦♥ ❧♦" ,❡♦'❡♠❛" ❡",❛❜❧❡❝✐❞♦" ❤❛",❛ ❡❧ ♠♦♠❡♥,♦ ♣♦❞❡♠♦" ❛✜'♠❛'
3✉❡ ❧♦" ❛♣♦',❡" ❞❡ ❙❧✉,"❦② ② ❍✐❝❦" "♦♥ ❡3✉✐✈❛❧❡♥,❡" ❝♦♠♦ ❛♣'♦①✐♠❛❝✐♦♥❡" ♣❛'❛
❡"♣❡❝✐✜❝❛' ❧♦ 3✉❡ "❡ ❞❡♥♦♠✐♥❛ ❡❧ ❡❢❡❝,♦ "✉",✐,✉❝✐<♥✳
❙❡ ♣✉❡❞❡ ♦❜"❡'✈❛' ❡♥,♦♥❝❡" 3✉❡ ❍✐❝❦" ❛❧ ✐❣✉❛❧ 3✉❡ ❙❧✉,"❦② ❞✐✈✐❞❡ ❧❛" ✈❛'✐❛✲
❝✐♦♥❡" ❞❡ ❧❛ ❞❡♠❛♥❞❛ ❛♥,❡ ❝❛♠❜✐♦" ❡♥ ❧♦" ♣'❡❝✐♦" ❡♥ ❞♦" ❝♦♠♣♦♥❡♥,❡"✿
∂xl(p,m)
∂pk
=
∂hk(p, u)
∂pk
− xk(p,m)
∂xl(p,m)
∂m
▲❛ ❞✐❢❡'❡♥❝✐❛ ❝♦♥ '❡"♣❡❝,♦ ❛ ❙❧✉,"❦② ❡" 3✉❡ ❛♣'♦①✐♠❛ ❡❧ ❡❢❡❝,♦ "✉",✐,✉❝✐<♥
♠❡❞✐❛♥,❡ ❧❛" ❞❡♠❛♥❞❛" ❝♦♠♣❡♥"❛❞❛" ✭♦ ❤✐❝❦"✐❛♥❛"✮✱
∂hk(p,u)
∂pk
✱ ②❛ 3✉❡ ❡♥ ❡",❛"
❞❡♠❛♥❞❛" ❤❛② ✉♥❛ '❡♥,❛ ✐♠♣❧D❝✐,❛ 3✉❡ ❝♦♠♣❡♥"❛ ❧❛ '❡♥,❛ ♣❛'❛ ♠❛♥,❡♥❡' ✉♥
♥✐✈❡❧ ❞❡ ✉,✐❧✐❞❛❞ ❝♦♥",❛♥,❡
✷✸
✳ ▲❛ ♦,'❛ ♣❛',❡ ❡♥ 3✉❡ ❞✐✈✐❞❡ ❧❛ ✈❛'✐❛❝✐<♥ ❞❡ ❧❛
❞❡♠❛♥❞❛✱ ❡" ❧♦ 3✉❡ "❡ ❞❡♥♦♠✐♥❛ ❡❢❡❝,♦ '❡♥,❛✱ xk(p,m)
∂xl(p,m)
∂m
✳ ◆♦ ♦❜",❛♥,❡✱
❤❡♠♦" ❝♦♠♣'♦❜❛❞♦ ❛♥,❡'✐♦'♠❡♥,❡ 3✉❡ ❧❛" ❞♦" ❛♣'♦①✐♠❛❝✐♦♥❡" "♦♥ ❡3✉✐✈❛❧❡♥,❡"✳
❯♥❛ ♣'✉❡❜❛ ♠G" ❢♦'♠❛❧ ❧❛ ♣'❡"❡♥,❛♠♦" ❛ ❝♦♥,✐♥✉❛❝✐<♥✳
 !✉❡❜❛
❙✉♣♦♥❣❛♠♦" 3✉❡ "❡ ,✐❡♥❡ ✉♥❛ ❢✉♥❝✐<♥ ❞❡ ✉,✐❧✐❞❛❞ u(·) ② "❡ ❡",G ❡♥ ✉♥❛ ♣♦"✐✲
❝✐<♥ ✐♥✐❝✐❛❧ ❛ ✉♥♦" ♣'❡❝✐♦" ② '❡♥,❛ (p¯, m¯) ❝♦♥ ✉♥❛ ❝❛♥,✐❞❛❞ ❞❡♠❛♥❞❛ x¯ = x(p¯, m¯)✳
❆❤♦'❛✱ "✉♣<♥❣❛"❡ 3✉❡ ❝❛♠❜✐❛♥ ❧♦" ♣'❡❝✐♦" ❛ p′ ② "❡ 3✉✐❡'❡ ❝❛♠❜✐❛' ❡❧ ♥✐✈❡❧ ❞❡ '❡♥✲
,❛ ❝♦♥ ❡❧ ✜♥ ❞❡ ❝♦♠♣❡♥"❛' ❡❧ ❝❛♠❜✐♦ ♣'♦✈♦❝❛❞♦ ♣♦' ❧❛ ✈❛'✐❛❝✐<♥ ❡♥ ❧♦" ♣'❡❝✐♦"✳ ❊♥
♣'✐♥❝✐♣✐♦ ❧❛ ❝♦♠♣❡♥"❛❝✐<♥ ♣✉❡❞❡ "❡' ❞❡ ❞♦" ❢♦'♠❛"✳ ❈❛♠❜✐❛♥❞♦ ❧❛ '❡♥,❛ ♣♦' ✉♥❛
❝❛♥,✐❞❛❞ ✐❣✉❛❧ ❛ △mSlutsky = p
′.x(p¯, m¯)− m¯ 3✉❡ ♣❡'♠✐,✐'D❛ ❛❧ ❝♦♥"✉♠✐❞♦' ❛❞✲
3✉✐'✐' ❧❛ ❝❡",❛ ✐♥✐❝✐❛❧ x¯. ❆❧,❡'♥❛,✐✈❛♠❡♥,❡ ,❛♠❜✐J♥ "❡ ♣♦❞'D❛ ❝❛♠❜✐❛' ❧❛ '❡♥,❛ ♣♦'
✉♥❛ ❝❛♥,✐❞❛❞ △mHicks = e(p
′, u)− m¯ 3✉❡ ♣❡'♠✐,✐'D❛ ❛❧ ❝♦♥"✉♠✐❞♦' ❛❧❝❛♥③❛' "✉
♥✐✈❡❧ ❞❡ ✉,✐❧✐❞❛❞ ❝♦♥",❛♥,❡ ✐♥✐❝✐❛❧✳ ❙❡ ,✐❡♥❡ ❡♥,♦♥❝❡" 3✉❡ △mHicks ≤ △mSlutsky
②❛ 3✉❡ e(p′, u) ≤ p′.x(p¯, m¯)✳
L♦' ❧♦" ,❡♦'❡♠❛" ❛♥,❡'✐♦'❡" ,❡♥❡♠♦" 3✉❡ Dpe(p¯, u) = h(p¯, u) = x(p¯, m¯) ♣♦'
❧♦ ,❛♥,♦✱ ❧❛" ❞♦" ❝♦♠♣❡♥"❛❝✐♦♥❡" "♦♥ ✐❞J♥,✐❝❛" ♣❛'❛ ✉♥ ❝❛♠❜✐♦ ❞✐❢❡'❡♥❝✐❛❧ ❡♥
❧♦" ♣'❡❝✐♦" ❛ ♣❛',✐' ❞❡ p¯ ②❛ 3✉❡✱ ✐♥,✉✐,✐✈❛♠❡♥,❡✱ ♣❛'❛ ✉♥ ❝❛♠❜✐♦ ❞✐❢❡'❡♥❝✐❛❧ ❡♥
❧♦" ♣'❡❝✐♦" ❡❧ ❡❢❡❝,♦ ,♦,❛❧ ❞❡ ❧❛ ❝♦♠♣❡♥"❛❝✐<♥ '❡3✉❡'✐❞♦ ♣❛'❛ ♠❛♥,❡♥❡' ✉♥ ♥✐✈❡❧
❞❡ ✉,✐❧✐❞❛❞ u ✭❧❛ ❝♦♠♣❡♥"❛❝✐<♥ ❤✐❝❦"✐❛♥❛✮ ❡" ❡❧ ❡❢❡❝,♦ ❞✐'❡❝,♦ ❞❡❧ ❝❛♠❜✐♦ ❡♥ ❧♦"
♣'❡❝✐♦"✱ ❛"✉♠✐❡♥❞♦ 3✉❡ ❧❛ ❝❡",❛ ❞❡ ❝♦♥"✉♠♦ x¯ ♥♦ ❝❛♠❜✐❛✳ ❊",♦ ❡" ♣'❡❝✐"❛♠❡♥,❡
❡❧ ❝G❧❝✉❧♦ 3✉❡ "❡ ❤❛❝❡ ❡♥ ❧❛ ❝♦♠♣❡♥"❛❝✐<♥ ❞❡ ❙❧✉,"❦② ② ♣♦' ❧♦ ,❛♥,♦✱ ❧♦" ❞♦"
✷✸
▲❛ ❝♦♠♣❡♥(❛❝✐*♥ ❞❡ ❙❧✉/(❦②✱ ♣♦3 ♦/3❛ ♣❛3/❡ ② ❝♦♠♦ ❤❡♠♦( ❞❡✜♥✐❞♦ ♠6( ❛33✐❜❛✱ ❡( ✉♥❛
❝♦♠♣❡♥(❛❝✐*♥ ❞❡ 3❡♥/❛ ❞❡ /❛❧ ❢♦3♠❛ 9✉❡ ❡❧ ❝♦♥(✉♠✐❞♦3 ♣✉❡❞❛ ❛❧❝❛♥③❛3 ❧❛ ❝❡(/❛ ✐♥✐❝✐❛❧✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✼✽
♠❡❝❛♥✐(♠♦( ❞❡ ❝♦♠♣❡♥(❛❝✐,♥ (♦♥ ❡-✉✐✈❛❧❡♥1❡( ✭▼❛(✲❈♦❧❡❧❧✱ ❲❤✐♥(1♦♥ ② ●;❡❡♥✱
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✶✳✶✽✳ ❉❡ ❧♦ ♦❜1❡!✈❛❜❧❡ ❛ ❧♦ ♥♦ ♦❜1❡!✈❛❜❧❡
❊♥ ❧❛ 1❡♦;D❛ ❞❡❧ ❝♦♥(✉♠✐❞♦; ❞❡(❛;;♦❧❧❛❞❛ ❤❛(1❛ ❛❝E ❛ ♣❛;1✐; ❞❡ ✉♥ ♣;✐♠✐1✐✈♦✱
❡( ❞❡❝✐; ❞❡ ❧❛ ;❡❧❛❝✐,♥ ❞❡ ♣;❡❢❡;❡♥❝✐❛( %✱ ❤❡♠♦( ♣;♦❝❡❞✐❞♦ ❞❡ ♠❛♥❡;❛ ♣;♦❣;❡(✐✈❛
❛ ♣❛;1✐; ❞❡ ✉♥❛ (❡;✐❡ ❞❡ 1❡♦;❡♠❛( ❛❧;❡❞❡❞♦; ❞❡ ❧❛ ❝♦;;❡(♣♦♥❞❡♥❝✐❛ ❞❡ ❞❡♠❛♥❞❛
♦;❞✐♥❛;✐❛ ② ❝♦♠♣❡♥(❛❞❛✳ ❊( ❞❡❝✐;✱ ❤❡♠♦( ✐❞♦ ❞❡ ❧♦ ♥♦ ♦❜(❡;✈❛❜❧❡ % ❤❛❝✐❛ ❧♦
♦❜(❡;✈❛❜❧❡ X(p,m)✱ H(p, u) ② ❞❡(❞❡ ❛❧❧D ❤❡♠♦( ❡(1❛❜❧❡❝✐❞♦ 1❡♦;❡♠❛( ❝♦♠♦ ❧❛
❧❡② ❞❡ ❲❛❧;❛( ② ❡❧ 1❡♦;❡♠❛ ❞❡ ♥♦ ❡①❝❡(♦ ❞❡ ✉1✐❧✐❞❛❞ ❡♥1;❡ ♦1;♦(✳ ❆❞❡♠E(✱ ❝♦♥
❧❛( ❝♦;;❡(♣♦♥❞❡♥❝✐❛( ❤❡♠♦( ❝♦♥(1;✉✐❞♦ ❢✉♥❝✐♦♥❡( ❞❡ ✈❛❧♦; ❝♦♠♦ ❧❛ ❢✉♥❝✐,♥ ❞❡
✉1✐❧✐❞❛❞ ✐♥❞✐;❡❝1❛ v(p,m) ② ❧❛ ❢✉♥❝✐,♥ ❞❡ ❣❛(1♦ e(p, u)✳ ❚❛♠❜✐L♥ (❡ ❤❛ ❡(1❛❜❧❡❝✐❞♦
❧❛ ❞✉❛❧✐❞❛❞ ② ❛❧❣✉♥♦( 1❡♦;❡♠❛( -✉❡ ❤❛♥ ❡✈✐❞❡♥❝✐❛❞♦ -✉❡ ❡( ♣♦(✐❜❧❡ ;❡❣;❡(❛;(❡
❤❛❝✐❛ ❧❛( ❢✉♥❝✐♦♥❡( ❞❡ ❞❡♠❛♥❞❛✳
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥1❛ ❧♦( 1❡♦;❡♠❛( ② ❝♦;♦❧❛;✐♦( ❡(1❛❜❧❡❝✐❞♦( ❤❛(1❛ ❡❧ ♠♦♠❡♥1♦
❝♦♥ ❜❛(❡ ❛ ❧♦( ♣;♦❜❧❡♠❛( ❞❡ ♠❛①✐♠✐③❛❝✐,♥ ❞❡ ❧❛ ✉1✐❧✐❞❛❞ ✭♣♦; (✉( (✐❣❧❛( ❡♥ ✐♥❣❧❡(✿
❯▼O✮ ② ❡❧ ♣;♦❜❧❡♠❛ ❞❡ ❧❛ ♠✐♥✐♠✐③❛❝✐,♥ ❞❡❧ ❣❛(1♦ ✭❊▼O✮✱ ♣♦❞❡♠♦( ;❡(✉♠✐; ❧♦(
;❡(✉❧1❛❞♦( ❛ ❧♦( -✉❡ (❡ ❤❛ ❧❧❡❣❛❞♦ ❡♥ ❡❧ (✐❣✉✐❡♥1❡ ❣;E✜❝♦✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✼✾
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❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥*❛✱ ❡♥*♦♥❝❡-✱ .✉❡ ❤❡♠♦- ❡-*❛❜❧❡❝✐❞♦ *❡♦3❡♠❛- ❞❡-❞❡ ❧♦ ♥♦
♦❜-❡3✈❛❜❧❡ % ❤❛❝✐❛ ❧♦ ♦❜-❡3✈❛❜❧❡ X(p,m) ② H(p, u)✱ ♥♦- ♣3❡❣✉♥*❛♠♦- ❛❤♦3❛ -✐
♣♦❞❡♠♦- ❤❛❝❡3 ❛❧❣♦ ♠8- ❢✉❡3*❡ ❛:♥ ② ❡- ✈❡3 -✐✱ ❛ ♣❛3*✐3 ❞❡ ❧♦ ♦❜-❡3✈❛❜❧❡✱ ❡-
♣♦-✐❜❧❡ ❧❧❡❣❛3 ❛ ❧♦ ♥♦ ♦❜-❡3✈❛❜❧❡✳
❊- ❞❡❝✐3✱ ❤❛-*❛ ❡❧ ♠♦♠❡♥*♦ *♦❞♦- ❧♦- *❡♦3❡♠❛- ❤❛♥ -✐❞♦ ❞❡❧ *✐♣♦ A→ B✱ ❧=❛-❡
A ✐♠♣❧✐❝❛ B✳ ❊♥ ♦*3❛- ♣❛❧❛❜3❛-✱ ❛ ♣❛3*✐3 ❞❡ ❛❧❣♦ ♥♦ ♦❜-❡3✈❛❜❧❡ A ❤❡♠♦- ❧❧❡❣❛❞♦ ❛
❛❧❣♦ ♦❜-❡3✈❛❜❧❡ B✳ ❈♦♥ ❡❧❧♦ -❡ ❤❛♥ 3❡❛❧✐③❛❞♦ ❝✐❡3*❛- ♣3✉❡❜❛- ❞❡ ❤✐♣@*❡-✐- ❧@❣✐❝❛-
② ❤❛ -✐❞♦ ♣♦-✐❜❧❡ ❡-*❛❜❧❡❝❡3 .✉❡ -✐ ❛ ♣❛3*✐3 ❞❡ ❛❧❣♦ ♦❜-❡3✈❛❜❧❡ -❡ ❝✉♠♣❧❡♥ ❝✐❡3*❛-
♣3♦♣✐❡❞❛❞❡- -❡ ❝✉♠♣❧✐3❛ A✳
A♦3 ❧♦ *❛♥*♦✱ ❧❛ ♠❡❥♦3 ♣3✉❡❜❛ ♣❛3❛ ❧♦- *❡♦3❡♠❛- ❞❡❧ *✐♣♦ A → B ❡- ✈❡3 -✐
B → A✳ ▲❛ ♣3✉❡❜❛ ♠8- ❢✉❡3*❡ .✉❡ ❧❡ ♣♦❞❡♠♦- ♣♦♥❡3 ❛ ❧♦- ♣♦-*✉❧❛❞♦- ❡- ❡♥*♦♥❝❡-
♣3❡❝✐-❛♠❡♥*❡ ❧♦ ♦❜-❡3✈❛❜❧❡✱ ❡- ❞❡❝✐3✿ B✳ ❊- ❞❡-❡❛❜❧❡ ♣♦3 ❧♦ *❛♥*♦✱ ✈❡3 -✐ ❡- ♣♦-✐❜❧❡
♣❛-❛3 ❛-E ✉♥❛ -❡❣✉♥❞❛ ❡*❛♣❛ ② *3❛*❛3 ❞❡ ♣3♦❜❛3✱ ❞❛❞❛ ❧❛ ✐♥❢♦3♠❛❝✐@♥ ❞✐-♣♦♥✐❜❧❡✱
-✐ -❡ ❝✉♠♣❧❡♥ ♦ ♥♦ ❝✐❡3*♦- ♣♦-*✉❧❛❞♦-✳ ❙✐ ❡❧❧♦ ❡- ♣♦-✐❜❧❡✱ ❡-*♦ ❞❛3E❛ ❝3✐*❡3✐♦ ♣❛3❛
❛✜3♠❛3 .✉❡ ❡❧ *3❛❜❛❥♦ ❤❡❝❤♦ ❤❛-*❛ ❡❧ ♠♦♠❡♥*♦ ❡- -✉-❝❡♣*✐❜❧❡ ❞❡ -♦♠❡*❡3-❡ ❛ ❧❛
♣3✉❡❜❛ ❞❡ ❢❛❧-❛❝✐♦♥✐-♠♦ ✭♦ 3❡❢✉*❛❝✐♦♥✐-♠♦✮ ❞❡ A♦♣♣❡3 .✉❡ ❛✜3♠❛ .✉❡ -@❧♦ ❧❛-
*❡♦3E❛- .✉❡ -♦♥ 3❡❢✉*❛❜❧❡- -♦♥ ❝♦♥♦❝✐♠✐❡♥*♦ ❝✐❡♥*E✜❝♦✳
❊♥ ❧❛ *❡♦3E❛ ❡❝♦♥@♠✐❝❛ ❛❝*✉❛❧ ❡①✐-*❡♥ ✈❛3✐♦- ❞❡-❛33♦❧❧♦- .✉❡✱ ❡♥ ❡❢❡❝*♦✱ ♣❡3♠✐✲
*❡♥ ✐3 ❞❡ ❧♦ ♦❜-❡3✈❛❜❧❡ ❤❛❝✐❛ ♥✉❡-*3♦ ♣3✐♠✐*✐✈♦✳ ❉❡♥*3♦ ❞❡ ❧♦- ❞❡-❛33♦❧❧♦- *❡@3✐❝♦-
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✽✵
❝♦$ $❡ ❞❡$'❛❝❛♥ '*❡$✳ ❊❧ ♣*✐♠❡*♦ 1✉❡ ❧❧❛♠❛*❡♠♦$ ❡❧ ♣*♦❜❧❡♠❛ ❞❡ ❧❛ ✐♥'❡❣*❛❜✐❧✐❞❛❞✱
② 1✉❡ ❞❡$❛**♦❧❧❛*❡♠♦$ ❛❝7✱ ♣❡*♠✐'❡ ♠❡❞✐❛♥'❡ ❝♦♥$'*✉❝❝✐8♥ '❡8*✐❝❛✱ '❡♥✐❡♥❞♦ ❢✉♥✲
❝✐♦♥❡$ ❞❡ ❞❡♠❛♥❞❛ x(p,m)✱ ✐* ❤❛❝✐❛ ❧❛ ❢✉♥❝✐8♥ ❞❡ ❣❛$'♦ ♣❛*❛* ❞❡$♣✉<$ ❡♥❝♦♥'*❛*
❧❛ ❢✉♥❝✐8♥ ❞❡ ✉'✐❧✐❞❛❞ 1✉❡ *❡♣*❡$❡♥'❛ ❧❛$ ♣*❡❢❡*❡♥❝✐❛$ % ② *❛❝✐♦♥❛❧✐③❛ ❧❛ ❞❡♠❛♥❞❛
♦❜$❡*✈❛❞❛✳
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▲❛ $❡❣✉♥❞❛ ❛♣*♦①✐♠❛❝✐8♥✱ 1✉❡ ❧❧❛♠❛*❡♠♦$ ❧❛ ❛♣*♦①✐♠❛❝✐8♥ ♠❡❞✐❛♥'❡ ❡❧ ❛①✲
✐♦♠❛ ❢✉❡*'❡ ❞❡ ❧❛$ ♣*❡❢❡*❡♥❝✐❛$ *❡✈❡❧❛❞❛$ ✭❆❋D❘✮✱ ♣❡*♠✐'❡ ✐* ❤❛❝✐❛ ❡❧ ♣*✐♠✐'✐✈♦
% ♣❛*'✐❡♥❞♦ ❞❡ ✉♥ ❝♦♥❥✉♥'♦ ❞❡ ❞❛'♦$ ♦❜$❡*✈❛❞♦$ ② ❛♣♦②7♥❞♦$❡ ❡♥ ❝❧❛✉$✉❧❛$ '*❛♥✲
$✐'✐✈❛$ ❞❡ ❛①✐♦♠❛$ ❞<❜✐❧❡$✳ ❊$ ❞❡❝✐*✱ ❡$'❛ ❛♣*♦①✐♠❛❝✐8♥ ♣❡*♠✐'❡ ♣*♦❜❛* $✐ ❛ ♣❛*'✐*
❞❡ ✉♥ ❝♦♥❥✉♥'♦ ❞❡ ❞❛'♦$ ♦❜$❡*✈❛❞♦$✱ 1✉❡ ❝✉♠♣❧❡♥ ❡❧ ❛①✐♦♠❛ ❞❡ ❧❛$ ♣*❡❢❡*❡♥❝✐❛$
*❡✈❡❧❛❞❛$✱ ❡①✐$'❡ ✉♥❛ ❝♦♥❞✉❝'❛ 1✉❡ *❛❝✐♦♥❛❧✐❝❡ ❞✐❝❤♦$ ❞❛'♦$✳
▲❛ '❡*❝❡*❛ ❛♣*♦①✐♠❛❝✐8♥✱ 1✉❡ ❧❧❛♠❛*❡♠♦$ ❡❧ ❡♥❢♦1✉❡ ❞❡ ❧❛ ❢✉♥❝✐8♥ ▲✐♣$✲
❝❤✐'③✐❛♥ ❢✉❡ ❞❡$❛**♦❧❧❛❞♦ ♣♦* ▼❛$✲❈♦❧❡❧❧ ✭✶✾✼✼✮ ② $✉ ❡①♣❧✐❝❛❝✐8♥ ❝❛❡ ❢✉❡*❛ ❞❡
❧♦$ ❝♦♥'❡♥✐❞♦ ❞❡ ❡$'❡ '❡①'♦✳
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✽✶
●!"✜❝♦ ✶✻
"❛$❛♠♦$ ❡♥)♦♥❝❡$ ❛ ✐❧✉$).❛. ❧❛ ❢♦.♠❛ ❞❡ ♣.♦❝❡❞❡. ❞❡ ❧❛ ✐♥)❡❣.❛❜✐❧✐❞❛❞✳
❊❧ ♣#♦❜❧❡♠❛ ❞❡ ❧❛ ✐♥,❡❣#❛❜✐❧✐❞❛❞
"❛.❛ ♣♦❞❡. ✐. ❞❡ ❧❛ ❢✉♥❝✐5♥ ❞❡ ❞❡♠❛♥❞❛ x(p,m) ❤❛❝✐❛ ❧❛$ ♣.❡❢❡.❡♥❝✐❛$ 7✉❡
❧❛ ❣❡♥❡.❛♥✱ ❡$ ♥❡❝❡$❛.✐♦ 7✉❡ $❡ ❝✉♠♣❧❛♥ ❧❛$ $✐❣✉✐❡♥)❡$ ♣.♦♣✐❡❞❛❞❡$✿
x(p,m) ❞❡❜❡ $❡. ❞✐❢❡.❡♥❝✐❛❜❧❡✳
x(p,m) ❞❡❜❡ $❡. ❤♦♠♦❣:♥❡❛ ❞❡ ❣.❛❞♦ ❝❡.♦✳
x(p,m) ❞❡❜❡ $❛)✐$❢❛❝❡. ❧❛ ❧❡② ❞❡ ❲❛❧.❛$✳
❆❞❡♠>$✱ ❡$ ♥❡❝❡$❛.✐♦ 7✉❡ ❧❛ ♠❛).✐③ ❞❡ ❡❢❡❝)♦ $✉$)✐)✉❝✐5♥ S $❡❛ $❡♠✐❞❡✜♥✐❞❛
♥❡❣❛)✐✈❛ ② $✐♠:).✐❝❛✳ ❈♦♥ ❜❛$❡ ❛ ❧♦ ❛♥)❡.✐♦.✱ ❡❧ ♣.♦❜❧❡♠❛ ❞❡ ❧❛ ✐♥)❡❣.❛❜✐❧✐❞❛❞ ❧♦
♣♦❞❡♠♦$ ❡①♣.❡$❛. ❛ ♠♦❞♦ ❞❡ )❡♦.❡♠❛✳
❚❡♦#❡♠❛ ✸✹
"❛.❛ x : Rl+ × R++ → R
l
++❝♦♥)✐♥✉❛♠❡♥)❡ ❞✐❢❡.❡♥❝✐❛❜❧❡✱ ❡①✐$)❡ ✉♥❛ ❢✉♥❝✐5♥
❞❡ ✉)✐❧✐❞❛❞ U : Rl+ → R 7✉❡ .❛❝✐♦♥❛❧✐③❛ ❛ x )❛❧ 7✉❡ U ❡$ ❝♦♥)✐♥✉❛✱ ❡$).✐❝)❛♠❡♥)❡
♠♦♥5)♦♥❛ ② ❡$).✐❝)❛♠❡♥)❡ ❝✉❛$✐❝5♥❝❛✈❛ $✐ ② $5❧♦ $✐ x ❡$ ❤♦♠♦❣:♥❡❛ ❞❡ ❣.❛❞♦
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✽✷
❝❡$♦✱ '❛)✐'❢❛❝❡ ❧❛ ❧❡② ❞❡ ❲❛❧$❛' ② S ❡' '❡♠✐❞❡✜♥✐❞❛ ♥❡❣❛)✐✈❛ ② '✐♠5)$✐❝❛✳ ❊'
❞❡❝✐$✿
U : Rl+ → R $❛❝✐♦♥❛❧✐③❛ ❛ x : R
l
+ × R++ → R
l
++ '✐✿
∀(p,m) : x(p,m) = argx∈B(p,m)max u(x)
❊' ♥❡❝❡'❛$✐♦ ❛❝❧❛$❛$ :✉❡ '❡ ❞✐❝❡ ➫➫ ❛❝✐♦♥❛❧✐③❛➫➫ ❡♥ ❡❧ '❡♥)✐❞♦ ❞❡ :✉❡ ❡①✐')❡♥
✉♥❛' ♣$❡❢❡$❡♥❝✐❛' )❛❧❡' :✉❡ ❞❡ ❡❧❧❛' '❡ ❞❡'♣$❡♥❞❡ ✉♥❛ ❝♦♥❞✉❝)❛ ♣❛$❛ ✉♥ ❛❣❡♥)❡✳
▲❛ ♣$✉❡❜❛ ❞❡❧ )❡♦$❡♠❛ '❡ ❤❛$A ♠❡❞✐❛♥)❡ ❡)❛♣❛' ② ❝♦♥ ✉♥ ❡❥❡♠♣❧♦ ♣❛$❛ ♠❛②♦$
❝❧❛$✐❞❛❞✳
 ❛"♦ ✶
❈♦♥')$✉✐$ ❧❛ ❢✉♥❝✐D♥ ❞❡ ❣❛')♦ e(p, u) ❛ ♣❛$)✐$ ❞❡ ❧❡♠❛ ❞❡ ❙❤❡♣❛$❞ ② ♣♦$
❞✉❛❧✐❞❛❞✳
Dpe(p, u) = h(p, u) = x(p, e(p, u))
F❛$❛ ♣♦❞❡$ ❤❛❧❧❛$ ❧❛ ❢✉♥❝✐D♥ ❞❡ ❣❛')♦ ❛ ♣❛$)✐$ ❞❡ x(p, e(p, u)) ❡' ♥❡❝❡'❛$✐♦ :✉❡
❧❛ ♠❛)$✐③ ❏❛❝♦❜✐❛♥❛ ❞❡ ♣$✐♠❡$❛' ❞❡$✐✈❛❞❛' ❞❡ x(p, e(p, u)) ♦ ❧❛ ♠❛)$✐③ ❍❡''✐❛♥❛ ❞❡
e(p, u) '❡❛ '✐♠5)$✐❝❛ ② '❡♠✐❞❡✜♥✐❞❛ ♥❡❣❛)✐✈❛✳ ❊')❛ ♣$♦♣✐❡❞❛❞ '✐❡♠♣$❡ '❡ ❝✉♠♣❧❡
②❛ :✉❡✿
i)D2ppe(p, u) = S(p, e(p, u)) ❡' ✉♥❛ ♠❛)$✐③ '✐♠5)$✐❝❛ ②❛ :✉❡ )♦❞♦ ❍❡''✐❛♥♦ ❝✉♠♣❧❡
❝♦♥ ❡')❛ ❝♦♥❞✐❝✐D♥✳
ii) e(p, u) ❡' ❝$❡❝✐❡♥)❡ ❡♥ p✱ ❤♦♠♦❣5♥❡❛ ❞❡ ❣$❛❞♦ ✉♥♦ ❡♥ p ② ❝D♥❝❛✈❛ ❡♥ p✳ F♦$
❧♦ )❛♥)♦ '❡ ♣✉❡❞❡ ❛'❡❣✉$❛$✿
a. Dpe(p, u) = x(p, e(p, u)) > 0 ②❛ :✉❡ e(p, u) ❡' ❝$❡❝✐❡♥)❡ ❡♥ p
b. D2ppe(p, u) = S(p, e(p, u)) ❡' '❡♠✐❞❡✜♥✐❞❛ ♥❡❣❛)✐✈❛ ②❛ :✉❡ e(p, u) ❡' ❝D♥❝❛✈❛
❡♥ p
❊' ♣♦'✐❜❧❡ ❛'❡❣✉$❛$ ❛'I :✉❡ ♠❡❞✐❛♥)❡ ❧❛ ✐♥)❡❣$❛❝✐D♥ ❞❡ ❧❛ ❢✉♥❝✐D♥ ❞❡ ❞❡♠❛♥❞❛
x(p, e(p, u)) '❡ ♣✉❡❞❡ ❡♥❝♦♥)$❛$ ✉♥❛ ❢✉♥❝✐D♥ ❞❡ ❣❛')♦ ❝♦❤❡$❡♥)❡ ❝♦♥ ❧❛ ❝♦♥❞✉❝)❛
♦❜'❡$✈❛❞❛✳
 ❛"♦ ✷
∀p ∈ Rl++ '❡ ✜❥❛ ✉♥ ♥✐✈❡❧ ❞❡ ✉)✐❧✐❞❛❞ u ② '❡ ❝♦♥)$✉②❡ ❡❧ ❝♦♥❥✉♥)♦✿
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✽✸
{
x ∈ Rl+/p.x ≥ e(p, u)
}
●!"✜❝♦ ✶✼
❙❡ ❤❛❝❡ ❧♦ ♠✐+♠♦ ♣❛-❛ .-❡+ -❡❧❛❝✐♦♥❡+ ❞❡ ♣-❡❝✐♦+ ❞✐❢❡-❡♥.❡+✳ ❊+ ❞❡❝✐-✱ p, p′, p′′ ∈
R
l
++
●!"✜❝♦ ✶✽
❙❡ .♦♠❛ ❡❧ 5-❡❛ ❝♦♠6♥ ♣❛-❛ ❧♦+ .-❡+ ♣-❡❝✐♦+ p, p′, p′′ ∈ Rl++
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✽✹
●!"✜❝♦ ✶✾
"❛$❛ ✉♥ ❝❛(♦ ❡♥ +✉❡ (❡ ,♦♠❛$. ❧❛ ♠❛②♦$ ❝❛♥,✐❞❛❞ ❞❡ ❝♦♠❜✐♥❛❝✐♦♥❡( ❞❡ ♣$❡❝✐♦(
♣♦(✐❜❧❡(✱ ❡( ❞❡❝✐$✿ ∀p ∈ Rl++ ❡❧ ❝♦♥❥✉♥,♦ ❝♦♠8♥ ❛ ,♦❞♦( (❡$9❛ ♠.( (✉❛✈❡ ② (✐♠✐❧❛$
❛ ✉♥❛ ❝✉$✈❛ ❞❡ ✐♥❞✐❢❡$❡♥❝✐❛✿
●!"✜❝♦ ✷✵
❙❡ ❞❡✜♥❡ ❛ ❝♦♥,✐♥✉❛❝✐>♥ ❧❛( ❝✉$✈❛( ❝♦♥,♦$♥♦ (✉♣❡$✐♦$ ❞❡ ❧❛ ❢✉♥❝✐>♥ ❞❡ ❣❛(,♦✳
❊(,❛( (♦♥ ✐❣✉❛❧❡( ❛✿
Bu =
{
x ∈ Rl++/∀p ∈ R
l
++ : p.x ≥ e(p, u)
}
❊!"❡ ❝♦♥❥✉♥"♦ ❡!") ❢♦+♠❛❞♦ ❛!/ ♣♦+ "♦❞♦! ❧♦! ♥✐✈❡❧❡! ❞❡ ❣❛!"♦ ♠❛②♦+ ❛ e(p, u)
6✉❡ ❞❛♥ ♣♦+ ❧♦ ♠❡♥♦! ✉♥ ♥✐✈❡❧ ❞❡ ✉"✐❧✐❞❛❞ u✳ 8♦+ ❧♦ "❛♥"♦✱ ❡!"❡ ❝♦♥❥✉♥"♦ !❡
❝♦♠♣♦+"❛ ♣❛+❛ ❞✐❢❡+❡♥"❡! ♥✐✈❡❧❡! ❞❡ ✉"✐❧✐❞❛❞ ❞❡ ❧❛ !✐❣✉✐❡♥"❡ ♠❛♥❡+❛✿
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✽✺
●!"✜❝♦ ✷✶
❊# ♥❡❝❡#❛(✐♦ (❡❝♦(❞❛( ,✉❡ ❧❛ ❢✉♥❝✐0♥ ❞❡ ❣❛#2♦ e(p, u) ❤❛❧❧❛❞❛ #❡❛ ❧❛ ,✉❡
❡❢❡❝2✐✈❛♠❡♥2❡ ❝✉♠♣❧❡ ❧❛ ❝♦♥❞✐❝✐0♥ ❞❡ #❡( ❡❧ ♠7♥✐♠♦ ❣❛#2♦ ♣❛(❛ ❛❧❝❛♥③❛( ❡❧ ♥✐✈❡❧
❞❡ ✉2✐❧✐❞❛❞ u ❞❡ ❧❛ ❝✉(✈❛ ❝♦♥2♦(♥♦✳ ❊# ❞❡❝✐(✿
minx∈Bup.x = e(p, u)
❚❛♠❜✐=♥ ❞❡❜❡ ❝✉♠♣❧✐(#❡ ,✉❡ ❧❛ ✉2✐❧✐❞❛❞ (❡♣♦(2❛❞❛ ♣♦( x(p, e(p, u)) #❡❛ ♠>①✲
✐♠❛✳ ❊# ❞❡❝✐(✿
u(x) = max
{
u ∈ R/x ∈ Bu
}
❈♦♥ x(p, e(p, u)) #❡ ❞❡❜❡ 2❡♥❡( ❛#7 ❧❛ ❝✉(✈❛ ❝♦♥2♦(♥♦ Bu ♠># ❛❧❡❥❛❞❛ ♣♦#✐❜❧❡✳
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥2❛# ❧♦# ♣❛#♦# ❛♥2❡(✐♦(❡#✱ #❡ ✐❧✉#2(❛ ❧❛ ❢♦(♠❛ ❞❡ ♣(♦❝❡❞❡( ❞❡
❧❛ ✐♥2❡❣(❛❜✐❧✐❞❛❞ ♠❡❞✐❛♥2❡ ✉♥ ❡❥❡♠♣❧♦✳
❊❥❡♠♣❧♦
❙❡❛ ❡❧ #✐❣✉✐❡♥2❡ #✐#2❡♠❛ ❞❡ ❞❡♠❛♥❞❛#✿
x(p,m) =
{
α1m
p1
α2m
p2
}
❈♦♥ α1 +α2 = 1✳ ❊♥❝♦♥2(❛( ❧❛ ❢✉♥❝✐0♥ ❞❡ ✉2✐❧✐❞❛❞ ,✉❡ (❛❝✐♦♥❛❧✐③❛ ❛ x(p,m)
'❛)♦ ✶
❊♥❝♦♥2(❛( ❧❛ ❢✉♥❝✐0♥ ❞❡ ❣❛#2♦ ❛#♦❝✐❛❞❛✳ E♦( ❡❧ ❧❡♠❛ ❞❡ ❙❤❡♣❛(❞ ② ❧❛ ❞✉❛❧✐❞❛❞
#❡ ❝♦♥♦❝❡ ❧♦ #✐❣✉✐❡♥2❡✿
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✽✻
∂e(p, u)
∂p1
=
α1e(p, u)
p1
∂e(p, u)
∂p2
=
α2e(p, u)
p2
❖#❣❛♥✐③❛♥❞♦ ❡❧ -✐-.❡♠❛ -❡ .✐❡♥❡✿
∂e(p,u)
∂p1
e(p, u)
=
α1
p1
∂e(p,u)
∂p2
e(p, u)
=
α2
p2
1♦# ❧❛ #❡❣❧❛ ❞❡ ❞❡#✐✈❛❝✐4♥ ❞❡ ln(x) ❡❧ -✐-.❡♠❛ ❡- ❡5✉✐✈❛❧❡♥.❡ ❛✿
∂lne(p, u)
∂p1
=
α1
p1
∂lne(p, u)
∂p2
=
α2
p2
■♥.❡❣#❛♥❞♦ #❡-♣❡❝.♦ ❛ p1 ② p2 -❡ ❧❧❡❣❛ ❛✿
ˆ
∂lne(p, u)
∂p1
=
ˆ
α1
p1
ˆ
∂lne(p, u)
∂p2
=
ˆ
α2
p2
❯.✐❧✐③❛♥❞♦ ❡♥ ❧❛ ♣❛#.❡ ✐③5✉✐❡#❞❛ ❡❧ .❡♦#❡♠❛ ❢✉♥❞❛♠❡♥.❛❧ ❞❡❧ ❝<❧❝✉❧♦ -❡ ❧❧❡❣❛
✜♥❛❧♠❡♥.❡ ❛ ❧❛ ❢✉♥❝✐4♥ ❞❡ ❣❛-.♦✳ ▲❛ ♣❛#.❡ ❞❡#❡❝❤❛ -❡ ✐♥.❡❣#❛ ❞❡ ♠❛♥❡#❛ ♥♦#♠❛❧✿
lne(p, u) = α1lnp1 + k1(p2, u)
lne(p, u) = α2lnp2 + k2(p1, u)
■❣✉❛❧❛♥❞♦ ❧❛- ❞♦- ❡❝✉❛❝✐♦♥❡-✿
lne(p, u) = α1lnp1 + α2lnp2 + lnu
◆4.❡-❡ 5✉❡ ❧❛ ❝♦♥-.❛♥.❡ k ❧❛ ❤❡♠♦- ❤❡❝❤♦ lnu ②❛ 5✉❡ ♣♦# ❞❡✜♥✐❝✐4♥ ❝✉❛❧5✉✐❡#
.#❛♥-❢♦#♠❛❝✐4♥ ♠♦♥4.♦♥❛ ❞❡ u #❡♣#❡-❡♥.❛ ❧❛- ♠✐-♠❛- ♣#❡❢❡#❡♥❝✐❛-✳ ❊- ❞❡❝✐#✱
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✽✼
"❛♠❜✐'♥ )❡ ♣✉❡❞❡ ✉"✐❧✐③❛0 u, u2 ✉ ♦"0❛ ❢♦0♠❛ ♣❡0♦ ②❛ 4✉❡ ❡♥ ❧❛ ❡❝✉❛❝✐6♥ ❧❛)
✈❛0✐❛❜❧❡) ❡)"8♥ ❡♥ ❧♦❣❛0✐"♠♦) ❧♦ ♠8) ✐❞6♥❡♦ ❡) ✉"✐❧✐③❛0 lnu
:♦0 ♣0♦♣✐❡❞❛❞❡) ❞❡ ❧♦❣❛0✐"♠♦) ❡❧ )✐)"❡♠❛ ❡) ❡4✉✐✈❛❧❡♥"❡ ❛ "❡♥❡0✿
lne(p, u) = ln(pα11 p
α2
2 u)
❊) ♥❡❝❡)❛0✐♦ 4✉❡ u > 0 ②❛ 4✉❡ ln0 ♥♦ ❡①✐)"❡✳ ❯"✐❧✐③❛♥❞♦ ❛♥"✐❧♦❣❛0✐"♠♦) )❡
❧❧❡❣❛ ✜♥❛❧♠❡♥"❡ ❛ ❧❛ ❢✉♥❝✐6♥ ❞❡ ❣❛)"♦✿
e(p, u) = pα11 p
α2
2 u
 ❛"♦ ✷
❯♥❛ ✈❡③ ❡♥❝♦♥"0❛❞❛ ❧❛ ❢✉♥❝✐6♥ ❞❡ ❣❛)"♦✱ )❡ ❞❡❜❡ ❝♦♥)"0✉✐0 ❡❧ ❝♦♥❥✉♥"♦ ❝♦♥✲
"♦0♥♦ )✉♣❡0✐♦0 ❞❡ ❞✐❝❤❛ ❢✉♥❝✐6♥✿
Bu =
{
x ∈ Rl++/∀p ∈ R
l
++ : p.x ≥ e(p, u)
}
:❛0❛ ❧❛ ❢✉♥❝✐6♥ ❛♥"❡0✐♦0 ❡❧ ❝♦♥❥✉♥"♦ )❡0E❛✿
Bu =
{
x ∈ R2++/∀p ∈ R
2
++ : p1.x1 + p2.x2 ≥ p
α1
1 p
α2
2 u
}
❖0❣❛♥✐③❛♥❞♦✿
Bu =
{
x ∈ R2++/∀p ∈ R
2
++ :
p1.x1 + p2.x2
pα11 p
α2
2
≥ u
}
▲❛ ❢✉♥❝✐6♥ ❞❡ ✉"✐❧✐❞❛❞ ❜✉)❝❛❞❛ ❞❡❜❡ ❝✉♠♣❧✐0 ❧❛ )✐❣✉✐❡♥"❡ ❝♦♥❞✐❝✐6♥ ✿
u(x) = max
{
u ∈ R/x ∈ Bu
}
:❛0❛ ❡❧ ❝♦♥❥✉♥"♦ ❝♦♥"♦0♥♦ ❡)"❛ ❝♦♥❞✐❝✐6♥ ❡) ❡4✉✐✈❛❧❡♥"❡ ❛ "❡♥❡0✿
u(x) = max
{
u ∈ R/(∀p ∈ R2++) : u ≤
p1.x1 + p2.x2
pα11 p
α2
2
}
❙✐ )❡ ❜✉)❝❛ ❡♥"♦♥❝❡) 4✉❡ u ≤ p1.x1+p2.x2
p
α1
1
p
α2
2
❞❡❜❡ ❝✉♠♣❧✐0)❡✿
u(x) = max
{
u ∈ R/(∀p ∈ R2++) : u ≤ minp∈R2++
p1.x1 + p2.x2
pα11 p
α2
2
}
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✽✽
!♦# ❧♦ %❛♥%♦✱ ❧❛ ❢✉♥❝✐-♥ ❞❡ ✉%✐❧✐❞❛❞ ❜✉1❝❛❞❛ ❞❡❜❡ ❝✉♠♣❧✐# ❧❛ 1✐❣✉✐❡♥%❡ ❝♦♥❞✐✲
❝✐-♥✿
u(x) =
{
minp∈R2
++
p1.x1 + p2.x2
pα11 p
α2
2
}
!❛#❛ ❡♥❝♦♥%#❛# ❧❛ ❢✉♥❝✐-♥ ❞❡ ✉%✐❧✐❞❛❞ ❛♥%❡#✐♦# 1❡ ♥♦#♠❛❧✐③❛♥ ❧♦1 ♣#❡❝✐♦1 ② 1❡
1✉♣♦♥❡✿
p1 + p2 = 1
p2 = 1− p1
❙❡ ✈❛ ❛ 1✉♣♦♥❡# ❡♥%♦♥❝❡1 ;✉❡ p1 = p✳ ❆❞❡♠>1 ②❛ ;✉❡ α1+α2 = 1 ② ♣♦# %❛♥%♦✿
α2 = 1 − α1✳ ❙❡ ✈❛ ❛ 1✉♣♦♥❡# %❛♠❜✐?♥ ;✉❡ α1 = α✳ ❊❧ ♣#♦❜❧❡♠❛ 1❡ ❝♦♥✈✐❡#%❡
❡♥%♦♥❝❡1 ❡♥ ❡♥❝♦♥%#❛# ✉♥❛ ❢✉♥❝✐-♥ ❞❡ ✉%✐❧✐❞❛❞ ;✉❡ ❝✉♠♣❧❛ ❧♦ 1✐❣✉✐❡♥%❡✿
u(x) =
{
minp∈(0,1)
p.x1 + (1− p)..x2
pα(1− p)1−α
}
[1]
❨❛ ;✉❡ ♠✐♥✐♠✐③❛# f(x) ❡1 ❡;✉✐✈❛❧❡♥%❡ ❛ ♠✐♥✐♠✐③❛# lnf(x) 1❡ %✐❡♥❡✿
u(x) =
{
minp∈(0,1)ln(p.x1 + (1− p).x2)− αlnp− (1− α)ln(1− p)
}
❉❡#✐✈❛♥❞♦ #❡1♣❡❝%♦ ❛ p ♣❛#❛ ✉♥ ♠C♥✐♠♦✿
1
p.x1 + (1− p).x2
(x1 − x2)−
α
p
+
1− α
1− p
= 0
x1 − x2
p.x1 + (1− p).x2
=
α
p
−
1− α
1− p
x1 − x2
p.x1 + (1− p).x2
=
α− αp+ αp− p
p− p2
(x1 − x2)(p− p
2) = (α− p)(p(x1 − x2) + x2
p(x1 − x2)− p
2(x1 − x2) = αp(x1 − x2)− p
2(x1 − x2) + αx2 − px2
❈❆"❮❚❯▲❖ ✶✳ ❈❖◆❙❯▼■❉❖❘❊❙ ✽✾
p(x1 − x2) = αp(x1 − x2) + αx2 − px2
px1 − αpx1 + αpx2 = αx2
p(x1 − αx2 − αx2) = αx2
p =
αx2
(x1 − αx1 − αx2)
p =
αx2
x1(1− α) + αx2
[2]
▲❧❡✈❛♥❞♦ [2] ❛ [1]
u(x) =
p.x1 + (1− p).x2
pα.(1− p)1−α
❘❡❡♠♣❧❛③❛♥❞♦ ❛ p
u(x) =
αx2
x1(1−α)+αx2
x1 + (1−
αx2
x1(1−α)+αx2
).x2(
αx2
x1(1−α)+αx2
)α (
1− αx2
x1(1−α)+αx2
)1−α
u(x) = (αx2x1 + x1(1− α)x2).(αx2)
−α(x1(1− α))
α−1
u(x) = (x2x1).(αx
−α
2 ).(x1(1− α))
α−1
u(x) = (x2x1)α
−αx−α2 x
α−1
1 (1− α)
α−1
u(x) = xα1 x
1−α
2 (α
−α(1− α)α−1)
❍❛❝✐❡♥❞♦ A = (α−α(1− α)α−1) 1❡ ❧❧❡❣❛ ✜♥❛❧♠❡♥4❡ ❛ ❧❛ ❢✉♥❝✐7♥ ❞❡ ✉4✐❧✐❞❛❞✿
u(x) = Axα1 x
1−α
2 
❈❛♣#$✉❧♦ ✷
❊❧ ♣#♦❜❧❡♠❛ ❞❡ ❧❛ ❛❣#❡❣❛❝✐-♥
❍❛"#❛ ❡❧ ♠♦♠❡♥#♦ "❡ ❤❛♥ ❡"#❛❜❧❡❝✐❞♦ ❧❛" ♣/✐♥❝✐♣❛❧❡" ❝❛/❛❝#❡/0"#✐❝❛" ❞❡ ❧❛
#♦♠❛ ❞❡ ❞❡❝✐"✐♦♥❡" ♣❛/❛ ✉♥ ❛❣❡♥#❡ ❝♦♥"✉♠✐❞♦/ ✐♥❞✐✈✐❞✉❛❧ ② ❧❛ #❡♦/0❛ ❞❡❧ ❝♦♥"✉✲
♠✐❞♦/ ♣/❡"❡♥#❛❞❛ ❛♥#❡"✱ ❡" ❧❛ ♠❡❥♦/ 8✉❡ "❡ #✐❡♥❡ ❛ ♥✐✈❡❧ ✐♥❞✐✈✐❞✉❛❧ ♣♦/ ❡❧ "✐♠♣❧❡
❤❡❝❤♦ ❞❡ 8✉❡ ❤❛ ❞❡♠♦"#/❛❞♦ 8✉❡ ❢✉♥❝✐♦♥❛ ♠❡❥♦/ 8✉❡ ♦#/❛" #❡♦/0❛"
✶
✭❉❡❛#♦♥ ②
▼✉❡❧❧❜❛✉❡/✱ ✶✾✾✸✮✳ ❊①❛♠✐♥❡♠♦" ❛❤♦/❛ ❡❧ ❝❛"♦ ❞❡ ✉♥ ❝♦♥❥✉♥#♦ ❞❡ ❝♦♥"✉♠✐❞♦/❡"✱
❝❛❞❛ ✉♥♦ ❞❡ ❧♦" ❝✉❛❧❡" #✐❡♥❡ ✉♥❛ ❢✉♥❝✐D♥ ❞❡ ❞❡♠❛♥❞❛ ❞❡ ❞❡#❡/♠✐♥❛❞♦ ♥E♠❡/♦
❞❡ ♠❡/❝❛♥❝0❛"✱ ② ✈❡❛♠♦" "✐ ❧❛ ❞❡♠❛♥❞❛ ❛❣/❡❣❛❞❛ ❤❡/❡❞❛ ❛❧❣✉♥❛" ❞❡ ❧❛" ♣/♦♣✐❡✲
❞❛❞❡" ❞❡ ❧❛" ❢✉♥❝✐♦♥❡" ❞❡ ❞❡♠❛♥❞❛ ✐♥❞✐✈✐❞✉❛❧✳ ❊"#❡ ❡❧ ❧❧❛♠❛❞♦ ♣/♦❜❧❡♠❛ ❞❡ ❧❛
❛❣/❡❣❛❝✐D♥✳
✷✳✶✳ ▲❛ ❢✉♥❝✐*♥ ❞❡ ❞❡♠❛♥❞❛ ❛❣/❡❣❛❞❛
❙✉♣♦♥❣❛♠♦" 8✉❡ ❡①✐"#❡ ✉♥ ♥E♠❡/♦ I ∈ N ❞❡ ❝♦♥"✉♠✐❞♦/❡" #❛❧ 8✉❡ ❝❛❞❛
❝♦♥"✉♠✐❞♦/ ❡"#❛ ✐♥❞❡①❛❞♦ ♣♦/ ✉♥ i ∈ (1, 2, ..., I) ② ❛❞❡♠G"✿
∀i, ∃ui : Rl+ → R
❊" ❞❡❝✐/✱ ♣❛/❛ ❝❛❞❛ ❝♦♥"✉♠✐❞♦/ ❡①✐"#❡ ✉♥❛ ❢✉♥❝✐D♥ ❞❡ ✉#✐❧✐❞❛❞ 8✉❡ /❛❝✐♦♥❛❧✐③❛
"✉" ❞❡❝✐"✐♦♥❡"✳ ❙❡ "✉♣♦♥❡ 8✉❡ ❝❛❞❛ ❢✉♥❝✐D♥ ❞❡ ✉#✐❧✐❞❛❞ ❞❡❧ ✐✲J"✐♠♦ ❝♦♥"✉♠✐❞♦/
❡" ❝♦♥#✐♥✉❛✱ ♥♦ "❛❝✐❛❞❛ ❧♦❝❛❧♠❡♥#❡ ② ❡"#/✐❝#❛♠❡♥#❡ ❝✉❛"✐❝D♥❝❛✈❛✳ ❊"#♦ ✐♠♣❧✐❝❛
❡♥#♦♥❝❡" 8✉❡✿
✶
❈✉❛❧$✉✐❡' (❡♦'*❛ $✉❡ ♣'❡(❡♥❞❛ ❡①♣❧✐❝❛' ❡❧ ❝♦♥0✉♠♦ ✐♥❞✐✈✐❞✉❛❧ ② ❛❣'❡❣❛❞♦✱ ♣♦' ❧♦ ♠❡♥♦0 ❧♦
❞❡0❡❛❜❧❡ ❡0 $✉❡ ❢✉♥❝✐♦♥❡ ❛ ♥✐✈❡❧ ✐♥❞✐✈✐❞✉❛❧✳
✾✷
❈❆"❮❚❯▲❖ ✷✳ ❊▲ "❘❖❇▲❊▼❆ ❉❊ ▲❆ ❆●❘❊●❆❈■1◆ ✾✸
∀i, ∃xi : Rl++ × R+ → R
l
+
❊#$❛ ❢✉♥❝✐+♥ ❞❡ ❞❡♠❛♥❞❛ ❡# ❝♦♥$✐♥✉❛ ② #❛$✐#❢❛❝❡ ❧❛ ❧❡② ❞❡ ❲❛❧3❛#✳
❆ ♣❛3$✐3 ❞❡ ❧❛ ❞❡♠❛♥❞❛ ❞❡ ❝❛❞❛ ❛❣❡♥$❡✱ ♣❛#❡♠♦# ❡♥$♦♥❝❡# ❛ ❛❣3❡❣❛3❧❛# ♣❛3❛
❡♥❝♦♥$3❛3 ❧❛ ❢✉♥❝✐+♥ ❞❡ ❞❡♠❛♥❞❛ ❛❣3❡❣❛❞❛✳ ❊#$❛ ❢✉♥❝✐+♥ ❞❡ ❞❡♠❛♥❞❛ ❛❣3❡❣❛❞❛
#❡ ❞❡✜♥❡ ❝♦♠♦✿
x : Rl++ × (R+)
I
→ Rl+
❉♦♥❞❡ x ❡# ❧❛ ❢✉♥❝✐+♥ ❞❡ ❞❡♠❛♥❞❛ ❛❣3❡❣❛❞❛ ② (R+)
I
❡# ❡❧ ✈❡❝$♦3 ❞❡ ❧❛# ❞✐❢❡✲
3❡♥$❡# 3❡♥$❛# ♣❛3❛ ❝❛❞❛ ❛❣❡♥$❡ i ∈ (1, 2, ..., I)✳ ▲❛ ❢✉♥❝✐+♥ ❞❡ ❞❡♠❛♥❞❛ ❛❣3❡❣❛❞❛
❡# ❡♥$♦♥❝❡#✿
x(p,m1,m2,m3, ...,mI) =
I∑
i=1
xi(p,mi)
❊#$❛ ❞❡♠❛♥❞❛ ❛❣3❡❣❛❞❛ #❛$✐#❢❛❝❡ ❧❛ ❧❡② ❞❡❲❛❧3❛#✳ ❊# ❞❡❝✐3✱ ∀(p,m1m2,m3, ...,ml)
#❡ ❝✉♠♣❧❡✿
p.x(p,m1,m2,m3, ...,mI) =
l∑
i=1
mi
❊# ♥❡❝❡#❛3✐♦ ❛❝❧❛3❛3 ?✉❡ ❧❛ ❢✉♥❝✐+♥ ❞❡ ❞❡♠❛♥❞❛ ❛❣3❡❣❛❞❛ ♥♦ ❡# ✐❣✉❛❧ ❛ ✉♥❛
❢✉♥❝✐+♥ ❞❡ ❞❡♠❛♥❞❛ ✐♥❞✐✈✐❞✉❛❧ ②❛ ?✉❡ $✐❡♥❡ ♣❛3❛ ❝❛❞❛ ❛❣❡♥$❡ i ❞✐❢❡3❡♥$❡# ♥✐✈❡❧❡#
❞❡ 3❡♥$❛✳ ❆❞❡♠@#✱ ❛ ♣❛3$❡ ❞❡ ❧❛ ❧❡② ❞❡ ❲❛❧3❛# ② ❧❛ ❝♦♥$✐♥✉✐❞❛❞✱ ❤❡3❡❞❛ ♣♦❝❛#
♣3♦♣✐❡❞❛❞❡# ✭❱❛3✐❛♥✱ ✶✾✾✷✿✶✽✵✮
✷
✳
❚❡♦#❡♠❛ ✸✺
❙✐ ❧❛ ❢✉♥❝✐+♥ ❞❡ ❞❡♠❛♥❞❛ ✐♥❞✐✈✐❞✉❛❧ #❛$✐#❢❛❝❡ ❧❛ ❧❡② ❝♦♠♣❡♥#❛❞❛ ❞❡ ❧❛ ❞❡♠❛♥✲
❞❛✱ ❧❛ ❢✉♥❝✐+♥ ❞❡ ❞❡♠❛♥❞❛ ❛❣3❡❣❛❞❛ $❛♠❜✐K♥✳ L❛3❛ ❧❛ ♣3✉❡❜❛ ✈❡3 ▼❛#✲❈♦❧❡❧❧✱
❡$✳❛❧✳ ✭✶✾✾✺✿✶✶✶✮✳
❊#$❛❜❧❡❝✐❞❛ ❧❛ ❢✉♥❝✐+♥ ❞❡ ❞❡♠❛♥❞❛ ❛❣3❡❣❛❞❛✱ ❡# ♥❡❝❡#❛3✐♦ ❞✐❢❡3❡♥❝✐❛3❧❛ ❞❡ ❧❛
❞❡♠❛♥❞❛ ❛❣3❡❣❛❞❛ ❞❡ ❛❣❡♥$❡ 3❡♣3❡#❡♥$❛$✐✈♦✱ ♣❛3❛ ❧♦ ❝✉❛❧ ❤❛3❡♠♦# ✉♥ ♣❛3❛❧❡❧♦
❝♦♥ ❧❛ ❞❡♠❛♥❞❛ ❛❣3❡❣❛❞❛ $3❛❜❛❥❛❞❛ ❝♦♠Q♥♠❡♥$❡ ❡♥ ♠❛❝3♦❡❝♦♥♦♠R❛✳
✷
◆♦ ❡①✐%&❡✱ ♣♦) ❡❥❡♠♣❧♦✱ ✉♥❛ ✈❡)%✐1♥ ❛❣)❡❣❛❞❛ ❞❡ ❧❛ ❡❝✉❛❝✐1♥ ❞❡ ❙❧✉&%❦②✳
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✷✳✷✳ ▲❛ ❞❡♠❛♥❞❛ ❛❣)❡❣❛❞❛ ❞❡❧ ❛❣❡♥+❡ )❡♣)❡-❡♥✲
+❛+✐✈♦
❊♥ ❧❛ ♠❛❝(♦❡❝♦♥♦♠+❛ ❦❡②♥❡.✐❛♥❛ ② ❝❧0.✐❝❛✱ .❡ .✉♣♦♥❡ 4✉❡ ❧❛ ❞❡♠❛♥❞❛ ❛❣(❡✲
❣❛❞❛ ❞❡♣❡♥❞❡ ❞❡ ❧♦. ♣(❡❝✐♦. p ② ❞❡ ❧❛ .✉♠❛8♦(✐❛ ❞❡ 8♦❞❛. ❧❛. (❡♥8❛.
∑l
i=1m
i
② ♣♦( 8❛♥8♦✱ ❡.8❛ ❢✉♥❝✐:♥ ❞❡ ❞❡♠❛♥❞❛ ❛❣(❡❣❛❞❛ ❞❡ ❛❣❡♥8❡ (❡♣(❡.❡♥8❛8✐✈♦ ❞✐✜❡(❡
❞❡ ❧❛ ❞❡✜♥✐❞❛ ❛♥8❡(✐♦(♠❡♥8❡✳ ▲❛ ❞❡♠❛♥❞❛ ❛❣(❡❣❛❞❛ ❞❡ ❛❣❡♥8❡ (❡♣(❡.❡♥8❛8✐✈♦ ❡.
✐❣✉❛❧ ❛✿
x˜(p,
l∑
i=1
mi)
❈♦♥ ❜❛.❡ ❛ ❡.8❛ ❢✉♥❝✐:♥ ❞❡ ❞❡♠❛♥❞❛ ❛❣(❡❣❛❞❛✱ .❡ 8(❛❜❛❥❛♥ ♦8(♦. ❝♦♥❝❡♣✲
8♦.✳ C♦( ❡❥❡♠♣❧♦✱ ❡♥ ❧❛ ♠❛❝(♦❡❝♦♥♦♠+❛ ❦❡②♥❡.✐❛♥❛ .❡ .✉♣♦♥❡ 4✉❡ ❡❧ ❝♦♥.✉♠♦
❛❣(❡❣❛❞♦ ❞❡♣❡♥❞❡ ❞❡❧ ♥✐✈❡❧ ❛❣(❡❣❛❞❛ ❞❡ (❡♥8❛ ② ♥♦ ❞❡ ❝❛❞❛ ♥✐✈❡❧ ❞❡ (❡♥8❛ ❝♦✲
((❡.♣♦♥❞✐❡♥8❡ ❛ ❝❛❞❛ ❛❣❡♥8❡✳ ❊. ❞❡❝✐(✿
C = bf(p,
l∑
i=1
mi)
❉♦♥❞❡ C ❡. ❡❧ ❝♦♥.✉♠♦ ❛❣(❡❣❛❞♦ ② b ❡. ❧❛ ♣(♦♣❡♥.✐:♥ ♠❛(❣✐♥❛❧ ❛ ❝♦♥.✉♠✐(✳
◆:8❡.❡ ❡♥8♦♥❝❡. 4✉❡ .❡ 8✐❡♥❡ ❛.+ ✉♥❛ ❛❣(❡❣❛❝✐:♥ ❝♦♠♣❧❡8❛♠❡♥8❡ ❞✐.8✐♥8❛ ❛ ❧❛
4✉❡ ❤❡♠♦. ❞❡✜♥✐❞♦ ❛❝0 ②❛ 4✉❡ ❧❛ ❢✉♥❝✐:♥ ❞❡ ❞❡♠❛♥❞❛ ❛❣(❡❣❛❞❛ ❡.8❛❜❧❡❝✐❞❛ ❛♥8❡.
❞❡♣❡♥❞❡ ❞❡ ❧❛ ❞✐.8(✐❜✉❝✐:♥ ❞❡ ❧❛ (❡♥8❛ ♠✐❡♥8(❛. ❧❛ ♦8(❛✱ ❧❛ ♠❛❝(♦❡❝♦♥:♠✐❝❛✱ ♥♦✳
❊. ❞❡❝✐(✿
x(p,m1,m2,m3, ...,mI) 6= x˜(p,
l∑
i=1
mi)
❊❧ ♣(♦❜❧❡♠❛ ❡. 4✉❡ ❝❛.✐ .✐❡♠♣(❡ ❧❛ ❞❡♠❛♥❞❛ ❛❣(❡❣❛❞❛  ✐ ❞❡♣❡♥❞❡ ❞❡ ❧❛
❞✐.8(✐❜✉❝✐:♥ ❞❡ ❧❛ (❡♥8❛ ② ♣♦( 8❛♥8♦✱ .✉♣♦♥❡( ❞❡♠❛♥❞❛. ❛❣(❡❣❛❞❛. ❝♦♥ ✉♥ ♥✐✈❡❧ ❞❡
✐♥❣(❡.♦ ❛❣(❡❣❛❞♦ 4✉❡ ♥♦ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ❞✐.8(✐❜✉❝✐:♥ ❡. ✉♥❛ ❝♦♥.8(✉❝❝✐:♥ 8❡:(✐❝❛
✐♥❛❞❡❝✉❛❞❛✳
❆❞❡♠0. ❤❛② ✈❛(✐♦. .✉♣✉❡.8♦. ❞❡ ❢♦♥❞♦ 4✉❡ ❡.80♥ ❡♥ ❧❛ ❞❡♠❛♥❞❛ ❛❣(❡❣❛❞❛ ❞❡
❛❣❡♥8❡ (❡♣(❡.❡♥8❛8✐✈♦✳ ❱❡❛♠♦.✳
❙✉♣♦♥❣❛♠♦. 4✉❡ ❧❛ ❞❡♠❛♥❞❛ ❛❣(❡❣❛❞❛ ❡. ❞✐❢❡(❡♥❝✐❛❜❧❡ ② ♣(♦❞✉③❝❛♠♦. ✉♥
❝❤♦4✉❡ ❞❡ (❡♥8❛
(
dmi
)I
i=1
8❛❧ 4✉❡✿
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I∑
i=1
dmi = 0
❊# ❞❡❝✐(✱ #✉♣♦♥❣❛♠♦# 1✉❡ #❡ ❞❛♥ ❝❤♦1✉❡# ❞❡ (❡♥3❛ 1✉❡ #✉♠❡♥ ❝❡(♦ ♦ ❧♦ 1✉❡
❡# ❡1✉✐✈❛❧❡♥3❡✿ ❡❧ ❝❤♦1✉❡ ❞❡ (❡♥3❛ ❡# 3❛❧ 1✉❡ ♥♦ #❡ ❡#37 ❞❛♥❞♦ ♥✐ 1✉✐3❛♥❞♦ (❡♥3❛✳
❊♥ ♦3(❛# ♣❛❧❛❜(❛#✱ ②❛ 1✉❡ ❡♥ ❧❛ ❞❡♠❛♥❞❛ ❛❣(❡❣❛❞❛ ❞❡ ❛❣❡♥3❡ (❡♣(❡#❡♥3❛3✐✈♦ x˜
♥♦ ✐♠♣♦(3❛ ❧❛ ❞✐#3(✐❜✉❝✐;♥ ❞❡ ❧❛ (❡♥3❛✱ ❡#3❛♠♦# #✉♣♦♥✐❡♥❞♦ ✉♥❛ #✐3✉❛❝✐;♥ 3❛❧✱
1✉❡ ❡♥ ❧❛ ❞❡♠❛♥❞❛ ❛❣(❡❣❛❞❛ x✱ #❡ ❤❛❝❡ ✉♥❛ ❞✐#3(✐❜✉❝✐;♥ ❞❡ ❧❛ (❡♥3❛ ❞❡ 3❛❧ ❢♦(♠❛
1✉❡ ♥♦ ❧❛ ❛❢❡❝3❡✳ ▲♦ 1✉❡ #❡ 1✉✐❡(❡ ✈❡( ❡♥3♦♥❝❡# ❡# 1✉> #✉❝❡❞❡ #✐ ❡♥ ❧❛ ❞❡♠❛♥❞❛
❛❣(❡❣❛❞❛ ❧❛ ❞✐#3(✐❜✉❝✐;♥ ❞❡ ❧❛ (❡♥3❛ ♥♦ ❡# ✐♠♣♦(3❛♥3❡✳ ❋♦(♠❛❧♠❡♥3❡✿
x(p,m1,m2,m3, ...,mI) = x˜(p,m1 + dm1,m2 + dm2,m3 + dm3, ...,mI + dmI)
❊❧ ❝❤♦1✉❡ ❞❡ (❡♥3❛ ❡# 3❛❧ 1✉❡ ❞❡❜❡ ❝✉♠♣❧✐(#❡✿
∀l :
I∑
i=1
∂xil
∂m
(p,mi)dmi = 0
❊# ❞❡❝✐(✱ ②❛ 1✉❡ ❡❧ ❝❤♦1✉❡ ❞❡ (❡♥3❛ ❡#37 ❞❛❞♦ ♣♦(
∑I
i=1 dm
i = 0✱ #❡ ❝✉♠♣❧❡
1✉❡ ❡#3❡ ♥♦ ❛❧3❡(❛ ❧❛ ❞❡♠❛♥❞❛ ❛❣(❡❣❛❞❛✳ ❉❡ #❡( ❛#A✱ #❡ ❝✉♠♣❧❡ ❡❧ #✐❣✉✐❡♥3❡
(❡#✉❧3❛❞♦✿
∀l, ∀i, i∗, (i 6= i∗), ∀p, ∀mi, ∀mi
∗
:
∂xil
∂m
(p,mi) =
∂xi
∗
l
∂m
(p,mi
∗
)
B♦( ❧❛ ❞❡✜♥✐❝✐;♥ ❞❡ ❧♦ 1✉❡ ❡# ❡❧ ❡❢❡❝3♦ (❡♥3❛✱ ❡#3❛ ❢♦(♠❛ ❞❡ ❛❣(❡❣❛❝✐;♥ ✭❧❛ ❞❡
❛❣❡♥3❡ (❡♣(❡#❡♥3❛3✐✈♦✮ #✉♣♦♥❡ ❡♥3♦♥❝❡# 1✉❡ ❧♦# ❡❢❡❝3♦# (❡♥3❛ ❞❡❜❡♥ #❡( ✐❣✉❛❧❡#
♣❛(❛ 3♦❞♦# ❧♦# ❛❣❡♥3❡#✳ ❊# ❞❡❝✐(✱ #✐ #❡ 3(❛❜❛❥❛ ❝♦♥ ✉♥❛ ❞❡♠❛♥❞❛ ❛❣(❡❣❛❞❛ ❞♦♥❞❡
♥♦ ✐♠♣♦(3❛ ❧❛ ❞✐#3(✐❜✉❝✐;♥ ❞❡ ❧❛ (❡♥3❛
✸
✱ 3❛❧ ❝♦♠♦ ❧❛ ❞❡♠❛♥❞❛ ❛❣(❡❣❛❞❛ ❞❡ ❛❣❡♥3❡
(❡♣(❡#❡♥3❛3✐✈♦✱ ❡❧ (❡#✉❧3❛❞♦ ❡# 1✉❡ #❡ ❡#37 #✉♣♦♥✐❡♥❞♦ ❛❣❡♥3❡# ❝♦♥#✉♠✐❞♦(❡# ❝♦♥
❡❢❡❝3♦# (❡♥3❛# ✐❣✉❛❧❡#✳ ❆❞❡♠7#✱ #❡ (❡1✉✐❡(❡ 1✉❡ ❧❛# #❡♥❞❛# ❞❡ ❡①♣❛♥#✐;♥ #❡❛♥
♣❛(❛❧❡❧❛# ♣❛(❛ ❝✉❛❧1✉✐❡( ✈❡❝3♦( ❞❡ ♣(❡❝✐♦# ✭▼❛#✲❈♦❧❡❧❧✱ ❡3✳❛❧✱ ✶✾✾✺✿✶✵✼✮✳ ❊♥ ♦3(❛#
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♥♦ ❝✉♠♣❧❡♥ ❡❧ ❛①✐♦♠❛ ❢✉❡.+❡ ❞❡ ❧❛ ♣.❡❢❡.❡♥❝✐❛ .❡✈❡❧❛❞❛✱ ❡( ❞❡❝✐.✱ ♥♦ (♦❜.❡✈✐✈❡
✉♥♦ ❞❡ ❧♦( ♣✐❧❛.❡( ❞❡❧ ❛♥@❧✐(✐( ❞❡ ❧❛ ❝♦♥❞✉❝+❛ .❛❝✐♦♥❛❧ ✐♥❞✐✈✐❞✉❛❧✳
✻
❙❡ "✉♣♦♥❡ ❛ ❝♦♥)✐♥✉❛❝✐+♥ ② ❡♥ ❡❧ ❣/0✜❝♦✱ ♣❛/❛ ❡❢❡❝)♦" ♣/0❝)✐❝♦"✱ 4✉❡✿ 2x1
1
= x1
1
2x2
1
= x2
1
2x1
2
= x1
2
2x2
2
= x2
2
❈❛♣#$✉❧♦ ✸
❉❡♠❛♥❞❛✱ ❜✐❡♥❡) ②
❡❧❛),✐❝✐❞❛❞❡)
❯♥❛ ✈❡③ ❡&'❛❜❧❡❝✐❞❛& ❧❛& ♣.✐♥❝✐♣❛❧❡& ♣.♦♣♦&✐❝✐♦♥❡& &♦❜.❡ ❧❛ ♠❛♥❡.❛ ❡♥ 1✉❡
❡❧ ❛❣❡♥'❡ ❝♦♥&✉♠✐❞♦. '♦♠❛ ❧❛& ❞❡❝✐&✐♦♥❡&✱ ✈❡❛♠♦& ❛❤♦.❛ ❧❛ ❢♦.♠❛ 1✉❡ ♣✉❡❞❡♥
❛❞♦♣'❛. ❡&'❛&✳ ❊& ❞❡❝✐.✱ ✈❡❛♠♦& ❧❛& ❞✐&'✐♥'❛& ❢♦.♠❛& 1✉❡ ❛❞♦♣'❛ ❧❛ ❞❡♠❛♥❞❛ ❞❡❧
❝♦♥&✉♠✐❞♦. ❛♥'❡ ❞✐❢❡.❡♥'❡& '✐♣♦& ❞❡ ❜✐❡♥❡&✳
❉❡✜♥✐❡♥❞♦ ♥✉❡✈❛♠❡♥'❡ ❧❛ ❡❝✉❛❝✐;♥ ❞❡ ❙❧✉&'❦②✿
∂xl(p,m)
∂pl
=
∂hl(p, u)
∂pl
− xl(p,m)
∂xl(p,m)
∂m
❙❡ '✐❡♥❡ 1✉❡ ❧♦& ❝❛♠❜✐♦& ❞❡ ❧❛ ❞❡♠❛♥❞❛ ♠❛.&❤❛❧❧✐❛♥❛ xl(p,m) ❛❧ ♣.❡❝✐♦ ♣.♦♣✐♦
&❡.@♥ ♥❡❣❛'✐✈♦& ♦ ♣♦&✐'✐✈♦&✱ &❡❣A♥ &❡ '.❛'❡ ❞❡ ❜✐❡♥❡& ♥♦.♠❛❧❡& ♦ ✐♥❢❡.✐♦.❡& '✐♣♦
●✐✛❡♥ .❡&♣❡❝'✐✈❛♠❡♥'❡✳
❙❡ ❞❡✜♥❡♥ ❜✐❡♥❡& ♥♦.♠❛❧❡& ❛ ❧♦& ❜✐❡♥❡& 1✉❡ ♣.❡&❡♥'❛♥ ❧❛ &✐❣✉✐❡♥'❡ ❝❛.❛❝'❡✲
.E&'✐❝❛✿
∂xl(p,m)
∂m
> 0
F♦. ♦'.❛ ♣❛.'❡✱ ❧♦& ❜✐❡♥❡& ✐♥❢❡.✐♦.❡& &♦♥✿
∂xl(p,m)
∂m
< 0
❊! ❞❡❝✐&✱ ❧♦! ❜✐❡♥❡! ✐♥❢❡&✐♦&❡! !♦♥ ❛.✉❡❧❧♦! .✉❡ ❛❧ ❛✉♠❡♥1❛& ❡❧ ♣♦❞❡& ❛❞.✉✐!✐✲
1✐✈♦✱ ❡❧ ❝♦♥!✉♠✐❞♦& ❞❡❥❛ ❞❡ ❝♦♠♣&❛&✳ ❊♥ ❧❛ ♠❛②♦&8❛ ❞❡ ❝❛!♦!✱ !❡ 1✐❡♥❞❡ ❛ ♣❡♥!❛&
✾✾
❈❆"❮❚❯▲❖ ✸✳ ❉❊▼❆◆❉❆✱ ❇■❊◆❊❙ ❨ ❊▲❆❙❚■❈■❉❆❉❊❙ ✶✵✵
"✉❡ ❧♦' ❜✐❡♥❡' ✐♥❢❡,✐♦,❡' '♦♥ ❜✐❡♥❡' ❞❡ ♠❛❧❛ ❝❛❧✐❞❛❞✱ ♥♦ ♦❜'2❛♥2❡✱ ❡' ♥❡❝❡'❛,✐♦
2❡♥❡, ❡♥ ❝✉❡♥2❛ "✉❡ ❧♦' ❜✐❡♥❡' '❡,3♥ ✐♥❢❡,✐♦,❡' ♦ ♥♦ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡❧ ♥✐✈❡❧ ❞❡
,❡♥2❛ ❞❡❧ ❝♦♥'✉♠✐❞♦, ② ❧♦ "✉❡ ♣❛,❛ ❛❧❣8♥ ❝♦♥'✉♠✐❞♦, ♣✉❡❞❡ '❡, ✉♥ ❜✐❡♥ ✐♥❢❡,✐♦,
♣❛,❛ ♦2,♦ ♣✉❡❞❡ '❡, ✉♥ ❜✐❡♥ ♥♦,♠❛❧✳
❙❡ 2✐❡♥❡ ❛'; "✉❡ ❛♥2❡ ❝❛♠❜✐♦' ❡♥ ❧♦' ♣,❡❝✐♦' ② ❞❡ ♣,❡'❡♥2❛,'❡ "✉❡ ❧♦' ❜✐❡♥❡'
'❡❛♥ ✐♥❢❡,✐♦,❡'✱ ❡❧ ❡❢❡❝2♦ ,❡♥2❛ ♣✉❡❞❡ '❡, ♣♦'✐2✐✈♦✳ ❙✐ ❛❞❡♠3' '✉❝❡❞❡ "✉❡ ❡'2❡
❡❢❡❝2♦ ,❡♥2❛ ❡' ♠❛②♦, ❛❧ ❡❢❡❝2♦ '✉'2✐2✉❝✐<♥✱ ❡❧ ❝✉❛❧ ♣♦, ❞❡✜♥✐❝✐<♥ ♥♦ 2✐❡♥❡ ♥❛❞❛
"✉❡ ✈❡, ❝♦♥ ❧♦' ❝❛♠❜✐♦' ❡♥ ,❡♥2❛ ② '✐❡♠♣,❡ '❡,3 ♥❡❣❛2✐✈♦✱ ❡' ♣♦'✐❜❧❡ "✉❡ '❡
♣,❡'❡♥2❡ ❧❛ ♣❛,❛❞♦❥❛ ❞❡ ❧♦' ❜✐❡♥❡' ●✐✛❡♥✳
❊' ❞❡❝✐,✱ '✐✿
∂xl(p,m)
∂m
xl(p,m) >
∂hl(p, u)
∂pl
❊❧ ,❡'✉❧2❛❞♦ '❡,3✿
∂xl(p,m)
∂pl
> 0
C♦, ❧♦ 2❛♥2♦✱ ❡♥ ❡❧ ❝❛'♦ ❞❡ ❜✐❡♥❡' ✐♥❢❡,✐♦,❡' ❝✉②♦ ❡❢❡❝2♦ ,❡♥2❛ ❝♦♥2,❛,❡'2❛
❡❧ ❡❢❡❝2♦ '✉'2✐2✉❝✐<♥✱ ❡❧ ,❡'✉❧2❛❞♦ ❡' "✉❡ ❧❛ ❢✉♥❝✐<♥ ❞❡ ❞❡♠❛♥❞❛ ♦,❞✐♥❛,✐❛ 2✐❡♥❡
♣❡♥❞✐❡♥2❡ ♣♦'✐2✐✈❛✳ ❈✉❛♥❞♦ '❡ ♣,❡'❡♥2❛ ❧♦ ❛♥2❡,✐♦, ❞✐,❡♠♦' "✉❡ '❡ ♣,❡'❡♥2❛ ❧❛
♣❛,❛❞♦❥❛ ❞❡ ❧♦' ❜✐❡♥❡' ●✐✛❡♥✱ ❡' ❞❡❝✐, ❜✐❡♥❡' "✉❡ '♦♥ ♠✉② ✐♥❢❡,✐♦,❡'
✶
✳
●!"✜❝♦ ✷✹
❊♥ ❝❛'♦ ❞❡ "✉❡ ♥♦ '❡ ♣,❡'❡♥2❡ ❧❛ '✐2✉❛❝✐<♥ ❞❡ ❜✐❡♥❡' ✐♥❢❡,✐♦,❡' ❞♦♥❞❡ ❡❧ ❡❢❡❝2♦
,❡♥2❛ ❞♦♠✐♥❡ ❡❧ ❡❢❡❝2♦ '✉'2✐2✉❝✐<♥✱ '❡ ♣,❡'❡♥2❛,;❛ ❡❧ ❝❛'♦ ❞❡ ❜✐❡♥❡' ✐♥❢❡,✐♦,❡'
✶
❊! ❞✐❢%❝✐❧ ❡♥ ❧❛ ♣,-❝.✐❝❛ ❡♥❝♦♥.,❛, ✉♥ ❜✐❡♥ ✐♥❢❡,✐♦, ② ♠-! ❛4♥✱ ✉♥ ❜✐❡♥ ✐♥❢❡,✐♦, .✐♣♦ ●✐✛❡♥
♣❡,♦ ❡♥ ❝❛!♦ ❞❡ 8✉❡ ❤❛❧❧❛,!❡✱ ❝♦♥ ❜❛!❡ ❡♥ ❧♦ ❛♥.❡,✐♦,♠❡♥.❡ ❡①♣✉❡!.♦✱ ❡! ♣♦!✐❜❧❡ ❞❛, ❡①♣❧✐❝❛❝✐;♥
❛ ❡!.❡ ❢❡♥;♠❡♥♦ ✭▼✉>♦③✱ ✷✵✶✵✮✳
❈❆"❮❚❯▲❖ ✸✳ ❉❊▼❆◆❉❆✱ ❇■❊◆❊❙ ❨ ❊▲❆❙❚■❈■❉❆❉❊❙ ✶✵✶
❝✉②❛ ❝✉&✈❛ ❞❡ ❞❡♠❛♥❞❛ ❡, ♦&❞✐♥❛&✐❛✱ ❡, ❞❡❝✐&✿ ♣&❡,❡♥2❛ ♣❡♥❞✐❡♥2❡ ♥❡❣❛2✐✈❛✳ 5❛&❛
❡❧ ❝❛,♦ ❞❡ ❜✐❡♥❡, ♥♦&♠❛❧❡,✱ ♥♦ ❤❛② ❛♠❜✐❣9❡❞❛❞ ❡♥ ❧❛ ♣❡♥❞✐❡♥2❡ ❞❡ ❧❛ ❞❡♠❛♥❞❛
②❛ :✉❡ 2❛♥2♦ ❡♥ ❡❧ ❡❢❡❝2♦ ,✉,2✐2✉❝✐<♥ ❝♦♠♦ ❡❧ ❡❢❡❝2♦ &❡♥2❛ 2❡♥❞&=♥ ❡❧ ♠✐,♠♦ ,✐❣♥♦
② ❛,>✱ ❧❛ ❝✉&✈❛ ❞❡ ❞❡♠❛♥❞❛ 2❡♥❞&= ,✐❡♠♣&❡ ♣❡♥❞✐❡♥2❡ ♥❡❣❛2✐✈❛✳ 5♦& 2❛♥2♦✱ ♣❛&❛
❜✐❡♥❡, ♥♦&♠❛❧❡, ❡ ✐♥❢❡&✐♦&❡, ✭♥♦ ●✐✛❡♥✮ ,❡ 2✐❡♥❡✿
∂xl(p,m)
∂pl
< 0
❙❛♠✉❡❧,♦♥ ✭✶✾✹✼❜✮ ❡①♣❧✐❝❛ ♠❡❥♦& ❡,2♦ ❡♥ ♣❛❧❛❜&❛,✿ ➫➫❚♦❞♦ ❜✐❡♥ ❞❡❧ :✉❡ ,❡
,❛❜❡ ,✉ ❞❡♠❛♥❞❛ ♥✉♥❝❛ ❞✐,♠✐♥✉②❡ ❛❧ ❛✉♠❡♥2❛& ,<❧♦ ,✉ &❡♥2❛✱ 2✐❡♥❡ :✉❡ ♥❡❝❡,❛✲
&✐❛♠❡♥2❡ ❛✉♠❡♥2❛& ❝✉❛♥❞♦ ,<❧♦ ,✉ ♣&❡❝✐♦ ❞✐,♠✐♥✉②❡✳
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5♦& K❧2✐♠♦✱ ♣❛&❛ ❡❧ ❝❛,♦ ❞❡ ❧❛ ❢✉♥❝✐<♥ ❞❡ ❞❡♠❛♥❞❛ ❝♦♠♣❡♥,❛❞❛ ♦ ❤✐❝❦,✐❛♥❛
hl(p, u)✱ ,❡ 2✐❡♥❡ :✉❡ ❡❧ ,✐❣♥♦ ❞❡ ,✉ ♣❡♥❞✐❡♥2❡ ❡, ,✐♥ ❛♠❜✐❣9❡❞❛❞ ♥❡❣❛2✐✈♦✳ ◆♦
♦❜,2❛♥2❡✱ ,✉ &❡❧❛❝✐<♥ ❝♦♥ ❧❛ ❞❡♠❛♥❞❛ ♠❛&,❤❛❧❧✐❛♥❛ ✈❛&>❛ ❞❡ ❛❝✉❡&❞♦ ,❡ ♣&❡,❡♥2❡
❡❧ ❝❛,♦ ❞❡ ❜✐❡♥❡, ✐♥❢❡&✐♦&❡, ♥♦ ●✐✛❡♥✱ ✈❡❛♠♦,✿
∂hl(p, u)
∂pl
=
∂xl(p,m)
∂pl
+ xl(p,m)
∂xl(p,m)
∂m
❙❡ ♦❜,❡&✈❛ ❡♥2♦♥❝❡, :✉❡ ❝✉❛♥❞♦ ♥♦ ,❡ ♣&❡,❡♥2❛ ❡❧ ❝❛,♦ ❞❡ ❧♦, ❜✐❡♥❡, ✐♥❢❡&✐♦&❡,✱
❧❛ ❞❡♠❛♥❞❛ ❤✐❝❦,✐❛♥❛ ❡, ♠=, ✈❡&2✐❝❛❧ :✉❡ ❧❛ ❞❡♠❛♥❞❛ ♦&❞✐♥❛&✐❛✳ ◆♦ ♦❜,2❛♥2❡✱
❝✉❛♥❞♦ ,❡ ♣&❡,❡♥2❛ ❡❧ ❝❛,♦ ❞❡ ❜✐❡♥❡, ✐♥❢❡&✐♦&❡, ♥♦ ●✐✛❡♥ ❧❛ ❞❡♠❛♥❞❛ ❤✐❝❦,✐❛♥❛
❡, ♠❛, ❤♦&✐③♦♥2❛❧ ♦ ❡❧=,2✐❝❛✳
❈❆"❮❚❯▲❖ ✸✳ ❉❊▼❆◆❉❆✱ ❇■❊◆❊❙ ❨ ❊▲❆❙❚■❈■❉❆❉❊❙ ✶✵✷
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❈♦"♦❧❛"✐♦ ✶✵
❉❡❜✐❞♦ ❛ *✉❡ ,✐ U(x) ❡, ❧♦❝❛❧♠❡♥1❡ ♥♦ ,❛❝✐❛❞❛ ,❡ ❝✉♠♣❧❡
∑L
i=1 pixi = m
∀(p,m) ② x ∈ X(p,m)✳ ❊♥1♦♥❝❡,✱ ♥♦ 1♦❞♦, ❧♦, ❜✐❡♥❡, ♣✉❡❞❡♥ ,❡7 ✐♥❢❡7✐♦7❡,✳
❊, ❞❡❝✐7✱ ,✐ ❛✉♠❡♥1❛ ❡❧ ✐♥❣7❡,♦ ♥♦ ♣✉❡❞❡ ,✉❝❡❞❡7 *✉❡ ❞✐,♠✐♥✉②❛ ❧❛ ❞❡♠❛♥❞❛
❞❡ 1♦❞♦, ❧♦, ❜✐❡♥❡, ②❛ *✉❡ ♣♦7 ♥♦ ,❛❝✐❡❞❛❞ ❧♦❝❛❧ ♥♦ ♣✉❡❞❡ ❡①✐,1✐7 ✭❡♥ ✉♥ ♠❛7❝♦
❡,1<1✐❝♦✮ ❡❧ ❛❤♦77♦✳
❖17❛ ❢♦7♠❛ ❞❡ ❡①♣7❡,❛7 ❧♦ ❛♥1❡7✐♦7 ❡, ❤❛❝✐❡♥❞♦ ✉,♦ ❞❡❧ ❧❛ ❝♦♥❞✐❝✐@♥ ❞❡ ❊♥❣❡❧✿
L∑
i=1
∂xi(p,m)
∂m
pi = 100%
❙✐ 1♦❞♦, ❧♦, ❜✐❡♥❡, ❢✉❡7❛♥ ✐♥❢❡7✐♦7❡,✱ ❡, ❞❡❝✐7✿
∂xi(p,m)
∂m
< 0✱ ♥♦ ,❡ ❝✉♠♣❧✐7C❛
*✉❡ ❧❛ ✈❛7✐❛❝✐@♥ 1♦1❛❧ ❞❡ 1♦❞❛, ❧❛, ❞❡♠❛♥❞❛,✱ ❞✐❡7❛♥ ❝♦♠♦ 7❡,✉❧1❛❞♦ ❧❛ ✈❛7✐❛❝✐@♥
1♦1❛❧ ♦ ❡❧ 100%✳ E♦7 ❧♦ 1❛♥1♦✱ ,♦❧♦ ❡, ♣♦,✐❜❧❡ *✉❡ ❛❧❣✉♥♦, ❜✐❡♥❡,✱ ♥♦ 1♦❞♦,✱ ,❡❛♥
✐♥❢❡7✐♦7❡,✳ 
✸✳✶✳ ❇✐❡♥❡' ❝♦♠♣❧❡♠❡♥-❛/✐♦' ② ❜✐❡♥❡' '✉'-✐-✉-♦'
❱♦❧✈✐❡♥❞♦ ❛ ❧❛ ❡❝✉❛❝✐@♥ ❞❡ ❙❧✉1,❦②✿
∂xi(p,m)
∂pj
=
∂hi(p, u)
∂pj
− xj(p,m)
∂xi(p,m)
∂m
❙❡ ❞❡✜♥❡♥ ❛ ❝♦♥1✐♥✉❛❝✐@♥ ✈❛7✐♦, 1✐♣♦, ❞❡ ❜✐❡♥❡,✳
❈❆"❮❚❯▲❖ ✸✳ ❉❊▼❆◆❉❆✱ ❇■❊◆❊❙ ❨ ❊▲❆❙❚■❈■❉❆❉❊❙ ✶✵✸
❇✐❡♥❡$ ❝♦♠♣❧❡♠❡♥*♦
❙❡ ❞✐❝❡ (✉❡ ✉♥ ❜✐❡♥ i ❡, ❝♦♠♣❧❡♠❡♥1♦ ♥❡1♦ ❞❡ ✉♥ ❜✐❡♥ j ,✐✿
∂hi(p, u)
∂pj
< 0
❘❡❝♦4❞❡♠♦, (✉❡ ✉♥ ❜✐❡♥ ❡, ❝♦♠♣❧❡♠❡♥1♦ ❞❡ ♦14♦✱ ,✐ ❛❧ ❛✉♠❡♥1❛4 ❡❧ ♣4❡❝✐♦
❞❡❧ ❜✐❡♥ j ❞✐,♠✐♥✉②❡ ❧❛ ❞❡♠❛♥❞❛ ❞❡❧ ❜✐❡♥ i✳ ❊♥ ❡,1❡ ❝❛,♦✱ ,❡ ❞✐❝❡ (✉❡ ❡, ❝♦♠♣❧❡✲
♠❡♥1♦ ♥❡"♦ ❞❡❜✐❞♦ ❛ (✉❡ ❡♥ ❧❛ ❞❡♠❛♥❞❛ ❝♦♠♣❡♥,❛❞❛ ,❡ ❛✐,❧❛♥ ❧❛, ✈❛4✐❛❝✐♦♥❡,
❞❡❧ ✐♥❣4❡,♦✳
=♦4 ♦14❛ ♣❛41❡✱ ,❡ ❞✐❝❡ (✉❡ ✉♥ ❜✐❡♥ i ❝♦♠♣❧❡♠❡♥1♦ ❜4✉1♦ ❞❡ ♦14♦ ❜✐❡♥ j
❝✉❛♥❞♦✿
∂xi(p,m)
∂pj
< 0
❊❧ ❝❛4>❝1❡4 ❞❡ ❝♦♠♣❧❡♠❡♥1♦ ❜%✉"♦ ,❡ ❞❡❜❡ ❡♥1♦♥❝❡, ❛ (✉❡ ❡♥ ❧❛ ❞❡♠❛♥❞❛
❝♦♠♣❡♥,❛❞❛✱ ♣♦4 ❧❛ ❡❝✉❛❝✐?♥ ❞❡ ❙❧✉1,❦②✱ ❡,1>♥ ♣4❡,❡♥1❡, 1❛♥1♦ ❡❧ ❡❢❡❝1♦ ,✉,1✐1✉✲
❝✐?♥ ❝♦♠♦ ❡❧ ❡❢❡❝1♦ 4❡♥1❛✳
❇✐❡♥❡$ $✉$*✐*✉*♦$
❙❡ ❞✐❝❡ (✉❡ ✉♥ ❜✐❡♥ i ❡, ,✉,1✐1✉1♦ ♥❡1♦ ❞❡ ✉♥ ❜✐❡♥ j ,✐✿
∂hi(p, u)
∂pj
> 0
❊, ❞❡❝✐4✱ ✉♥ ❜✐❡♥ ❡, ,✉,1✐1✉1♦ ♥❡1♦ ❞❡ ♦14♦✱ ,✐ ❛❧ ❛✉♠❡♥1❛4 ❡❧ ♣4❡❝✐♦ ❞❡❧ ❜✐❡♥
j ❛✉♠❡♥1❛ ❧❛ ❞❡♠❛♥❞❛ ❞❡❧ ❜✐❡♥ i✳ ❊❧ ❝❛4>❝1❡4 ❞❡ ♥❡"♦ ,❡ ❞❡❜❡ ❞❡ ♥✉❡✈♦ ❛ ❧❛,
❝❛4❛❝1❡4B,1✐❝❛, ❞❡ ❧❛ ❞❡♠❛♥❞❛ ❝♦♠♣❡♥,❛❞❛✳
=♦4 C❧1✐♠♦✱ ✉♥ ❜✐❡♥ i ❡, ,✉,1✐1✉1♦ ❜4✉1♦ ❞❡ ✉♥ ❜✐❡♥ j ,✐✿
∂xi(p,m)
∂pj
> 0
❚❡♦#❡♠❛ ✸✻
❉❡❜✐❞♦ ❛ (✉❡ ❧❛ ❞❡♠❛♥❞❛ ❝♦♠♣❡♥,❛❞❛ ❡, ❤♦♠♦❣F♥❡❛ ❞❡ ❣4❛❞♦ ❝❡4♦ ❡♥ ♣4❡❝✐♦,
p✳ ❊, ❞❡❝✐4✿(
∀p ∈ Rl++, ∀u ∈ ℧, ∀λ ∈ R
l
++
)
,❡ ❝✉♠♣❧❡✿ h(λp, u) = h(p, u)
❊♥1♦♥❝❡,✱ 1♦❞♦ ❜✐❡♥ ❞❡❜❡ ❞❡ 1❡♥❡4 ❛❧ ♠❡♥♦, ✉♥ ,✉,1✐1✉1♦ ♥❡1♦✳
❈❆"❮❚❯▲❖ ✸✳ ❉❊▼❆◆❉❆✱ ❇■❊◆❊❙ ❨ ❊▲❆❙❚■❈■❉❆❉❊❙ ✶✵✹
 !✉❡❜❛
#♦% ❤♦♠♦❣❡♥❡✐❞❛❞ ❞❡ ❣%❛❞♦ ❝❡%♦ /❡ ❞❡❜❡ ❝✉♠♣❧✐%✿
L∑
i=1
∂hi(p, u)
∂pi
pi = 0
❊/ ❞❡❝✐%✱ ❝✉❛♥❞♦ ✈❛%8❛ ✉♥ pj /❡ ❞❡❜❡ ❝✉♠♣❧✐% 9✉❡
∂hj(p,u)
∂pj
< 0 ✳ ❊♥;♦♥❝❡/✱ ♣❛%❛
♣♦❞❡% ♠❛♥;❡♥❡%/❡ ❧❛ ✐❣✉❛❧❞❛❞ ❛ ❝❡%♦ 9✉❡ ✐♠♣❧✐❝❛ ❧❛ ❤♦♠♦❣❡♥❡✐❞❛❞✱ ❡/ ♥❡❝❡/❛%✐♦
9✉❡ ❛❧❣✉♥❛ ❞❡♠❛♥❞❛ hi ✈❛%8❡ ❡♥ ❢♦%♠❛ ♣♦/✐;✐✈❛✱
∂hi(p,u)
∂pj
> 0 ✳ ❊/ ♣%❡❝✐/❛♠❡♥;❡
❡/;= /✐;✉❛❝✐>♥✱ ❧❛ 9✉❡ ❤❛❝❡ 9✉❡ ❡❧ ❜✐❡♥ i ❞❡❜❛ ;❡♥❡% ❛❧ ♠❡♥♦/ ✉♥ ❜✐❡♥ /✉/;✐;✉;♦
♥❡;♦✳
❇✐❡♥❡$ ❝♦♠♣❧❡♠❡♥*♦$ ❜,✉*♦$ ② $✉$*✐*✉*♦$ ♥❡*♦$
#♦% ❧❛ ❡❝✉❛❝✐>♥ ❞❡ ❙❧✉/;❦②✱ ❡/ ♣♦/✐❜❧❡ 9✉❡ ✉♥ ❜✐❡♥ i /❡❛ ❝♦♠♣❧❡♠❡♥;♦ ❜%✉;♦
❞❡ ✉♥ ❜✐❡♥ j ② ❛ ❧❛ ✈❡③ /❡❛ /✉/;✐;✉;♦ ♥❡;♦ ❞❡❧ ❜✐❡♥ j /✐❡♠♣%❡ ② ❝✉❛♥❞♦✱ ❡❧ ❡❢❡❝;♦
%❡♥;❛ /❡❛ ♠❛②♦% ❛❧ ❡❢❡❝;♦ /✉/;✐;✉❝✐>♥✿
❊/;♦ /✉❝❡❞❡ /✐✿
∂xi(p,m)
∂pj
< 0
∂hi(p, u)
∂pj
> 0
❨ /✐ /❡ ;%❛;❛ ❞❡ ✉♥ ❜✐❡♥ ♥♦%♠❛❧✿
xj(p,m)
∂xi(p,m)
∂m
> 0
#♦% ❧♦ ;❛♥;♦✱ ❡♥ ❧❛ ❡❝✉❛❝✐>♥ ❞❡ ❙❧✉/;❦② /❡ ;❡♥❞%8❛✿
(−) = (+)− (+)
❙❡ ♦❜/❡%✈❛✱ ❡♥;♦♥❝❡/✱ 9✉❡ />❧♦ ❡♥ ❡❧ ❝❛/♦ ❞❡ 9✉❡ ❡❧ ❡❢❡❝;♦ %❡♥;❛ ❝♦♥;%❛%❡/;❡ ❡❧
❡❢❡❝;♦ /✉/;✐;✉❝✐>♥✱ ❧❛ D❧;✐♠❛ ♣❛%;❡ ♥❡❣❛;✐✈❛ ❞❡ ❧❛ ❡❝✉❛❝✐>♥ /❡%8❛ ❧❛ %❡/♣♦♥/❛❜❧❡
❞❡❧ /✐❣♥♦✳
❚❛♠❜✐F♥ ♣✉❡❞❡ ❞❛%/❡ ❡❧ ❝❛/♦ ❡♥ 9✉❡ ✉♥ ❜✐❡♥ i /❡❛ /✉/;✐;✉;♦ ❜%✉;♦ ❞❡ ♦;%♦
❜✐❡♥ j ②✱ ❛ ❧❛ ✈❡③✱ /❡❛ ❝♦♠♣❧❡♠❡♥;♦ ♥❡;♦ ❞❡❧ ♠✐/♠♦ ❜✐❡♥ j /✐ /❡ ;%❛;❛ ❞❡ ✉♥ ❜✐❡♥
✐♥❢❡%✐♦% ❞♦♥❞❡ ❡❧ ❡❢❡❝;♦ %❡♥;❛ ❞♦♠✐♥❡ ❡❧ ❡❢❡❝;♦ /✉/;✐;✉❝✐>♥✳ ❊/ ❞❡❝✐%✿
❈❆"❮❚❯▲❖ ✸✳ ❉❊▼❆◆❉❆✱ ❇■❊◆❊❙ ❨ ❊▲❆❙❚■❈■❉❆❉❊❙ ✶✵✺
∂xi(p,m)
∂pj
> 0
∂hi(p, u)
∂pj
< 0
❙✐ ❡& ✉♥ ❜✐❡♥ ✐♥❢❡+✐♦+✿
xj(p,m)
∂xi(p,m)
∂m
< 0
.♦+ ❧♦ 0❛♥0♦✱ ❡♥ ❧❛ ❡❝✉❛❝✐4♥ ❞❡ ❙❧✉&0❦② &❡ 0❡♥❞+8❛✿
(+) = (−)− (−)
❙❡ 0✐❡♥❡ ❛&8 9✉❡ ❡❧ +❡&♣♦♥&❛❜❧❡ ❞❡❧ &✐❣♥♦ &❡+< ❡❧ ❡❢❡❝0♦ +❡♥0❛ 9✉❡ ❝♦♥0+❛+❡&0❛
❡❧ ❡❢❡❝0♦ &✉&0✐0✉❝✐4♥✳
❙❡ ♣✉❡❞❡ ❡♥0♦♥❝❡& ♣+❡&❡♥0❛+✱ &✐♥ ❝♦♥0+❛❞✐❝❝✐4♥✱ ❡❧ ❝❛&♦ ❡♥ 9✉❡ ✉♥ ❜✐❡♥ i &❡❛
❝♦♠♣❧❡♠❡♥0♦ ❜+✉0♦ ❞❡ ✉♥ ❜✐❡♥ j ♣❡+♦ ❡❧ ❜✐❡♥ j &❡❛ &✉&0✐0✉0♦ ❜+✉0♦ ❞❡❧ ❜✐❡♥ i✳
❱❡❛♠♦&✿
∂xi(p,m)
∂pj
=
∂hi(p, u)
∂pj
− xj(p,m)
∂xi(p,m)
∂m
< 0
∂xj(p,m)
∂pi
=
∂hj(p, u)
∂pi
− xi(p,m)
∂xj(p,m)
∂m
> 0
❊♥ ❡❧ ❝❛&♦ ❞❡ ❧♦& ❜✐❡♥❡& &✉&0✐0✉0♦& ♦ ❝♦♠♣❧❡♠❡♥0♦& ♥❡0♦& ♥♦ ❤❛② ❛♠❜✐❣B❡❞❛❞
❡♥ ❡❧ &✐❣♥♦ ② ❝✉❛♥❞♦ ✉♥ ❜✐❡♥ ❡& &✉&0✐0✉0♦ i ❡! !✉!#✐#✉#♦ ✭❝♦♠♣❧❡♠❡♥#♦✮ ♥❡#♦
❞❡ ✉♥ ❜✐❡♥ j #❛♠❜✐0♥ !❡ ❞❡❜❡ ♣1❡!❡♥#❛1 ❡❧ ❝❛!♦ ❞❡ 2✉❡ ❡❧ ❜✐❡♥ j ❡! !✉!#✐#✉#♦
✭❝♦♠♣❧❡♠❡♥#♦✮ ❞❡❧ ❜✐❡♥ i ②❛ 2✉❡ ♣♦1 ❧❛ !✐♠❡#14❛ ❞❡ ❧❛ ♠❛#1✐③ ❞❡ ❡❢❡❝#♦ !✉!#✐#✉❝✐7♥
!❡ ❣❛1❛♥#✐③❛✿
∂hi(p, u)
∂pj
=
∂hj(p, u)
∂pi
◆♦ ♦❜!#❛♥#❡✱ ❡♥ ❡❧ ❝❛!♦ ❞❡ ❧♦! ❜✐❡♥❡! !✉!#✐#✉#♦! ♦ ❝♦♠♣❧❡♠❡♥#♦! ❜1✉#♦!✱ ♥♦
❡! ♣♦!✐❜❧❡ ❣❛1❛♥#✐③❛1 2✉❡
∂xj(p,m)
∂pi
= ∂xi(p,m)
∂pj
❞❡❜✐❞♦ ❛❧ ♣1♦❜❧❡♠❛ ❞❡ ❧♦! ❜✐❡♥❡!
✐♥❢❡1✐♦1❡!✳ =♦1 ❡❥❡♠♣❧♦✱ !✉♣♦♥❣❛♠♦! 2✉❡
∂xi(p,m)
∂pj
< 0 ✭❜✐❡♥ i ❝♦♠♣❧❡♠❡♥#♦ ❜1✉#♦
❞❡❧ ❜✐❡♥ j✮ ② 2✉❡ ❡❧ ❜✐❡♥ i ❡! ❝♦♠♣❧❡♠❡♥#♦ ♥❡#♦ ❞❡❧ ❜✐❡♥ j ♣♦1 ❧♦ 2✉❡ ∂hi(p,u)
∂pj
< 0✳
❙✉♣♦♥❣❛♠♦! ❛❞❡♠@! 2✉❡ ❡❧ ❜✐❡♥ i ❡! ✉♥ ❜✐❡♥ ♥♦1♠❛❧✳
◆♦ ❡! ♣♦!✐❜❧❡ ❛!❡❣✉1❛1 2✉❡ ❧♦ ❛♥#❡1✐♦1 ✐♠♣❧✐2✉❡ 2✉❡
∂xj(p,m)
∂pi
< 0 ✭❜✐❡♥ j
❝♦♠♣❧❡♠❡♥#♦ ❜1✉#♦ ❞❡❧ ❜✐❡♥ i✮ ② ♣♦1 #❛♥#♦✿
∂xj(p,m)
∂pi
= ∂xi(p,m)
∂pj
②❛ 2✉❡ ❛✉♥2✉❡
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❡❧ ❜✐❡♥ j (✐❣✉❡ (✐❡♥❞♦ ❝♦♠♣❧❡♠❡♥0♦ ♥❡0♦ ❞❡❧ ❜✐❡♥ i ♣♦1 ❧♦ 2✉❡
∂hj(p,u)
∂pi
< 0✱ (✐
(❡ ♣1❡(❡♥0❛ ❡❧ ❝❛(♦ ❡♥ 2✉❡ ❡❧ ❜✐❡♥ j ❡( ✉♥ ❜✐❡♥ ✐♥❢❡1✐♦1✱ ❞♦♥❞❡ ❡❧ ❡❢❡❝0♦ 1❡♥0❛
❞♦♠✐♥❡ ❡❧ ❡❢❡❝0♦ (✉(0✐0✉❝✐6♥✱ (❡ 0✐❡♥❡ 2✉❡ xi(p,m)
∂xj(p,m)
∂m
< 0 ② ❛(8 ❡❧ 1❡(✉❧0❛❞♦
(❡19✿
∂xj(p,m)
∂pi
> 0✳
✸✳✷✳ ❊❧❛&'✐❝✐❞❛❞ ♣,❡❝✐♦ ❡ ✐♥❣,❡&♦ ❞❡ ❧❛ ❞❡♠❛♥❞❛
❊♥ ❣❡♥❡1❛❧✱ ❧❛( ♣❡1(♦♥❛( 2✉❡ 0♦♠❛♥ ❞❡❝✐(✐♦♥❡( ♥❡❝❡(✐0❛♥ (❛❜❡1 ❝6♠♦ ❧❛( ❝❛♠✲
❜✐❛♥0❡( ❝✐1❝✉♥(0❛♥❝✐❛( ❡❝♦♥6♠✐❝❛( ✐♥✢✉②❡♥ ❡♥ ❧❛( ❝♦♠♣1❛( ❞❡ ❧♦( ❝♦♥(✉♠✐❞♦1❡(✳
❚❛♥0♦ ❧❛ ❞✐1❡❝❝✐6♥ ❝♦♠♦ ❧❛ ♠❛❣♥✐0✉❞ ❞❡ ❡(0♦( ❡❢❡❝0♦( (♦♥ ✐♠♣♦10❛♥0❡(✳ ❙✐ ✉♥❛
0✐❡♥❞❛ ❞❡ ❞❡♣♦10❡( ❜❛❥❛ ❡❧ ♣1❡❝✐♦ ❞❡ (✉( 1❛2✉❡0❛( ♦ ♣❡❧♦0❛( ❞❡ 0❡♥✐( ➽✈❡♥❞❡19
♠9( 1❛2✉❡0❛(❄ ② ➽♠9( ♣❡❧♦0❛( ❞❡ 0❡♥✐(❄✱ ➽▲♦( ♣❛❝✐❡♥0❡( ❞❡ ✉♥ ❤♦(♣✐0❛❧ (❡ (❡♥✲
0✐19♥ ❞❡(❛♥✐♠❛❞♦( ♣♦1 ❡❧ ✐♥❝1❡♠❡♥0♦ ❡♥ ❧♦( ♣1❡❝✐♦( ❞❡ ❧♦( ❝✉❛10♦( ❞❡ ❤♦(♣✐0❛❧❄✱
➽❝6♠♦ (❡ ❛❢❡❝0❛1♦♥ ❧♦( ✐♥❣1❡(♦( ❞❡❧ ❤♦(♣✐0❛❧❄✳ ❙✐ ✉♥❛ 1❡❝❡(✐6♥ 1❡❞✉❝❡ ❧♦( ✐♥❣1❡(♦(
❞❡ ❧♦( ❝♦♥(✉♠✐❞♦1❡(✱ ➽(❡ ✐♥❝1❡♠❡♥0❛19 ♦ ❞✐(♠✐♥✉✐19 (✉ ❞❡♠❛♥❞❛ (♦❜1❡ ✉♥ ♣1♦✲
❞✉❝0♦ ❞❡0❡1♠✐♥❛❞♦❄✱ ➽❡♥ ❝✉9♥0♦❄✳ ▲❛( 1❡(♣✉❡(0❛( ❛ ❡(0❛( ♣1❡❣✉♥0❛( 1❡2✉✐❡1❡♥
♠❛②♦1 ✐♥❢♦1♠❛❝✐6♥ ❛❝❡1❝❛ ❞❡ ❧❛( 1❡❧❛❝✐♦♥❡( ❞❡ ❞❡♠❛♥❞❛ ② ❡(0❛ ✐♥❢♦1♠❛❝✐6♥ ❧❛
(✉♠✐♥✐(01❛ ❡❧ ❝♦♥❝❡♣0♦ ❞❡ ❡❧❛(0✐❝✐❞❛❞ ❞❡ ❧❛ ❞❡♠❛♥❞❛ ✭❍❡♥❛♦✱ ✷✵✶✵✮✳
▲❛ ❊❧❛(0✐❝✐❞❛❞ ♠✐❞❡ ❡❧ ❣1❛❞♦ ❞❡ 1❡(♣✉❡(0❛ ❞❡ ✉♥❛ ✈❛1✐❛❜❧❡ ❞❡♣❡♥❞✐❡♥0❡ ❛
❝❛♠❜✐♦( ❡♥ ✉♥❛ ✈❛1✐❛❜❧❡ ✐♥❞❡♣❡♥❞✐❡♥0❡✳ ❊❧❛(0✐❝✐❞❛❞ ❡( ✉♥ 0K1♠✐♥♦ (✉(0✐0✉0♦ ❞❡ ❧❛(
♣❛❧❛❜1❛( ❣1❛❞♦ ❞❡ 1❡(♣✉❡(0❛✱ ② ❡( ✉♥ ♥L♠❡1♦ 2✉❡ ♠✐❞❡ ❧♦( ❝❛♠❜✐♦( ♣♦1❝❡♥0✉❛❧❡(
❡♥ ✉♥❛ ✈❛1✐❛❜❧❡ ❝❛✉(❛❞♦( ♣♦1 ❝❛♠❜✐♦( ♣♦1❝❡♥0✉❛❧❡( ❡♥ ♦01❛
✷
✳ ❙❡ ❞❡✜♥❡ ❝♦♠♦✿
ε =
V ariacio´n% V ariable dependiente
V ariacio´n% V ariable independiente
| todo lo dema´s constante
▼❛0❡♠❛0✐❝❛♠❡♥0❡✿
ε =
△%V ariable dep
△%V ariable indep
| todo lo dema´s constante
❍❛❝✐❡♥❞♦ ✉(♦ ❞❡❧ ❝❛❧❝✉❧♦ ❞✐❢❡1❡♥❝✐❛❧✱ ❧❛ ❡❧❛(0✐❝✐❞❛❞ ❡( ✐❣✉❛❧ ❛✿
ε =
∂LnV ariable dep
∂LnV ariable indep
| todo lo dema´s constante
❊(0❛ (❡19 ✜♥❛❧♠❡♥0❡ ❧❛ ❡❝✉❛❝✐6♥ ❛ ✉0✐❧✐③❛1 ♣❛1❛ ❧❛( ❞✐❢❡1❡♥0❡( ❡❧❛(0✐❝✐❞❛❞❡(
❞❡ ❧❛ ❞❡♠❛♥❞❛✳
✷
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▲❛ ❡❧❛'(✐❝✐❞❛❞ '❡ ❡♥❢♦❝❛ ❡♥(♦♥❝❡' ❛ ❧♦' ❝❛♠❜✐♦' ♣♦2❝❡♥(✉❛❧❡' ❞❡ ❧❛ ✈❛2✐❛❜❧❡
❞❡♣❡♥❞✐❡♥(❡ 5✉❡ '✉2❣❡ ♣♦2 ✉♥ ❝❛♠❜✐♦ ♣♦2❝❡♥(✉❛❧ ❡♥ ✉♥❛ ✈❛2✐❛❜❧❡ ✐♥❞❡♣❡♥❞✐❡♥(❡✱
❝❡(❡2✐' ♣❛2✐❜✉'✱ ❡'(♦ ❡'✱ ♠❛♥(❡♥✐❡♥❞♦ ❝♦♥'(❛♥(❡ (♦❞❛' ❧❛' ❞❡♠8' ✐♥✢✉❡♥❝✐❛'✳
❊❧❛#$✐❝✐❞❛❞ ❞❡ ❧❛ ❞❡♠❛♥❞❛ ❝♦♥ ,❡#♣❡❝$♦ ❛ #✉ ♣,♦♣✐♦ ♣,❡❝✐♦
❊'(❛ ❡❧❛'(✐❝✐❞❛❞ ♠✐❞❡ ❧❛ '❡♥'✐❜✐❧✐❞❛❞ 5✉❡ ♣2❡'❡♥(❛♥ ❧❛' ❝❛♥(✐❞❛❞❡' ❞❡♠❛♥❞❛✲
❞❛' ❛♥(❡ ✈❛2✐❛❝✐♦♥❡' ❡♥ ❧♦' ♣2❡❝✐♦' ❞❡❧ ❜✐❡♥✱ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡ ❧❛ '✉'(✐(✉✐❜✐❧✐❞❛❞
❞❡❧ ❜✐❡♥✳ ❙❡ ❞❡✜♥❡ ❝♦♠♦ ❡❧ ❝♦❝✐❡♥(❡ ❡♥(2❡ ❧❛ ✈❛2✐❛❝✐?♥ ♣2♦♣♦2❝✐♦♥❛❧ ❞❡ xi ② ❧❛
✈❛2✐❛❝✐?♥ ♣♦2❝❡♥(✉❛❧ ❞❡ '✉ ♣2❡❝✐♦ pi✱ ♣❡2♠❛♥❡❝✐❡♥❞♦ ❝♦♥'(❛♥(❡ pj ,m ② ❧♦' ❞❡♠8'
❢❛❝(♦2❡' 5✉❡ ❛❢❡❝(❡♥ ❧❛ ❞❡♠❛♥❞❛✳ ❊' ✐❣✉❛❧ ❛✿
εii =
∂lnxi
∂lnpi
=
∂xi
∂pi
pi
xi
❉❡'❞❡ 5✉❡ '❡ ❡'(❡ ❡♥ ❡❧ ❝❛'♦ ❞❡ ❜✐❡♥❡' ♥♦2♠❛❧❡' ♦ ✐♥❢❡2✐♦2❡' ♥♦ ●✐✛❡♥✱ '❡
(✐❡♥❡ 5✉❡ '✐❡♠♣2❡
∂xi
∂pi
≤ 0 ② ❞❡❜✐❞♦ ❛ 5✉❡ pi, xi > 0 ❡❧ 2❡'✉❧(❛❞♦ '❡28 '✐❡♠♣2❡✿
εii ≤ 0
❙✐ εii < −1 ♦ ❡♥ ✈❛❧♦2 ❛❜'♦❧✉(♦ | εii |> 1 '❡ (✐❡♥❡ 5✉❡ ❧❛ ❝❛♥(✐❞❛❞ ❞❡♠❛♥❞❛
2❡❛❝❝✐♦♥❛ ♠8' 5✉❡ ♣2♦♣♦2❝✐♦♥❛❧♠❡♥(❡ ❛♥(❡ ❝❛♠❜✐♦' ❡♥ ❡❧ ♣2❡❝✐♦ ② ❡❧ ❜✐❡♥ i '❡
❞✐❝❡ 5✉❡ ❡' ❞❡ ❧✉❥♦ ② ❡❧8'(✐❝♦✳
❙✐ εii > −1 ♦ ❡♥ ✈❛❧♦2 ❛❜'♦❧✉(♦ | εii |< 1 '❡ (✐❡♥❡ 5✉❡ ❧❛ ❝❛♥(✐❞❛❞ ❞❡♠❛♥❞❛
2❡❛❝❝✐♦♥❛ ♠❡♥♦' 5✉❡ ♣2♦♣♦2❝✐♦♥❛❧♠❡♥(❡ ❛♥(❡ ❝❛♠❜✐♦' ❡♥ ❡❧ ♣2❡❝✐♦ ② ❡❧ ❜✐❡♥ i '❡
❞✐❝❡ 5✉❡ ❡' ♥❡❝❡'❛2✐♦ ❡ ✐♥❡❧8'(✐❝♦✳
F♦2 ✉❧(✐♠♦✱ '✐ εii = −1 ♦ ❡♥ ✈❛❧♦2 ❛❜'♦❧✉(♦ | εii |= 1 '❡ ❞✐❝❡ 5✉❡ ❡❧ ❜✐❡♥
♣2❡'❡♥(❛ ❡❧❛'(✐❝✐❞❛❞ ✉♥✐(❛2✐❛✳
F❛2❛ '❛❜❡2 ❝?♠♦ '❡ ❝♦♠♣♦2(❛ ❡❧ ❣❛'(♦ ❛♥(❡ ✈❛2✐❛❝✐♦♥❡' ❞❡❧ ♣2❡❝✐♦✱ '❡ ❞❡2✐✈❛
❡❧ ❣❛'(♦✱ ✐❣✉❛❧ ❛ p.x✱ 5✉❡ '❡ ❤❛❝❡ ❡♥ ❡❧ ❜✐❡♥✳ ❊' ❞❡❝✐2✿
∂pixi
∂pi
= xi + pi
∂xi
∂pi
▼✉❧(✐♣❧✐❝❛♥❞♦ ❛22✐❜❛ ② ❛❜❛❥♦ ♣♦2 xi✿
∂pixi
∂pi
=
x2i
xi
+ pi
∂xi
∂pi
xi
xi
∂pixi
∂pi
= xi
(
1 +
∂xi
∂pi
.
pi
xi
)
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∂pixi
∂pi
= xi.(1 + εii)
❆$%✱ ❛♥)❡ ✐♥❝-❡♠❡♥)♦$ ❡♥ ❡❧ ♣-❡❝✐♦✱ ❡❧ ❣❛$)♦ ❞❡❧ ❝♦♥$✉♠✐❞♦- ❛✉♠❡♥)❛-5 $✐
εii > −1 ✭❜✐❡♥ ✐♥❡❧5$)✐❝♦✮✱ ❞✐$♠✐♥✉✐-5 $✐ εii < −1 ✭❜✐❡♥ ❡❧5$)✐❝♦✮ ② ♣❡-♠❛♥❡❝❡-5
✐♥❛❧)❡-❛❞♦ $✐ εii = −1 ✭❜✐❡♥ ❝♦♥ ❡❧❛$)✐❝✐❞❛❞ ✉♥✐)❛-✐❛✮✳
| εii |< 1→
∂pixi
∂pi
> 0
| εii |= 1→
∂pixi
∂pi
= 0
| εii |> 1→
∂pixi
∂pi
< 0
❊❧❛#$✐❝✐❞❛❞ ❈)✉③❛❞❛ ❞❡ ❧❛ ❉❡♠❛♥❞❛
❊$)❛ ❡❧❛$)✐❝✐❞❛❞ ❡$ ❧❛ -❛③=♥ ❡♥)-❡ ❡❧ ❝❛♠❜✐♦ ♣-♦♣♦-❝✐♦♥❛❧ ❡♥ ❧❛ ❝❛♥)✐❞❛❞
❞❡♠❛♥❞❛❞❛ ❞❡ ✉♥ ❜✐❡♥ i ② ❧❛ ✈❛-✐❛❝✐=♥ ♣-♦♣♦-❝✐♦♥❛❧ ❡♥ ❡❧ ♣-❡❝✐♦ ❞❡ ♦)-♦ ❜✐❡♥ j✳
❙❡ ❞❡✜♥❡ ❝♦♠♦✿
εij =
∂lnxi
∂lnpj
=
∂xi
∂pj
pj
xi
❊$ ❞❡ ♥♦)❛-$❡ B✉❡ ❡❧ $✐❣♥♦ ❞❡ εij ❧♦ ❞❡)❡-♠✐♥❛
∂xi
∂pj
②❛ B✉❡ pj ② xi $♦♥ ♠❛②♦-❡$
❛ ❝❡-♦✳
C♦- ❧♦ )❛♥)♦✱ $✐✿
εij > 0 ▲♦$ ❜✐❡♥❡$ xi ② xj $♦♥ ❜✐❡♥❡$ $✉$)✐)✉)♦$ ❜-✉)♦$✳ ❊$)♦ $✉❝❡❞❡ ❞❡❜✐❞♦ ❛
B✉❡
∂xi
∂pj
> 0
εij < 0 ▲♦$ ❜✐❡♥❡$ xi ② xj $♦♥ ❜✐❡♥❡$ ❝♦♠♣❧❡♠❡♥)♦$ ❜-✉)♦$✳ ❊$)♦ $✉❝❡❞❡ ❞❡❜✐❞♦
❛ B✉❡
∂xi
∂pj
< 0
εij = 0 ▲♦$ ❜✐❡♥❡$ xi ② xj $♦♥ ❜✐❡♥❡$ ✐♥❞❡♣❡♥❞✐❡♥)❡$✳
❙✐ ❧❛ ❡❧❛$)✐❝✐❞❛❞ ❝-✉③❛❞❛ ❞❡ ❧❛ ❞❡♠❛♥❞❛ $❡ ❞❡✜♥❡ ❝♦♥ ❜❛$❡ ❡♥ ❧❛ ❞❡♠❛♥❞❛ ❝♦♠✲
♣❡♥$❛❞❛ hi✱ ❡♥ ❡$)❡ ❝❛$♦ $❡ )❡♥❞-%❛♥ ❜✐❡♥❡$ $✉$)✐)✉)♦$ ♥❡)♦$ ② ❝♦♠♣❧❡♠❡♥)♦$
♥❡)♦$ -❡$♣❡❝)✐✈❛♠❡♥)❡✳
❈❆"❮❚❯▲❖ ✸✳ ❉❊▼❆◆❉❆✱ ❇■❊◆❊❙ ❨ ❊▲❆❙❚■❈■❉❆❉❊❙ ✶✵✾
❊❧❛#$✐❝✐❞❛❞ ■♥❣+❡#♦ ❞❡ ❧❛ ❉❡♠❛♥❞❛
❊!"❛ ❡❧❛!"✐❝✐❞❛❞ !❡ ❞❡✜♥❡ ❝♦♠♦ ❡❧ ❝♦❝✐❡♥"❡ ❡♥"-❡ ❧❛ ✈❛-✐❛❝✐/♥ ❞❡ ❧❛ ❝❛♥"✐❞❛❞
❞❡ ✉♥ ❜✐❡♥ ② ❧❛ ✈❛-✐❛❝✐/♥ ♣-♦♣♦-❝✐♦♥❛❧ ❞❡❧ ✐♥❣-❡!♦✱ ♣❡-♠❛♥❡❝✐❡♥❞♦ "♦❞♦! ❧♦!
♣-❡❝✐♦! ❝♦♥!"❛♥"❡!✳ ❊! ✐❣✉❛❧ ❛✿
εi =
∂lnxi
∂lnm
=
∂xi
∂m
m
xi
❉❡❜✐❞♦ ❛ 9✉❡ m,xi > 0 ❡❧ !✐❣♥♦ ❞❡ εi ❞❡♣❡♥❞❡-: ❞❡
∂xi
∂m
✳ ❊! ❞❡❝✐-✱ ❡❧ !✐❣♥♦
❞❡♣❡♥❞❡ !✐ ❡❧ ❜✐❡♥ ❡♥ ❝✉❡!"✐/♥ ❡! ♥♦-♠❛❧ ♦ ✐♥❢❡-✐♦-✳
<♦- ❧♦ "❛♥"♦✱ !✐✿
εi > 0 ❡❧ ❜✐❡♥ i ❡! ♥♦-♠❛❧✳
❙✐ ❛❞❡♠:! εi > 1 ❡❧ ❜✐❡♥ i ❡! ❞❡ ❧✉❥♦ ② !✐ 0 < εi < 1 ❡❧ ❜✐❡♥ i ❡! ♥❡❝❡!❛-✐♦✳ <♦-
♦"-❛ ♣❛-"❡ !✐✿
εi > 0 ❡❧ ❜✐❡♥ i ❡! ✐♥❢❡-✐♦-✳
✸✳✸✳ ❊❧❛%&✐❝✐❞❛❞❡% ② ❝♦♥❞✐❝✐♦♥❡% ❞❡ ❛❣/❡❣❛❝✐0♥
❆❣+❡❣❛❝✐1♥ ❞❡ ❈♦✉+♥♦$ ❡♥ $4+♠✐♥♦# ❞❡ ❡❧❛#$✐❝✐❞❛❞❡#
❉❡✜♥✐❡♥❞♦ ❞❡ ♥✉❡✈♦ ❧❛ ❝♦♥❞✐❝✐/♥ ❞❡ ❛❣-❡❣❛❝✐/♥ ❞❡ ❈♦✉-♥♦" ❝♦♠♦✿
L∑
i=1
∂xi(p,m)
∂pj
pi = −xj(p,m)
∀j = 1, 2, ..., L
▼✉❧"✐♣❧✐❝❛♥❞♦ ❛ ❛♠❜♦! ❧❛❞♦! ♣♦-
xi
xi
pj
m
✿
L∑
i=1
∂xi(p,m)
∂pj
pixi
xi
pj
m
= −xj(p,m)
pj
m
❍❛❝✐❡♥❞♦ ✉!♦ ❞❡ ❧❛ ❞❡✜♥✐❝✐/♥ ❞❡ ❧❛ ❡❧❛!"✐❝✐❞❛❞ ♣-❡❝✐♦ ❞❡ ❧❛ ❞❡♠❛♥❞❛ !❡ ❧❧❡❣❛
❛✿
L∑
i=1
εij
pixi
m
+
xj(p,m)pj
m
= 0
❉❡✜♥✐❡♥❞♦ wi =
pixi
m
❝♦♠♦ ❧❛ ♣❛-"✐❝✐♣❛❝✐/♥ ❞❡❧ ❣❛!"♦ ❡♥ ❝❛❞❛ ❜✐❡♥ !♦❜-❡
❡❧ ❣❛!"♦ "♦"❛❧✳ ❊! ❞❡❝✐-✱ ❧❛ ❢-❛❝❝✐/♥ ❞❡❧ ❣❛!"♦ "♦"❛❧ 9✉❡ !❡ ❞❡❞✐❝❛ ❛ ❝❛❞❛ ❜✐❡♥
❈❆"❮❚❯▲❖ ✸✳ ❉❊▼❆◆❉❆✱ ❇■❊◆❊❙ ❨ ❊▲❆❙❚■❈■❉❆❉❊❙ ✶✶✵
✭❉❡❛&♦♥ ② ▼✉❡❧❧❜❛✉❡.✱ ✶✾✾✸✮✱ 3❡ &✐❡♥❡✿
L∑
i=1
εijwi − wj = 0
∀j = 1, 2, ..., L
❊3&❛ ❡❝✉❛❝✐8♥ 3❡.9❛ ❡♥&♦♥❝❡3 ❧❛ ❝♦♥❞✐❝✐8♥ ❞❡ ❆❣.❡❣❛❝✐8♥ ❞❡ ❈♦✉.♥♦& ❡♥ &>.✲
♠✐♥♦3 ❞❡ ❡❧❛3&✐❝✐❞❛❞❡3 ② ♣❛.&✐❝✐♣❛❝✐♦♥❡3✳
❆❣"❡❣❛❝✐'♥ ❞❡ ❊♥❣❡❧ ❡♥ ,-"♠✐♥♦0 ❞❡ ❡❧❛0,✐❝✐❞❛❞❡0
❉❡✜♥✐❡♥❞♦ ❞❡ ♥✉❡✈♦ ❧❛ ❛❣.❡❣❛❝✐8♥ ❞❡ ❊♥❣❡❧ ✐❣✉❛❧ ❛✿
L∑
i=1
∂xi(p,m)
∂m
pi = 1
▼✉❧&✐♣❧✐❝❛♥❞♦ ❛❧ ❧❛❞♦ ✐③F✉✐❡.❞♦ ♣♦.
xi
xi
m
m
✿
L∑
i=1
∂xi(p,m)
∂m
pixi
xi
m
m
= 1
❍❛❝✐❡♥❞♦ ✉3♦ ❞❡ ❧❛ ❞❡✜♥✐❝✐8♥ ❞❡ ❧❛ ❡❧❛3&✐❝✐❞❛❞ ✐♥❣.❡3♦ ❞❡ ❧❛ ❞❡♠❛♥❞❛ 3❡ ❧❧❡❣❛
❛✿
L∑
i=1
εi
pixi
m
= 1
❯&✐❧✐③❛♥❞♦ ❞❡ ♥✉❡✈♦ wi =
pixi
m
3❡ &✐❡♥❡✿
L∑
i=1
εiwi = 1
❊3&❛ ❡❝✉❛❝✐8♥ ❡3 ❡♥&♦♥❝❡3 ❧❛ ❝♦♥❞✐❝✐8♥ ❞❡ ❛❣.❡❣❛❝✐8♥ ❞❡ ❊♥❣❡❧ ❡♥ &>.♠✐♥♦3
❞❡ ❡❧❛3&✐❝✐❞❛❞❡3✳
❆❣"❡❣❛❝✐'♥ ❞❡ ❊✉❧❡" ❡♥ ,-"♠✐♥♦0 ❞❡ ❡❧❛0,✐❝✐❞❛❞❡0
❉❡✜♥✐❡♥❞♦ ❞❡ ♥✉❡✈♦ ❧❛ ❝♦♥❞✐❝✐8♥ ❞❡ ❛❣.❡❣❛❝✐8♥ ❞❡ ❊✉❧❡. ✐❣✉❛❧ ❛✿
L∑
i=1
∂xj(p,m)
∂pi
pi +
∂xj(p,m)
∂m
m = 0
❈❆"❮❚❯▲❖ ✸✳ ❉❊▼❆◆❉❆✱ ❇■❊◆❊❙ ❨ ❊▲❆❙❚■❈■❉❆❉❊❙ ✶✶✶
∀j = 1, 2, ..., L
▼✉❧$✐♣❧✐❝❛♥❞♦ ❧❛ ♣❛,$❡ ✐③/✉✐❡,❞❛ ♣♦,
1
xj
② ❧❛ ♣❛,$❡ ❞❡,❡❝❤❛ ♣♦,
1
xj
✿
L∑
i=1
∂xj(p,m)
∂pi
pi
xj
+
∂xj(p,m)
∂m
m
xj
= 0
❯$✐❧✐③❛♥❞♦ ❧❛ ❞❡✜♥✐❝✐5♥ ❞❡ ❧❛ ❡❧❛6$✐❝✐❞❛❞ ♣,❡❝✐♦ ❞❡ ❧❛ ❞❡♠❛♥❞❛ ② ❧❛ ❡❧❛6$✐❝✐❞❛❞
✐♥❣,❡6♦ ❞❡ ❧❛ ❞❡♠❛♥❞❛ 6❡ $✐❡♥❡✿
L∑
i=1
εji + εi = 0
∀j = 1, 2, ..., L
❊6$❛ 6❡,:❛ ❧❛ ❝♦♥6❡❝✉❡♥❝✐❛✱ ❡♥ $<,♠✐♥♦6 ❞❡ ❡❧❛6$✐❝✐❞❛❞❡6✱ /✉❡ ✐♠♣♦♥❡ ❧❛ ❤♦✲
♠♦❣❡♥❡✐❞❛❞ ❞❡ ❣,❛❞♦ ❝❡,♦ ❡♥ ♣,❡❝✐♦6 ② ,❡♥$❛ ❞❡ ❧❛ ❞❡♠❛♥❞❛✳
❊❝✉❛❝✐%♥ ❞❡ ❙❧✉+❦-② ❡♥ +/0♠✐♥♦- ❞❡ ❡❧❛-+✐❝✐❞❛❞❡-
❉❡✜♥✐❡♥❞♦ ❞❡ ♥✉❡✈♦ ❧❛ ❡❝✉❛❝✐5♥ ❞❡ ❙❧✉$6❦② ✐❣✉❛❧ ❛✿
∂xi(p,m)
∂pi
=
∂hi(p, u)
∂pi
− xi(p,m)
∂xi(p,m)
∂m
▼✉❧$✐♣❧✐❝❛♥❞♦
pi
xi
❛ ❧❛6 ❞♦6 ♣,✐♠❡,❛6 ❡①♣,❡6✐♦♥❡6 ② ❡♥ ❧❛ D❧$✐♠❛ ❡①♣,❡6✐5♥ ♣♦,
pi
xi
m
m
✿
∂xi(p,m)
∂pi
pi
xi
=
∂hi(p, u)
∂pi
pi
xi
− xi(p,m)
∂xi(p,m)
∂m
pi
xi
m
m
❍❛❝✐❡♥❞♦ ✉6♦ ❞❡❧ ❝♦♥❝❡♣$♦ ❞❡ ❡❧❛6$✐❝✐❞❛❞ ♣,❡❝✐♦ ❞❡ ❧❛ ❞❡♠❛♥❞❛ ♦,❞✐♥❛,✐❛ ②
❝♦♠♣❡♥6❛❞❛✱ ❡❧❛6$✐❝✐❞❛❞ ✐♥❣,❡6♦ ❞❡ ❧❛ ❞❡♠❛♥❞❛ ② ❧❛ ♣❛,$✐❝✐♣❛❝✐5♥ ❞❡❧ ❣❛6$♦ 6❡
❧❧❡❣❛ ❛✿
εii = ε
∗
ii − wiεi
❆♥$❡6 ❞❡ ♣❛6❛, ❛ ❧❛ ♣❛,$❡ ♣,G❝$✐❝❛✱ ❡6 ♥❡❝❡6❛,✐♦ ❞❡✜♥✐, ❛❧❣✉♥♦6 ❝♦♥❝❡♣$♦6
❛❞✐❝✐♦♥❛❧❡6 /✉❡ 6♦♥ D$✐❧❡6 ❛ ❧❛ ❤♦,❛ ❞❡ ❤❛❝❡, ✐♥❢❡,❡♥❝✐❛6 6♦❜,❡ ❧❛ 6✐$✉❛❝✐5♥ ❞❡ ❧♦6
❤♦❣❛,❡6 ❡♥ ❞✐6$✐♥$♦6 ❡6❝❡♥❛,✐♦6 $❛❧❡6 ❝♦♠♦ ❛✉♠❡♥$♦6 ❞❡❧ ✐♥❣,❡6♦✱ ❛✉♠❡♥$♦ ❞❡❧
♥D♠❡,♦ ❞❡ ❜✐❡♥❡6✱ ✈❛,✐❛❝✐5♥ ❞❡ ♠✐❡♠❜,♦6 ❞❡❧ ❤♦❣❛,✱ ❡$❝✳
❈❆"❮❚❯▲❖ ✸✳ ❉❊▼❆◆❉❆✱ ❇■❊◆❊❙ ❨ ❊▲❆❙❚■❈■❉❆❉❊❙ ✶✶✷
✸✳✹✳ ❈✉%✈❛( ❞❡ ✐♥❣%❡(♦ ✲ ❝♦♥(✉♠♦ ② ❝✉%✈❛ ❞❡ ❊♥✲
❣❡❧
▲♦$ ❝❛♠❜✐♦$ ❡♥ ❡❧ ✐♥❣.❡$♦✱ ❝✉❛♥❞♦ ❧♦$ ♣.❡❝✐♦$ ♣❡.♠❛♥❡❝❡♥ ❝♦♥$3❛♥3❡$✱ ✉$✉❛❧✲
♠❡♥3❡ ♣.♦❞✉❝❡♥ ❝❛♠❜✐♦$ ❝♦..❡$♣♦♥❞✐❡♥3❡$ ❡♥ ❧❛$ ❝❛♥3✐❞❛❞❡$ 5✉❡ $❡ ❛❞5✉✐❡.❡♥ ❞❡
❧♦$ ❜✐❡♥❡$✳ ❯♥ ❛✉♠❡♥3♦ ❞❡❧ ✐♥❣.❡$♦✱ ♣♦. ❡❥❡♠♣❧♦✱ ❞❡$♣❧❛③❛ ❧❛ ❧:♥❡❛ ❞❡ ♣.❡$✉♣✉❡$✲
3♦ ❤❛❝✐❛ ❛..✐❜❛ ② ❛ ❧❛ ❞❡.❡❝❤❛ ② ❡❧ ❞❡$♣❧❛③❛♠✐❡♥3♦ ❡$ ♣❛.❛❧❡❧♦ ❝✉❛♥❞♦ $✉♣♦♥❡♠♦$
5✉❡ ❧♦$ ♣.❡❝✐♦$ ♥♦♠✐♥❛❧❡$ ♣❡.♠❛♥❡❝❡♥ ❝♦♥$3❛♥3❡$✱ ❞❛♥❞♦ ❝♦♠♦ .❡$✉❧3❛❞♦ ✉♥ ❝♦♥✲
❥✉♥3♦ ❞❡ ❝♦♥$✉♠♦ ❝♦$3❡❛❜❧❡ ♠=$ ❛♠♣❧✐♦ ② ♣♦. ❧♦ 3❛♥3♦✱ ✉♥❛$ ❞❡♠❛♥❞❛$ ♠❛②♦.❡$
✭❍❡♥❛♦✱ ✷✵✶✵✮✳ ❱❛♠♦$ ❡♥3♦♥❝❡$ ❛ ❞❡✜♥✐. ❛❧❣✉♥♦$ ❝♦♥❝❡♣3♦$✳
▲❛ ❝✉$✈❛ ❞❡ ✐♥❣$❡+♦ ✲ ❝♦♥+✉♠♦
❊$3❛ ❝✉.✈❛ ♠✉❡$3.❛ ❧❛$ ❞✐❢❡.❡♥3❡$ ❝♦♠❜✐♥❛❝✐♦♥❡$ ❞❡ ❡5✉✐❧✐❜.✐♦ ❡♥ ❡❧ ❝♦♥$✉♠♦
❞❡ x1 ② x2 5✉❡ $❡ ♣.♦❞✉❝❡♥ ❝✉❛♥❞♦ ✈❛.:❛ ❡❧ ♥✐✈❡❧ ❞❡ ✭✐♥❣.❡$♦✮ ② ❧♦$ ♣.❡❝✐♦$
♣❡.♠❛♥❡❝❡♥ ❝♦♥$3❛♥3❡$✳ ❙✐ ❧♦$ ♣.❡❝✐♦$ ❝❛♠❜✐❛.❛♥ 3❡♥❞.:❛♠♦$ ✉♥❛ ♥✉❡✈❛ ❝✉.✈❛
❞❡ ✐♥❣.❡$♦ ✕❝♦♥$✉♠♦ ✭❈■❈✮✳
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❈✉❛♥❞♦ ❧❛ ❈■❈ 3✐❡♥❡ ♣❡♥❞✐❡♥3❡ ♣♦$✐3✐✈❛✱ ❡$3= $❡K❛❧❛♥❞♦ 5✉❡ ❛ ♠❛②♦.❡$ ✐♥❣.❡✲
$♦$ ❛✉♠❡♥3❛♥ ❧❛$ ✉♥✐❞❛❞❡$ ❝♦♠♣.❛❞❛$ ❞❡ x1 ② x2 ② ❡$3♦$ ❜✐❡♥❡$ $♦♥ ❡♥3♦♥❝❡$
♥♦.♠❛❧❡$✳
❚❛❧ ❝♦♠♦ $❡ ❤❛❜:❛ ❛♥3❡.✐♦.♠❡♥3❡✱ ✉♥ ❜✐❡♥ ❡$ ♥♦.♠❛❧ ❝✉❛♥❞♦ ✉♥ ❛✉♠❡♥3♦ ❡♥
❡❧ ♥✐✈❡❧ ❞❡ ✐♥❣.❡$♦ ♣.♦❞✉❝❡ ✉♥ ❛✉♠❡♥3♦ ❡♥ ❡❧ ❝♦♥$✉♠♦ ② ✉♥❛ ❞✐$♠✐♥✉❝✐M♥ ❞❡❧
✐♥❣.❡$♦ ♣.♦❞✉❝❡ ✉♥❛ ❝❛:❞❛ ❡♥ ❡❧ ❝♦♥$✉♠♦ ❞❡❧ ❜✐❡♥✳
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❙✐ ❧❛ ❈■❈ (✐❡♥❡ ♣❡♥❞✐❡♥(❡ ♥❡❣❛(✐✈❛✱ ❝♦♠♦ ❡♥ ❡❧ ❣34✜❝♦ ✷✼✱ ✉♥♦ ❞❡ ❧♦9 ❞♦9 ❜✐❡✲
♥❡9 ❡9 ✐♥❢❡3✐♦3✳ ❯♥ ✐♥❝3❡♠❡♥(♦ ❡♥ ❡❧ ✐♥❣3❡9♦ 3❡❞✉❝❡ ❧❛ ❝❛♥(✐❞❛❞ ❞❡ x1 ② ❛✉♠❡♥(❛
❧❛ ❞❡ x2✳ ▲♦9 ❜✐❡♥❡9 ♣❛3❛ ❧♦9 ❝✉❛❧❡9 9❡ 3❡❞✉❝❡ ❧❛ ❝❛♥(✐❞❛❞ ❝♦♥9✉♠✐❞❛✱ ❝✉❛♥❞♦
❛✉♠❡♥(❛ ❡❧ ✐♥❣3❡9♦✱ 9❡ ❧❡9 ❧❧❛♠❛ ❜✐❡♥❡9 ✐♥❢❡3✐♦3❡9✳
❊9 ♥❡❝❡9❛3✐♦ ❛❝❧❛3❛3 B✉❡ ♣❛3❛ ♠♦9(3❛3 ❝✉❛♥❞♦ ✉♥ ❜✐❡♥ ❡9 ✐♥❢❡3✐♦3✱ ❡❧ ♦(3♦ ❜✐❡♥
❞❡❜❡ 9❡3 ♥♦3♠❛❧✳ ❊9 ❞❡❝✐3✱ ❧❛ ✐♥❢❡3✐♦3✐❞❛❞ ❞❡❧ ❜✐❡♥ 9❡ ❛♣❧✐❝❛ 9C❧♦ ❛ ✉♥❛ ♣❛3(❡ ❞❡❧
3❛♥❣♦
✸
✳
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▲❛ ❈■❈ 9❡ 3❡❧❛❝✐♦♥❛ ❝♦♥ ❧❛ ❝✉3✈❛ ❞❡ ❊♥❣❡❧ ② ✉(✐❧✐③❛♥❞♦ ❧❛ ♣3✐♠❡3❛ 9❡ ♦❜(✐❡♥❡
❧❛ 9❡❣✉♥❞❛✳ ❯(✐❧✐③❛♥❞♦ ❡❧ ❣34✜❝♦ ✷✻ 9❡ (✐❡♥❡ B✉❡ ♣❛3❛ ❧❛ 3❡❧❛❝✐C♥ ❞❡ ♣3❡❝✐♦9
❝♦♥9(❛♥(❡9
p1
p2
❡❧ ❝♦♥9✉♠✐❞♦3 ❛❞B✉✐❡3❡ x01 ❝✉❛♥❞♦ ❡❧ ✐♥❣3❡9♦ ❡9 m0✳ ❆❞B✉✐❡3❡
x11 ❝✉❛♥❞♦ ❧❛ 3❡♥(❛ ❡9 m1 ② ❛❞B✉✐❡3❡ x
2
1 ❝✉❛♥❞♦ ❡❧ ✐♥❣3❡9♦ ❡9 m2✳ ▲❛ ❝✉3✈❛ ❞❡
❊♥❣❡❧✱ ♣3❡❝✐9❛♠❡♥(❡ 3❡♣3❡9❡♥(❛ ❧❛9 ✉♥✐❞❛❞❡9 ❞❡ x1 B✉❡ ❡❧ ❝♦♥9✉♠✐❞♦3 ❛❞B✉✐❡3❡
❛ ❞✐❢❡3❡♥(❡9 ♥✐✈❡❧❡9 ❞❡ ✐♥❣3❡9♦ ♣♦3 ✉♥✐❞❛❞ ❞❡ (✐❡♠♣♦ ❝✉❛♥❞♦ ❧♦9 ♣3❡❝✐♦9 ❞❡ ❧♦9
❜✐❡♥❡9 ♣❡3♠❛♥❡❝❡♥ ❝♦♥9(❛♥(❡9✳ ❊9 ❞❡❝✐3✿
xi = fi(m) |p¯
✸
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▲❛ ❝✉&✈❛ ❞❡ ❊♥❣❡❧ .❡ ❞❡.♣❧❛③❛&1 ❝✉❛♥❞♦ .❡ ♣&❡.❡♥3❡ ✉♥ ❝❛♠❜✐♦ ❡♥ ❧❛. &❡❧❛❝✐♦♥❡.
❞❡ ♣&❡❝✐♦. ♦ ❝✉❛♥❞♦ ❡❧ ♠❛♣❛ ❞❡ ✐♥❞✐❢❡&❡♥❝✐❛ .❡ ❞❡.♣❧❛❝❡ ❞❡❜✐❞♦ ❛ ✉♥ ❝❛♠❜✐♦
❡♥ ❧❛. ♣&❡❢❡&❡♥❝✐❛. ❞❡❧ ❝♦♥.✉♠✐❞♦&✳ 9❛&❛ ✉♥ ❜✐❡♥ ✐♥❢❡&✐♦&✱ ❧❛. ❝✉&✈❛. ❞❡ ✐♥❣&❡.♦✲
❝♦♥.✉♠♦ ② ❞❡ ❊♥❣❡❧ 3❡♥❞&1♥ ♣❡♥❞✐❡♥3❡. ♥❡❣❛3✐✈❛.✳
▲❛. ❝✉&✈❛. ❞❡ ❊♥❣❡❧ .♦♥ ❝=♥❝❛✈❛. ❞❡.❞❡ ❛❜❛❥♦✱ ❧?♥❡❛. &❡❝3❛. ♦ ❝=♥❝❛✈❛. ❞❡.❞❡
❛&&✐❜❛✱ .❡❣@♥ A✉❡ ❧❛ ❡❧❛.3✐❝✐❞❛❞ ✐♥❣&❡.♦ ❞❡ ❧❛ ❞❡♠❛♥❞❛ .❡❛ ♠❛②♦&✱ ✐❣✉❛❧ ♦ ♠❡♥♦&
A✉❡ ✉♥♦✱ ♣❡&♦ ♣♦.✐3✐✈❛ ✭❍❡♥❛♦✱ ✷✵✶✵✮✳ ❱❡❛♠♦.✿
❙✐ ❧❛ ❡❧❛.3✐❝✐❞❛❞ ❡. εi =
∂xi
∂m
m
xi
= b ❡♥3♦♥❝❡.✿
∂xi
xi
= b.
∂m
m
■♥3❡❣&❛♥❞♦ ❡.3❛ ❡①♣&❡.✐=♥ .❡ ♦❜3✐❡♥❡✿
ˆ
∂xi
xi
=
ˆ
b.
∂m
m
lnx = blnm+ lnc
❉♦♥❞❡ c ❡. ✉♥❛ ❝♦♥.3❛♥3❡ ❛&❜✐3&❛&✐❛✳ ▲❛ ❝✉&✈❛ ❞❡ ❊♥❣❡❧ .❡&?❛ ❡♥3♦♥❝❡.✿
xi = cm
b
❝✉②❛ ♣❡♥❞✐❡♥3❡ ❡.✿
∂xi
∂m
= cbmb−1
② ❧❛ ❝✉&✈❛3✉&❛ .❡&?❛ ✐❣✉❛❧ ❛✿
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∂x2i
∂m2
= cb(b− 1)mb−2
❙❡ $✐❡♥❡ ❡♥$♦♥❝❡) ❧♦ )✐❣✉✐❡♥$❡✿
b = 1 ✭❡❧❛)$✐❝✐❞❛❞ ✉♥✐$❛1✐❛✮ ❧❛ ❝✉1✈❛ ❞❡ ❊♥❣❡❧ ❡) ✉♥❛ ❧5♥❡❛ 1❡❝$❛✳
b > 1 ✭❜✐❡♥ ❡❧8)$✐❝♦✮ ❧❛ ❝✉1✈❛ ❞❡ ❊♥❣❡❧ ❡) ❝9♥❝❛✈❛ ❞❡)❞❡ ❛❜❛❥♦✳
b < 1 ✭❜✐❡♥ ✐♥❡❧8)$✐❝♦✮ ❧❛ ❝✉1✈❛ ❞❡ ❊♥❣❡❧ ❡) ❝9♥❝❛✈❛ ❞❡)❞❡ ❛11✐❜❛
▲❛ 1❡♣1❡)❡♥$❛❝✐9♥ ❣18✜❝❛ ❡) ❧❛ )✐❣✉✐❡♥$❡✿
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❡, ❝♦♥ ♣❡♥❞✐❡♥'❡ ♥❡❣❛'✐✈❛✳
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❚❡♥✐❡♥❞♦ ❞❡✜♥✐❞♦ ❧♦, ♣$✐♥❝✐♣❛❧❡, ❛,♣❡❝'♦, ❞❡ ❧❛ '❡♦$1❛ ❞❡❧ ❝♦♥,✉♠✐❞♦$✱ ♣❛,❡♠♦,
❛❤♦$❛ ❛ ❧❛, ❛♣❧✐❝❛❝✐♦♥❡, ❞❡ ❧❛ '❡♦$1❛ ❝♦♥ ❜❛,❡ ❡♥ ❧♦, ❞✐❢❡$❡♥'❡, ,✐,'❡♠❛, ❞❡ ❞❡✲
♠❛♥❞❛ >✉❡ ,❡ ❤❛♥ ✈❡♥✐❞♦ ❡,'✐♠❛♥❞♦ ❞❡,❞❡ ❧❛ ♠✐'❛❞ ❞❡❧ ,✐❣❧♦ ❳❳✱ $❡✈✐✈✐❡♥❞♦ ❡♥
♣❛$'❡ ❧♦, ❛♣♦$'❡, ♣✐♦♥❡$♦, ❞❡ ❊♥❣❡❧ ✭✶✽✾✺✮✳
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❙✐"#❡♠❛" ❞❡ ❞❡♠❛♥❞❛✿
❛♣❧✐❝❛❝✐♦♥❡" ❞❡ ❧❛ #❡♦./❛
▲❛ "❡♦%&❛ ❞❡❧ ❝♦♥+✉♠✐❞♦% ❤❛ ❢✉♥❝✐♦♥❛❞♦ ❜❛+"❛♥"❡ ❜✐❡♥ ❝✉❛♥❞♦ +❡ ❧❡ ❤❛ ❝♦♥✲
"%❛+"❛❞♦ ❝♦♥ ❧♦+ ❞❛"♦+✳ ❙✐ ♥♦ %❡+✉❧"❛ ♣❧❛✉+✐❜❧❡ ❧♦+ +✉♣✉❡+"♦+ ❜6+✐❝♦+ ❛❝❡%❝❛ ❞❡❧
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wi = αi + βiLn(m)
pixi
m
= αi + βiLn(m)
❉❡3♣❡❥❛♥❞♦ ❛ xi✿
xi =
m
pi
[αi + βiLn(m)]
❘❡❛❧✐③❛♥❞♦
∂xi
∂m
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1
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m
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m
∂xi
∂m
=
1
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(wi + βi)
▼✉❧'✐♣❧✐❝❛♥❞♦ ❛ ❛♠❜♦3 ❧❛❞♦3 ♣♦(
m
xi
✿
∂xi
∂m
m
xi
=
m
xi
1
pi
(wi + βi)
∂xi
∂m
m
xi
=
1
wi
(wi + βi)
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εi = 1 +
βi
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❧♦! !✐!.❡♠❛! *✉❡ !❡ ✈❛♥ ❛ ❡①♣♦♥❡&✳
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✷✸
❚❛❜❧❛ ✶
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✷✹
❙❡❣&♥ ❧❛ *❛❜❧❛ ✶✱ ♣❛.❛ *♦❞♦1 ❧♦1 ❣.✉♣♦1 ❞❡ ❜✐❡♥❡1✱ ❡❧ 1✐1*❡♠❛ ❲♦.❦✐♥❣ ②
▲❡1❡. ❡①♣❧✐❝❛ ♠❡♥♦1 ❞❡❧ ✶✵✪ ❞❡ ❧❛ ✈❛.✐❛♥③❛ *♦*❛❧ ❞❡ ❧♦1 ❞❛*♦1✱ ❧♦ ?✉❡ 1❡ .❡✢❡❥❛
❡♥ ❡❧ ❤❡❝❤♦ ❞❡ ?✉❡ ❡❧ ❝♦❡✜❝✐❡♥*❡ ❞❡ ❛❥✉1*❡ R2 ♥♦ ❛❧❝❛♥❝❡ ❡❧ ✶✵✪✳ ◆♦ ♦❜1*❛♥*❡✱
❡❧ 1✐1*❡♠❛ ❡1 1✐❣♥✐✜❝❛*✐✈♦ ❡♥ 1✉1 ♣❛.F♠❡*.♦1 ♣❛.❛ ❧❛ ♠❛②♦.G❛ ❞❡ ❧♦1 ❞✐❢❡.❡♥*❡1
❣.✉♣♦1 ❞❡ ❜✐❡♥❡1✱ ❡①❝❡♣*♦ ❇❡❜✐❞❛1✳ ❙❡ ❝✉♠♣❧❡♥✱ ❛❞❡♠F1✱ ❧❛1 ❝♦♥❞✐❝✐♦♥❡1 ?✉❡
❛1❡❣✉.❛♥ ❡❧ ❛❣♦*❛♠✐❡♥*♦ ❞❡❧ ❣❛1*♦✳ ❊1 ❞❡❝✐.✿
∑
αˆi = 1
∑
βˆi = 0
▲❛1 ❡❧❛1*✐❝✐❞❛❞❡1 ❡1*✐♠❛❞❛1 1♦♥ ❛❧❣✉♥❛1 ❝♦♥1❡❝✉❡♥*❡1 ❝♦♥ ❧♦ 1❡ ❡1♣❡.❛❜❛✳ ▲❛
❡❧❛1*✐❝✐❞❛❞ ❣❛1*♦ ❞❡ ❧♦1 ❆❧✐♠❡♥*♦1 ❡1 ε1 = 0, 891 < 1 ② ♣♦. *❛♥*♦✱ ❧♦1 ❛❧✐♠❡♥*♦1
1♦♥ ✉♥ ❜✐❡♥ ♥❡❝❡1❛.✐♦ ② ❛1G✱ ♣❛.❛ ❧❛1 ❢❛♠✐❧✐❛1 ❝♦❧♦♠❜✐❛♥❛1✱ ❛ ♠❡❞✐❞❛ ?✉❡ ❛✉♠❡♥*❛
❡❧ ✐♥❣.❡1♦ 1❡ ❝♦♠♣.❛ ♠❡♥♦1 ❛❧✐♠❡♥*♦1 ② ♠F1 ❞❡ ♦*.♦1 ❜✐❡♥❡1✳ ●.✉♣♦1 ❞❡ ❜✐❡♥❡1
❝♦♠♦ ❱❡1*✐❞♦1✱ ❊♥1❡.❡1✱ ❙❛❧✉❞✱ ❚.❛♥1♣♦.*❡✱ ❘❡❝.❡❛❝✐Q♥✱ ❊❞✉❝❛❝✐Q♥✱ ❖*.♦1 ♣❛❣♦1
❡ ■♠♣✉❡1*♦1 ♣.❡1❡♥*❛♥ ❡❧❛1*✐❝✐❞❛❞❡1 ❣❛1*♦ ❞❡ ❧❛ ❞❡♠❛♥❞❛ ♠❛②♦. ❛ ✉♥♦ ② ❡♥ ❡1*❡
❝❛1♦ 1♦♥ ❜✐❡♥❡1 ❞❡ ❧✉❥♦✳ T♦. ❧♦ *❛♥*♦✱ ❛❧ ❛✉♠❡♥*❛. ❡❧ ✐♥❣.❡1♦ ❞❡ ❧❛1 ❢❛♠✐❧✐❛1
1❡ ❡1♣❡.❛ ?✉❡ ❛✉♠❡♥*❡ ❧❛ ❞❡♠❛♥❞❛ ❞❡ ❡1*❡ ❣.✉♣♦ ❞❡ ❜✐❡♥❡1✳ T♦. &❧*✐♠♦✱ ♥♦ 1❡
❡♥❝✉❡♥*.❛♥✱ 1❡❣&♥ ❧♦1 .❡1✉❧*❛❞♦1✱ ❜✐❡♥❡1 ✐♥❢❡.✐♦.❡1 ②❛ ?✉❡ ♥✐♥❣✉♥❛ ❡❧❛1*✐❝✐❞❛❞ ❡1
♥❡❣❛*✐✈❛✳
❊❧ 1✐1*❡♠❛ ❛♥*❡.✐♦.♠❡♥*❡ ❡①♣✉❡1*♦✱ ② ❡1*✐♠❛❞♦✱ ❡1 ✉♥ 1✐1*❡♠❛ ❛❞❤♦❝ ❡♥ ❡❧
1❡♥*✐❞♦ ❞❡ ?✉❡ ❢✉❡ ❡1♣❡❝✐✜❝❛❞♦ 1✐♥ ❤❛❝❡. ✉1♦ ❛ ♥✐♥❣✉♥❛ ❢✉♥❝✐Q♥ ❞❡ ✉*✐❧✐❞❛❞✱
❢✉♥❝✐Q♥ ❞❡ ❣❛1*♦ ♦ ❢✉♥❝✐Q♥ ❞❡ ✉*✐❧✐❞❛❞ ✐♥❞✐.❡❝*❛✳ ❊1*♦ *.❛❡ ❝♦♠♦ ❝♦♥1❡❝✉❡♥❝✐❛ ❧❛
♣♦❜.❡ 1✐❣♥✐✜❝❛♥❝✐❛ ❞❡❧ ♠♦❞❡❧♦ ② ❛❧❣✉♥❛1 ❡❧❛1*✐❝✐❞❛❞❡1 ♣♦❝♦ ❝♦♥1❡❝✉❡♥*❡1✳ ❈♦♠♦
.❡1✉❧*❛❞♦✱ ❤❛ 1✐❞♦ ♥❡❝❡1❛.✐♦ ✐❞❡❛. ❢♦.♠❛1 ❢✉♥❝✐♦♥❛❧❡1 ?✉❡ 1❡❛♥ .♦❜✉1*❛1 ❡♥ ❧❛
❡1*✐♠❛❝✐Q♥ ② ❝♦♠♣❛*✐❜❧❡1✱ ♣♦. ❧♦ ♠❡♥♦1✱ ❝♦♥ ❧❛ ♠❛②♦.G❛ ❞❡ ❧❛1 ♣.♦♣✐❡❞❛❞❡1 ?✉❡
❧❛ *❡♦.G❛ ❞❡❧ ❝♦♥1✉♠✐❞♦. ✐♠♣♦♥❡ ❛ ❧❛1 ❢✉♥❝✐♦♥❡1 ❞❡ ❞❡♠❛♥❞❛ ✭❘❛♠G.❡③✱ ✶✾✽✾✮✳
❋✉❡ ❘✐❝❤❛.❞ ❙*♦♥❡ ✭✶✾✺✹✮ ?✉✐❡♥ ♣♦1*✉❧Q ② ❡1*✐♠Q ❡❧ ♣.✐♠❡. 1✐1*❡♠❛ ❞❡ ❡❝✉❛✲
❝✐♦♥❡1 ❞❡ ❞❡♠❛♥❞❛ ❞❡.✐✈❛❞♦ ❡①♣❧G❝✐*❛♠❡♥*❡ ❞❡ ❧❛ *❡♦.G❛ ❞❡❧ ❝♦♥1✉♠✐❞♦. ② 1✉
✐♥✢✉❡♥❝✐❛ 1❡ ❤❛ ♠❛♥✐❢❡1*❛❞♦ ❡♥ ❧❛ ❜&1?✉❡❞❛ ❝♦♥*✐♥✉❛ ❞❡ ❡1♣❡❝✐✜❝❛❝✐♦♥❡1 ❛❧*❡.✲
♥❛*✐✈❛1 ② ❢♦.♠❛1 ❢✉♥❝✐♦♥❛❧❡1 ❞❡ 1✐1*❡♠❛1 ❞❡ ❡❝✉❛❝✐♦♥❡1 ❝❛❞❛ ✈❡③ ♠F1 ✐❞❡❛❧❡1
✭❉❡❛*♦♥ ② ▼✉❡❧❧❜❛✉❡.✱ ✶✾✽✵✮✳
❊❧ 1✐1*❡♠❛ ♣.♦♣✉❡1*♦ ♣♦. ❙*♦♥❡ ❡1 ❡❧ ❧❧❛♠❛❞♦ ❙✐1*❡♠❛ ▲✐♥❡❛❧ ❞❡ ●❛1*♦1 ✭❙▲●✮
?✉❡ ♣.❡1❡♥*❛♠♦1 ❛ ❝♦♥*✐♥✉❛❝✐Q♥✳
✹✳✸✳ ❊❧ %✐%'❡♠❛ ❧✐♥❡❛❧ ❞❡ ❣❛%'♦% ✭❙▲●✮
❊❧ ❙▲● 1❡ ❞❡✜♥❡ ❝♦♠♦✿
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pixi = piγi + βi(m−
∑
pkγk)
❉♦♥❞❡ piγi ❧♦ ❞❡✜♥✐+ ❙❛♠✉❡❧0♦♥ ✭✶✾✹✼✮ ❝♦♠♦ ❡❧ ❣❛08♦ ❞❡ 0✉♣❡:✈✐✈❡♥❝✐❛ ♦
0✉❜0✐08❡♥❝✐❛ ❡♥ ❡❧ ❜✐❡♥ i ② (m −
∑
pkγk) ❡0 ❡❧ ✐♥❣:❡0♦ ❞✐0♣♦♥✐❜❧❡ ❞❡0♣✉>0 ❞❡
0❛8✐0❢❛❝❡: ❧❛0 ♥❡❝❡0✐❞❛❞❡0 ❜@0✐❝❛0✳ ▲♦0 ♣❛:@♠❡8:♦0 βi 0♦♥✱ ❡♥8♦♥❝❡0✱ ♣:♦♣❡♥0✐♦♥❡0
♠❛:❣✐♥❛❧❡0 ❛ ❝♦♥0✉♠✐: ❞❡0♣✉>0 ❞❡ 0❛8✐0❢❛❝❡: ♥❡❝❡0✐❞❛❞❡0 ♠D♥✐♠❛0✳
❙❡ 0✉♣♦♥❡ E✉❡ ❧❛0 ❢✉♥❝✐♦♥❡0 ❞❡ ❞❡♠❛♥❞❛ 0♦♥ ❧✐♥❡❛❧❡0 ②✱ ♣♦: ♠♦8✐✈♦0 ❞❡ :❡❛✲
❧✐0♠♦✱ E✉❡ ❧❛ ❝❛♥8✐❞❛❞ ❞❡♠❛♥❞❛❞❛ ❞❡ ❝❛❞❛ ❜✐❡♥ ❞❡♣❡♥❞❡ ❞❡ ❧♦0 ♣:❡❝✐♦0✳ ❯♥❛
❢✉♥❝✐+♥ ❞❡ ✉8✐❧✐❞❛❞ E✉❡ ❣❡♥❡:❛ ❡08❡ 8✐♣♦ ❞❡ ❢✉♥❝✐♦♥❡0 ❞❡ ❞❡♠❛♥❞❛ ❡0 ❧❛ ❧❧❛♠❛❞❛
❢✉♥❝✐+♥ ❞❡ ✉8✐❧✐❞❛❞ ❞❡❧ 8✐♣♦ ❙8♦♥❡✲●❡❛:②✿
U(x) =
L∏
j=1
(xj − γj)
βj
J❛:❛ ✐❧✉08:❛: ❧❛ ❢♦:♠❛ ❡♥ E✉❡ 0❡ ❧❧❡❣❛ ❛❧ ❙▲● ✈❛♠♦0 ❛ 0✉♣♦♥❡: E✉❡ 0+❧♦ ❤❛②
❞♦0 ❜✐❡♥❡0✳
u(x1x2) = (x1 − γ1)
β1(x2 − γ2)
β2
▼❛①✐♠✐③❛: ❡08❛ ❡①♣:❡0✐+♥✱ ♣♦: ♠♦♥♦8♦❝✐❞❛❞✱ ❡0 ❡E✉✐✈❛❧❡♥8❡ ❛ ♠❛①✐♠✐③❛: ❧❛
❢✉♥❝✐+♥ ❡♥ ❧♦❣❛:✐8♠♦0✿
u(x1x2) = β1ln(x1 − γ1) + β2ln(x2 − γ2)
▲❛ :❡08:✐❝❝✐+♥ ♣:❡0✉♣✉❡08❛❧ ❡0✿
p.x = m
J❛0❡♠♦0 ❛❤♦:❛ ❛ ❧❛ ♠❛①✐♠✐③❛❝✐+♥ ❝♦♥ :❡08:✐❝❝✐♦♥❡0✳ ❈♦♥❞✐❝✐♦♥❡0 ❞❡ ♣:✐♠❡:
♦:❞❡♥ ♣❛:❛ ✉♥ ♠@①✐♠♦✿
β1
x1 − γ1
= λp1
β2
x2 − γ2
= λp2
■❣✉❛❧❛♥❞♦ ❧❛0 ❝♦♥❞✐❝✐♦♥❡0✿
β1
p1(x1 − γ1)
=
β2
p2(x2 − γ2)
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✷✻
❙✉♣♦♥✐❡♥❞♦ β1 + β2 = 1 +❡ ,✐❡♥❡
✺
✿
x1 = γ1 +
β1
p1
(m− γ2p2 − γ1p1)
p1x1 = p1γ1 + β1(m− γ2p2 − γ1p1)
❉♦♥❞❡ p1γ1 ❡+ ❡❧ ❣❛+,♦ ❞❡ +✉❜+✐+,❡♥❝✐❛ ② m − γ2p2 − γ1p1 ❡+ ❡❧ 5❡+✐❞✉♦ ❞❡❧
❣❛+,♦✳
7❛5❛ ❡❧ ❝❛+♦ ❞❡ L ❜✐❡♥❡+ +❡ ,✐❡♥❡✱ ❡♥,♦♥❝❡+✱ 9✉❡ ❡❧ ❙▲● ❡+✿
pixi = piγi + βi(m−
∑
pkγk)
❊❧ ❙▲● ♠✉❡+,5❛✱ ♥♦ ♦❜+,❛♥,❡ +✉ ✈❡5+❛,✐❧✐❞❛❞✱ ❞♦+ ❧✐♠✐,❛❝✐♦♥❡+ ✐♠♣♦5,❛♥,❡+✳
❯♥❛ ❡+ 9✉❡ ♥♦ ♣❡5♠✐,❡ ,5❛❜❛❥❛5 ❝♦♥ ❜✐❡♥❡+ ✐♥❢❡5✐♦5❡+ ② 9✉❡ ❧❛+ ❞❡♠❛♥❞❛+ +♦♥
5B❣✐❞❛+ ❡♥ ❡❧ +❡♥,✐❞♦ ❞❡ 9✉❡ ❡+ ♥❡❝❡+❛5✐♦ 9✉❡ γi ≥ 0 ♣♦5 ❧❛ ❡+♣❡❝✐✜❝❛❝✐D♥ ♠✐+♠❛
❞❡ ❧❛ ❢✉♥❝✐D♥ ❞❡ ✉,✐❧✐❞❛❞
✻
✳ ❊+,♦ ❤❛❝❡ ,❛♠❜✐F♥ 9✉❡ ❧❛ ❡❧❛+,✐❝✐❞❛❞ ♣5❡❝✐♦ ♣5♦♣✐♦
❡+,❡ ❡♥ ✉♥ ❝✐❡5,♦ 5❛♥❣♦✳ ❱❡❛♠♦+✳
❘❡❛❧✐③❛♥❞♦
∂xi
∂pi
❛❧ ❙▲● +❡ ,✐❡♥❡✿
∂xi
∂pi
=
−βim
p2i
+
βi
p2i
∑
pkγk −
βi
pi
γi
▼✉❧,✐♣❧✐❝❛♥❞♦ ❛ ❛♠❜♦+ ❧❛❞♦+ ♣♦5
pi
xi
✿
∂xi
∂pi
pi
xi
=
−βim
pixi
+
βi
pixi
∑
pkγk −
βi
xi
γi
❙❡ ,✐❡♥❡ ❡♥,♦♥❝❡+✿
εii = −
βi
wi
+
βi
pixi
∑
pkγk −
βi
xi
γi
❙✉♠❛♥❞♦ ② 5❡+,❛♥❞♦
piγi
pixi
✿
εii = −
βi
wi
+
βi
pixi
∑
pkγk +
βi
xi
γi +
piγi
pixi
−
piγi
pixi
❙❡ ,✐❡♥❡ ✜♥❛❧♠❡♥,❡✿
εii =
γi
xi
(1− βi)− 1
✺βi  ❡♣ ❡#❡♥%❛ ❧❛ ♣❛ %✐❝✐♣❛❝✐*♥ ❞❡ ❧❛ ❞❡♠❛♥❞❛ ❞❡❧ ❜✐❡♥ i ❡♥ ❡❧ ❣❛#%♦ ❞❡ #♦❜ ❡ #✉❜#✐#%❡♥❝✐❛
❞❡ ❢♦ ♠❛ 2✉❡ #*❧♦ #❡ ❤❛♥ ♥♦ ♠❛❧✐③❛❞♦ ❞✐❝❤❛# ♣❛ %✐❝✐♣❛❝✐♦♥❡# ✭❙❡❣✉ ❛✱ ✶✾✾✻✿✶✶✸✮
✻
❚❛♠❜✐?♥ #❡ ❞❡❜❡ ❛ 2✉❡ ♥♦ ❡①✐#%❡ ✉♥ ❣❛#%♦ ❞❡ #✉❜#✐#%❡♥❝✐❛ ♥❡❣❛%✐✈♦ ✭❙❡❣✉ ❛✱ ✶✾✾✻✮✳
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❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥+❛ -✉❡ 0 < βi < 1 ❡❧ /❡0✉❧+❛❞♦ ❡0✿
−1 < εii < 1
▲❛ 0❡❣✉♥❞❛ ❧✐♠✐+❛❝✐5♥ ❞❡❧ ❙▲●✱ ❡0 -✉❡ ✐♠♣♦♥❡ -✉❡ +♦❞♦0 ❧♦0 ❜✐❡♥❡0 0❡❛♥
0✉0+✐+✉+♦0 ♥❡+♦0 ② ❝♦♠♣❧❡♠❡♥+♦0 ❜/✉+♦0✳ ❱❡❛♠♦0✿
>♦/ ✉♥ ♣/♦❝❡❞✐♠✐❡♥+♦ ✐❣✉❛❧ ❛❧ ❞❡ ❛♥+❡0 0❡ ❧❧❡❣❛ ❛✿
∂xi
∂pj
= −
βi
pi
(γj)
∂xi
∂pj
pj
xi
= −
βipj
pixi
(γj) < 0
>♦/ ❧♦ +❛♥+♦✿
εij = −
βipj
pixi
(γj) < 0
❊0 ❞❡❝✐/✱ ❧♦0 ❜✐❡♥❡0 i ② j 0♦♥ 0✐❡♠♣/❡ ❝♦♠♣❧❡♠❡♥+♦0 ❜/✉+♦0✳ ❆❞❡♠A0✱ +♦❞♦0
❧♦0 ❜✐❡♥❡0 0♦♥ 0✉0+✐+✉+♦0 ♥❡+♦0 ②❛ -✉❡✿
∂hi
∂pj
= −βi
γj
pj
+ xj
βi
pj
=
βi
pj
(xj − γj) > 0
❆ ♣❡0❛/ ❞❡ ❧❛0 /❡0+/✐❝❝✐♦♥❡0 ❛♥+❡/✐♦/❡0✱ ❡♥ ❡❧ ❙▲● 0❡ ✈❡/✐✜❝❛ ❧❛ ♥❡❣❛+✐✈✐❞❛❞
❞❡❧ ❡❢❡❝+♦ 0✉0+✐+✉❝✐5♥✳ ❊0 ❞❡❝✐/✿
∂hi
∂pi
=
1
pi
(βi − 1)(xi − γi) < 0
>♦/ E❧+✐♠♦✱ ❡♥ ❡❧ ❙▲● ❧❛ ❡❧❛0+✐❝✐❞❛❞ ✐♥❣/❡0♦ ❞❡ ❧❛ ❞❡♠❛♥❞❛ ❡0+❛/A ❞❛❞❛ ♣♦/✿
∂xi
∂m
=
βi
pi
▼✉❧+✐♣❧✐❝❛♥❞♦
m
pi
❛ ❛♠❜♦0 ❧❛❞♦0✿
εi =
βim
xipi
εi =
βi
wi
0✐❡♥❞♦ wi =
m
xipi
✳
❊❧ 0✐0+❡♠❛ ❧✐♥❡❛❧ ❞❡ ❣❛0+♦0 ❡0 ✉♥♦ ❞❡ ❧♦0 ♠A0 ✉0❛❞♦0 ❡♥ ❧❛0 ❡0+✐♠❛❝✐♦♥❡0
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❡♠♣&'✐❝❛+ ❝♦♥ ✐♥❢♦'♠❛❝✐/♥ 0❛♥0♦ ❞❡ +❡❝❝✐/♥ ❝'✉③❛❞❛ ❝♦♠♦ ❞❡ +❡'✐❡+ ❞❡ 0✐❡♠♣♦+✳
◆♦ ♦❜+0❛♥0❡✱ ❡❧ ❙▲● 0✐❡♥❡ ♣'♦❜❧❡♠❛ ②❛ =✉❡ ❤❛② L ❜✐❡♥❡+ ② ♣♦' 0❛♥0♦ L ❡❧❛+✲
0✐❝✐❞❛❞❡+ ✐♥❣'❡+♦ ② ♣'❡❝✐♦ ♣'♦♣✐❛+✳ ❊①✐+0❡♥ ❛❞❡♠C+
L(L−1)
2 ❡❧❛+0✐❝✐❞❛❞❡+ ♣'❡❝✐♦
❝'✉③❛❞❛+ ♣❛'❛ ✉♥ 0♦0❛❧ ❞❡
L(L+3)
2 ♣❛'C♠❡0'♦+ +✐♥ 0❡♥❡' ❡♥ ❝✉❡♥0❛ ❝♦♥+0❛♥0❡+✳ ❊❧
♣'♦❜❧❡♠❛+ ❡+ =✉❡ ❡❧ ❙▲● ♣❡'♠✐0❡ ❡+0✐♠❛' +♦❧❛♠❡♥0❡ 2L ♣❛'C♠❡0'♦+ ❞❡ ♠♦❞♦ =✉❡
❡❧ +✐+0❡♠❛ 0✐❡♥❡ ✉♥ ♣'♦❜❧❡♠❛ ❞❡ ✐❞❡♥0✐✜❝❛❝✐/♥ ✭❘❛♠&'❡③✱ ✶✾✽✾✮✳ ❆ ❝♦♥0✐♥✉❛❝✐/♥
♣'❡+❡♥0❛♠♦+ ✉♥❛ ❢♦'♠❛ ❞❡ +♦❧✉❝✐♦♥❛' ❡❧ ♣'♦❜❧❡♠❛✳
❙♦❧✉❝✐&♥ ❛❧ ♣*♦❜❧❡♠❛ ❞❡ ❧❛ ✐❞❡♥/✐✜❝❛❝✐&♥
❊❧ +✐+0❡♠❛ ❧✐♥❡❛❧ ❞❡ ❣❛+0♦+ +✉♣♦♥✐❡♥❞♦ ♣'❡❝✐♦+ ❝♦♥+0❛♥0❡+ ❡+0❛ ❞❡✜♥✐❞♦ ❝♦♠♦✿
xi = γi + βi(m−
∑
γk)
❈♦♠♦ +❡ ♠❡♥❝✐♦♥/ ❛♥0❡'✐♦'♠❡♥0❡✱ ❡❧ +✐+0❡♠❛ 0✐❡♥❡ ♣'♦❜❧❡♠❛+ ❞❡ ✐❞❡♥0✐✜❝❛✲
❝✐/♥✳ ❊+ ❞❡❝✐'✱ ♥♦ +❡ +❛❜❡ +✐ +❡ ❡+0C♥ ❡+0✐♠❛❞♦+ ✈❛'✐❛❜❧❡+ ❡♥❞/❣❡♥❛+ ♦ ❡①/❣❡♥❛+ ②❛
=✉❡ ♥♦ 0♦❞❛+ ❧❛+ ✈❛'✐❛❜❧❡+ +♦♥ ❧✐♥❡❛❧♠❡♥0❡ ✐♥❞❡♣❡♥❞✐❡♥0❡+✳ ❆❞❡♠C+✱ ❡❧ ♣❛'C♠❡0'♦
γi ❡+ ❛ ❧❛ ✈❡③ ✉♥❛ ✈❛'✐❛❜❧❡ ② ✉♥ ♣❛'C♠❡0'♦ ❛ ❡+0✐♠❛'✳
❙❡❛ ❧❛ +✐❣✉✐❡♥0❡ ❢♦'♠❛ '❡❞✉❝✐❞❛ ❞❡❧ +✐+0❡♠❛ ❧✐♥❡❛❧ ❞❡ ❣❛+0♦+✿
xi = αi + βim
❞♦♥❞❡ αi = γi − βi
∑
γj ✳ ▲❛ ✐❞❡❛ ❡+ ♣❛+❛' ❞❡ ❧♦+ αi ❛ ❧♦+ γi✳
M❛'❛ 0'❡+ ❡❝✉❛❝✐♦♥❡+✱ ♣♦' ❡❥❡♠♣❧♦✱ +❡ 0✐❡♥❡ ❡❧ +✐+0❡♠❛✿
α1 = γ1 − β1(γ1 + γ2 + γ3) [1]
α2 = γ2 − β2(γ1 + γ2 + γ3) [2]
α3 = γ3 − β3(γ1 + γ2 + γ3) [3]
❉♦♥❞❡ γ1,2,3 +♦♥ ❞❡+❝♦♥♦❝✐❞♦+ ②
∑
βi = 1,
∑
αi = 0✳ ❊+ ❞❡❝✐'✿β1+β2+β3 = 1
② α1 + α2 + α3 = 0✳
M♦' ❧♦ 0❛♥0♦✿
α1 + α2 = γ1 + γ2 − (β1 + β2)(γ1 + γ2 + γ3)
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−α3 = γ1 + γ2 − (1− β3)(γ1 + γ2 + γ3)
−α3 = −γ3 + β3(γ1 + γ2 + γ3)
❊$ ❞❡❝✐)✱ $❡ +✐❡♥❡♥ +)❡$ ❡❝✉❛❝✐♦♥❡$ ♣❡)♦ ✉♥❛ ❡$ ❧✐♥❡❛❧♠❡♥+❡ ❞❡♣❡♥❞✐❡♥+❡ ❞❡
❧❛$ ♦+)❛$✳ 4♦) ❧♦ +❛♥+♦✱ ❤❛② ♣)♦❜❧❡♠❛$ ♣❛)❛ ❡♥❝♦♥+)❛) γ1, γ2, γ3✳ ❉❡ [3] $❡ +✐❡♥❡✿
γ1 + γ2 + γ3 =
γ3 − α3
β3
4♦) ❧♦ +❛♥+♦ ❞❡ [1]✿
α1 = γ1 − β1[
γ3 − α3
β3
]
γ1 = α1 +
β1
β3
(γ3 − α3)
γ2 = α2 +
β2
β3
(γ3 − α3)
▲❛ ✐❞❡❛ ❡♥+♦♥❝❡$✱ ❡$ +❡♥❡) ✉♥ γi ❞❡ ♦+)♦$ ❡$+✉❞✐♦$ ;✉❡ ♣❡)♠✐+❛♥ ❧❛ ✐❞❡♥+✐✜✲
❝❛❝✐>♥✳ 4❛)❛ )❡$♦❧✈❡) ❡❧ ♣)♦❜❧❡♠❛ $❡ ♣✉❡❞❡ ❤❛❝❡) ❧♦ $✐❣✉✐❡♥+❡✳
❉❡ γ1 = α1+
β1
β3
(γ3−α3) $❡ $✉♣♦♥❡ ;✉❡ γ3 ❡$ ❡❧ ♣❛)A♠❡+)♦ ❛$♦❝✐❛❞♦ ❛❧ ❛❤♦))♦
✭❣❛$+♦ ❡♥ ❜✐❡♥❡$ ❞✉)❛❜❧❡$ ♣♦) ❡❥❡♠♣❧♦✮ ② ;✉❡ γ3 = 0✳ ❈♦♥ ❡$+❡ $✉♣✉❡$+♦ $❡)F❛
♣♦$✐❜❧❡ ❡$+✐♠❛) ❧♦$ ❞❡♠A$ γi✳ 4❛)❛ ❡❧ ❡❥❡♠♣❧♦ ❛♥+❡)✐♦)✱ $✐ γ3 = γs = 0 ② β3 = βs
$❡ +✐❡♥❡✿
γ1 = α1 −
β1
βs
(αs)
γ2 = α2 −
β2
βs
(αs)
4❛)❛ ❡❧ ❝❛$♦ ❞❡ L ❜✐❡♥❡$✿
γi = αi −
βi
βs
(αs)
❉♦♥❞❡ βs, αs ❝♦))❡$♣♦♥❞❡ ❛ ❧♦$ ♣❛)A♠❡+)♦$ ❡$+✐♠❛❞♦$ ♣❛)❛ ❡❧ ❛❤♦))♦ ♦ ❡❧ ❜✐❡♥
❞✉)❛❜❧❡ ②✱ ❧❛ ❡$+✐♠❛❝✐>♥ ❞❡ ❡$+♦$ ♣❛)A♠❡+)♦$✱ ♣❡)♠✐+❡ ;✉❡ $❡ ❡♥❝✉❡♥+)❡ ❧♦$ ❣❛♠❛$
❞❡ ❧♦$ ♦+)♦$ ❜✐❡♥❡$✳ 4♦) ❝♦♥$+)✉❝❝✐>♥✱ ♥❡❝❡$❛)✐❛♠❡♥+❡ γs = 0✳
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❊!"✐♠❛❝✐'♥ ❞❡❧ !✐!"❡♠❛ ❧✐♥❡❛❧ ❞❡ ❣❛!"♦ ♣❛/❛ ❧❛ ❡❝♦♥♦♠0❛ ❝♦❧♦♠❜✐❛♥❛
❙❡ ✈❛♥ ❛ ✉)✐❧✐③❛- ♥✉❡✈❛♠❡♥)❡ ❞❛)♦1 1♦❜-❡ ✐♥❣-❡1♦1 ② ❣❛1)♦1 ❞❡ ✶✸✵✵✵ ❢❛♠✐❧✐❛1
❝♦❧♦♠❜✐❛♥❛1 ❡①)-❛8❞♦1 ❞❡ ❧❛ ❊♥❝✉❡1)❛ ❞❡ ❝❛❧✐❞❛❞ ❞❡ ✈✐❞❛ ✷✵✵✽ -❡❛❧✐③❛❞❛ ♣♦- ❡❧
❉❆◆❊✳ ❨❛ B✉❡ ♥♦ ❤❛② ✐♥❢♦-♠❛❝✐D♥ 1♦❜-❡ ♣-❡❝✐♦1✱ 1❡ 1✉♣♦♥❡ ♥✉❡✈❛♠❡♥)❡ ♣-❡❝✐♦1
❝♦♥1)❛♥)❡1 ② ♣♦- ❧♦ )❛♥)♦✱ ❡❧ 1✐1)❡♠❛ ❛ ❡1)✐♠❛- ❡1✿
xi = γi + βi(m−
∑
γk)
❙❡ ❛❣-✉♣❛♥ ❧♦1 ❜✐❡♥❡1 ♥✉❡✈❛♠❡♥)❡ ❡♥ ❞♦❝❡ ❝❛)❡❣♦-8❛1 ❧❛1 ❝✉❛❧❡1 1♦♥✿ ✶✮ ❆❧✐✲
♠❡♥)♦1✱ ✷✮ ❇❡❜✐❞❛1 ② )❛❜❛❝♦✱ ✸✮ ❱❡1)✉❛-✐♦ ② ❝❛❧③❛❞♦✱ ✹✮ ❱✐✈✐❡♥❞❛✱ ✺✮ ❊♥1❡-❡1 ②
✉)❡♥1✐❧✐♦1✱ ✻✮ ❙❛❧✉❞✱ ✼✮ ❚-❛♥1♣♦-)❡ ② ❝♦♠✉♥✐❝❛❝✐♦♥❡1✱ ✽✮ ❘❡❝-❡❛❝✐D♥ ② 1❡-✈✐❝✐♦1
❝✉❧)✉-❛❧❡1✱ ✾✮ ❊❞✉❝❛❝✐D♥ ✶✵✮ ❇✐❡♥❡1 ② 1❡-✈✐❝✐♦1 ♣❡-1♦♥❛❧❡1✱ ✶✶✮ ❖)-♦1 ♣❛❣♦1✳ ❊♥
❡1)❛ ♦❝❛1✐D♥ ❡❧ ❣-✉♣♦ ✶✷ 1❡-S ❡❧ ❞❡ ❜✐❡♥❡1 ❞✉-❛❜❧❡1 ♣❛-❛ ❡1)✐♠❛- ❡❧ 1✐1)❡♠❛ ❞❡
)❛❧ ♠♦❞♦ B✉❡ 1❡❛ ♣♦1✐❜❧❡✱ ♠❡❞✐❛♥)❡ ❡❧ ♠T)♦❞♦ B✉❡ 1❡ ❡①♣✉1♦ ❛♥)❡1✱ ✐❞❡♥)✐✜❝❛-
❧♦1 ❣❛♠❛1 ❞❡❧ ❣❛1)♦ ❡♥ ❧♦1 ♣-✐♠❡-♦1 ✶✶ ❣-✉♣♦ ❞❡ ❜✐❡♥❡1✳
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥)❛ ❧❛ ✐♥❢♦-♠❛❝✐D♥ ❛ ✉)✐❧✐③❛- ♣❛1❛♠♦1 ❛❤♦-❛ ❛ ❧❛ ❡1)✐♠❛❝✐D♥
❞❡❧ ❙▲●✳ ❊1 ♥❡❝❡1❛-✐♦ ❛♥♦)❛- B✉❡ ❧❛1 ❡1)✐♠❛❝✐♦♥❡1 1❡ ❤❛❝❡♥ ✉1❛♥❞♦ ❡❧ ♠T)♦❞♦
❞❡ ❧♦1 ♠8♥✐♠♦1 ❝✉❛❞-❛❞♦1 ♦-❞✐♥❛-✐♦1 ② 1❡ ❤❛❝❡♥ ✉)✐❧✐③❛♥❞♦ ❡❧ ♣-♦❣-❛♠❛ ❙❆❙✳ ❊❧
1✐1)❡♠❛ ❛ ❡1)✐♠❛- ❡♥ ❢♦-♠❛ -❡❞✉❝✐❞❛ ❡1✿
xi = αi + βim
❞♦♥❞❡ αi = γi − βi
∑
γj ✳ ❆ ❝♦♥)✐♥✉❛❝✐D♥ 1❡ ♣-❡1❡♥)❛♥ ❧♦1 -❡1✉❧)❛❞♦1 ❡♥ ❧❛
)❛❜❧❛ ✷✳
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✸✶
❚❛❜❧❛ ✷
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✸✷
#❛%❛ ♣♦❞❡% ✐❞❡♥,✐✜❝❛% ❡❧ 0✐0,❡♠❛ ❧✐♥❡❛❧ ❞❡ ❣❛0,♦0✱ 0❡ ❡0,✐♠4 ❡❧ 0✐0,❡♠❛ ✐♥❝❧✉✲
②❡♥❞♦ ❡❧ ❣❛0,♦ ❡♥ ❜✐❡♥❡0 ❞✉%❛❜❧❡0✳ ❈♦♥ ❧❛ ❡0,✐♠❛❝✐4♥ ❞❡❧ αs ② βs ❛0♦❝✐❛❞♦ ❛❧
❣❛0,♦ ❡♥ ❜✐❡♥❡0 ❞✉%❛❜❧❡0 ✭▼♦❞❡❧♦ ✶✷✮ 0❡ ✐❞❡♥,✐✜❝❛♥ ❧♦0 %❡0,❛♥,❡0 γi ✭❣❛0,♦0 ❞❡
0✉❜0✐0,❡♥❝✐❛0 ❡♥ ❡❧ ❜✐❡♥ i✮ ♠❡❞✐❛♥,❡✿
γi = αi −
βi
βs
(αs)
❙❡ ❡♥❝✉❡♥,%❛✱ 0❡❣@♥ ❧♦0 %❡0✉❧,❛❞♦0✱ A✉❡ ❡❧ ❣❛0,♦ ❞❡ 0✉❜0✐0,❡♥❝✐❛ ❡♥ ❛❧✐♠❡♥,♦0
❡0 γ1 = $288149, 28✳ ❊❧ ❣❛0,♦ ❞❡ 0✉❜0✐0,❡♥❝✐❛ ,♦,❛❧✱ A✉❡ ❡0 ✉♥❛ ❛♣%♦①✐♠❛❝✐4♥ ❛
✉♥❛ ❧D♥❡❛ ❞❡ ♣♦❜%❡③❛ ♣❛%❛ ❧♦0 ❤♦❣❛%❡0 ❞❡ ❧❛ ❡❝♦♥♦♠D❛ ❝♦❧♦♠❜✐❛♥❛✱ ❡0 ✐❣✉❛❧ ❛✿
∑
γi = $560288, 99
#♦% ✉❧,✐♠♦✱ ❞❡❜✐❞♦ ❛ A✉❡ ♥♦ 0❡ ❞✐0♣♦♥❡ ❞❡ ✐♥❢♦%♠❛❝✐4♥ ❞❡ ♣%❡❝✐♦0✱ ❧❛ @♥✐❝❛
❡❧❛0,✐❝✐❞❛❞ ♣♦0✐❜❧❡ ❞❡ ❝❛❧❝✉❧❛% ❡0 ❧❛ ❡❧❛0,✐❝✐❞❛❞ ❣❛0,♦✳ ❊0,❛ ❡0 ✐❣✉❛❧ ❛✿
εi =
βi
wi
❉♦♥❞❡ wi ❡0 ❧❛ ♣❛%,✐❝✐♣❛❝✐4♥ ❡♥ ❡❧ ❣❛0,♦ ,♦,❛❧ ❞❡❧ ❜✐❡♥ i✳ ❊♥ ❧❛ ,❛❜❧❛ ✷
❡0,I♥ ❧❛0 ❞✐0,✐♥,❛0 ♣❛%,✐❝✐♣❛❝✐♦♥❡0 ❧❛0 ❝✉❛❧❡0✱ ♥❡❝❡0❛%✐❛♠❡♥,❡✱ ❝✉♠♣❧❡♥ ❝♦♥ A✉❡∑
wi = 1✳ ❙❡❣@♥ ❧♦0 %❡0✉❧,❛❞♦0✱ ❧❛ ❡❧❛0,✐❝✐❞❛❞ ❣❛0,♦ ❞❡ ❧♦0 ❆❧✐♠❡♥,♦0 ❡0 ✐❣✉❛❧ ❛
ε1 = 0, 65 ♣♦% ❧♦ A✉❡ 0❡%D❛♥ ✉♥ ❜✐❡♥ ♥❡❝❡0❛%✐♦✳ ■❣✉❛❧ 0✉❝❡❞❡ ❝♦♥ ❣%✉♣♦ ❞❡ ❜✐❡♥❡0
❝♦♠♦ ❇❡❜✐❞❛0 ② ❱✐✈✐❡♥❞❛✳
#♦% @❧,✐♠♦✱ 0❡❣@♥ ❧♦0 %❡0✉❧,❛❞♦0 ❣%✉♣♦0 ❞❡ ❜✐❡♥❡0 ❝♦♠♦ ❱❡0,✐❞♦0✱ ❙❛❧✉❞✱
❚%❛♥0♣♦%,❡✱ ❈✉❧,✉%❛✱ ❊❞✉❝❛❝✐4♥✱ ❖,%♦0 ♣❛❣♦0 ② ❇✐❡♥❡0 ❞✉%❛❜❧❡0 0❡%D❛♥ ❜✐❡♥❡0 ❞❡
❧✉❥♦ ②❛ A✉❡ εi > 1✳
❆ ♣❡0❛% ❞❡ ❧❛ ✈❡%0❛,✐❧✐❞❛❞ ② ❡0,✐♠❛❝✐4♥ ❞❡❧ ❙▲● ♣❛%❛ ❞✐✈❡%0❛0 ❡❝♦♥♦♠D❛0✱
❡0,❡ 0✐0,❡♠❛ ♥♦ ♣❡%♠✐,❡ ❝❛♣,❛% ❧❛ ♥♦ ❧✐♥❡❛❧✐❞❛❞ ❞❡ ❧❛ ❢✉♥❝✐4♥ ✐♥❣%❡0♦✲❝♦♥0✉♠♦ ②❛
A✉❡ ❡❧ 0✐0,❡♠❛ ♥♦ 0❡ ❝❛♣,❛♥ ❧❛0 ✈❛%✐❛❝✐♦♥❡0 ❡♥ ❧❛ ♣❛%,✐❝✐♣❛❝✐4♥ ❞❡❧ ❣❛0,♦ ❞❡ ❝❛❞❛
❜✐❡♥ ❛ ♠❡❞✐❞❛ A✉❡ ❡❧ ♥✐✈❡❧ ❞❡ ✐♥❣%❡0♦ ❝❛♠❜✐❛✳ ❊0,❡ ♣%♦❜❧❡♠❛ ❡0 ❡❧ A✉❡ ✐♥,❡♥,❛
%❡0♦❧✈❡% ❡❧ ❧❧❛♠❛❞♦ 0✐0,❡♠❛ ❝✉❛❞%I,✐❝♦ ❞❡ ❣❛0,♦0 A✉❡ ❡①♣♦♥❡♠♦0 ❛ ❝♦♥,✐♥✉❛❝✐4♥✳
✹✳✹✳ ❙✐$%❡♠❛ ❝✉❛❞,-%✐❝♦ ❞❡ ❣❛$%♦$✳
❊❧ 0✐0,❡♠❛ ❝✉❛❞%I,✐❝♦ ❞❡ ❣❛0,♦0 ✭❙❈●✮ ♣❛%,❡ ❞❡ ✉♥❛ ❢✉♥❝✐4♥ ✐♥❞✐%❡❝,❛ ❞❡
✉,✐❧✐❞❛❞✳ ❈✉♠♣❧❡ ❝♦♥ ❧❛0 ♣%♦♣✐❡❞❛❞❡0 ❞❡ ❛❣♦,❛♠✐❡♥,♦ ❞❡❧ ❣❛0,♦✱ ❤♦♠♦❣❡♥❡✐❞❛❞
❞❡ ❣%❛❞♦ ❝❡%♦ ❡♥ ♣%❡❝✐♦0 ❡ ✐♥❣%❡0♦0 ② 0✐♠❡,%D❛ ❞❡ ❧❛ ♠❛,%✐③ ❙❧✉,0❦②✳ ❊0,❡ 0✐0,❡♠❛
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✸✸
"❛♠❜✐'♥ ♣✉❡❞❡ -❡. ♠♦❞✐✜❝❛❞♦ ♣❛.❛ "❡♥❡. ❡♥ ❝✉❡♥"❛ ❡❧ ❡❢❡❝"♦ ❞❡ ❧❛ ❝♦♠♣♦-✐❝✐4♥
-♦❝✐♦ ❞❡♠♦❣.6✜❝❛ ❞❡❧ ❤♦❣❛. ✭❘✐✈❛-✱ ✷✵✵✵✮✳ ❊❧ -✐-"❡♠❛ ❢✉❡ ♣♦-"✉❧❛❞♦ ✐♥✐❝✐❛❧♠❡♥"❡
♣♦. ◆✐❝❤♦❧-♦♥ ✭✶✾✹✾✮ D✉✐❡♥ ❡-"✐♠4 ❢✉♥❝✐♦♥❡- ❝✉❛❞.6"✐❝❛- ❞❡ ❧❛- ❝✉.✈❛- ❞❡ ❊♥❣❡❧
♣❡.♦ -✐♥ D✉❡ ❧❛- ❡❝✉❛❝✐♦♥❡- ❡-"✐♠❛❞❛- ❢✉❡.❛♥ ❞❡.✐✈❛❞❛- ❞❡ ✉♥ ❡♥❢♦D✉❡ ❞❡ ♠❛①✐✲
♠✐③❛❝✐4♥ ❞❡ ❧❛ ✉"✐❧✐❞❛❞✳ ▼6- "❛.❞❡✱ -❡.I❛ ❍♦✇❡ ✭✶✾✼✹✮ D✉✐❡♥ ❞❡♠♦-".❛.❛ D✉❡ ❧❛-
❢✉♥❝✐♦♥❡- ❞❡ ✐♥❣.❡-♦✲❝♦♥-✉♠♦ ❝✉❛❞.6"✐❝❛- ♣♦❞I❛♥ -❡. ❞❡.✐✈❛❞❛- ❞❡ ✉♥ ♣.♦❝❡-♦
❞❡ ♠❛①✐♠✐③❛❝✐4♥ ❞❡ ❧❛ ✉"✐❧✐❞❛❞ ② D✉❡ ❡-"❛- ❢✉♥❝✐♦♥❡- ❡♥ -✉ ❢♦.♠❛ .❡❞✉❝✐❞❛ ❡.❛♥
✐❞'♥"✐❝❛- ❛ ✉♥ -✐-"❡♠❛ ❞❡ ❣❛-"♦-✳ N♦❝♦- ❛O♦- ❞❡-♣✉'-✱ -❡.I❛♥ ❍♦✇❡✱ N♦❧❧❛❦ ②
❲❛❧❡- ✭✶✾✼✾✮ D✉✐❡♥❡- ❣❡♥❡.❛❧✐③❛.I❛♥ ❡❧ ❙❈●✳
❊❧ ♠♦❞❡❧♦✳
❙❡ ♣❛."❡ ❞❡ ❧❛ -✐❣✉✐❡♥"❡ ❢✉♥❝✐4♥ ❞❡ ✉"✐❧✐❞❛❞ ✐♥❞✐.❡❝"❛✿
v(p,m) =
−g(p)
m− b(p)
+
g(p)
f(p)
❞♦♥❞❡ g(p), b(p), f(p)  ♦♥ ❢✉♥❝✐♦♥❡ ❤♦♠♦❣+♥❡❛ ❞❡ ❣.❛❞♦ ✉♥♦ ❡♥ ♣.❡❝✐♦ ✳
❆❞❡♠2 ✱ ❧❛ ❢✉♥❝✐5♥ ❞❡ ✉6✐❧✐❞❛❞ ✐♥❞✐.❡❝6❛  ❛6✐ ❢❛❝❡ ❧❛ ❝♦♥❞✐❝✐♦♥❡ ❞❡ ❧❛ 6❡♦.7❛
❝♦♠♦ ❤♦♠♦❣❡♥❡✐❞❛❞ ❞❡ ❣.❛❞♦ ❝❡.♦ ❡♥ ♣.❡❝✐♦ ② .❡♥6❛✱ ❝♦♥6✐♥✉❛ ❡♥ ♣.❡❝✐♦ ② ♥♦
❞❡❝.❡❝✐❡♥6❡ ❡♥ .❡♥6❛✳
❆♣❧✐❝❛♥❞♦ ❧❛ ✐❞❡♥6✐❞❛❞ ❞❡ ❘♦② ❛ ❧❛ ❢✉♥❝✐5♥ ❛♥6❡.✐♦. ❡ ♣♦ ✐❜❧❡ ❡♥❝♦♥6.❛. ❧❛
❝❛♥6✐❞❛❞ ❞❡♠❛♥❞❛❞❛✿
xi(p,m) = −
∂v(p,m)
∂pi
∂v(p,m)
∂m
❘❡❛❧✐③❛♥❞♦ ♣.✐♠❡.♦
∂v(p,m)
∂pi
✿
∂v(p,m)
∂pi
=
−g′(p)(m− b(p))− g(p)b′(p)
(m− b(p))2
+
g′(p)f(p)− g(p)f ′(p)
(f(p))2
❆❤♦.❛✱
∂v(p,m)
∂m
❡ ✐❣✉❛❧ ❛✿
∂v(p,m)
∂m
=
g(p)
(m− b(p))2
=♦. ❧♦ 6❛♥6♦✱  ❡ 6✐❡♥❡✿
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✸✹
xi(p,m) = −
[
−g′(p)(m−b(p))−g(p)b′(p)
(m−b(p))2 +
g′(p)f(p)−g(p)f ′(p)
(f(p))2
]
∂ψ(p,m)
∂m
xi(p,m) =
−1
f(p)
[
g′(p)− g(p)f
′(p)
f(p)
]
g(p)
(m−b(p))2
xi(p,m) =
g′(p)(m− b(p)) + g(p)b′(p)
g(p)
−
(m− b(p))2(g′(p)− g(p)
f(p)g
′(p))
g(p)f(p)
xi(p,m) = b
′(p) +
g′(p)
g(p)
(m− b(p))−

g′(p).g(p) f ′(p)f(p)
f(p)g(p)

 (m− b(p))2
❙❡ ❝♦♠♣)✉❡❜❛ -✉❡ xi(p,m) ❡. ❤♦♠♦❣1♥❡❛ ❞❡ ❣)❛❞♦ ❝❡)♦ ❡♥ (p,m)✳ ❊.6❛
❡❝✉❛❝✐8♥ ❡. ✜♥❛❧♠❡♥6❡ ❧❛ ❞❡♠❛♥❞❛ ❡♥ ❡❧ .✐.6❡♠❛ ❝✉❛❞);6✐❝♦ ❞❡ ❣❛.6♦.✳ ❆❞❡♠;.✿
b(p) =
∑
piγi✱ .✐❡♥❞♦ b
′(p) = γi ❡❧ ❝✉❛❧ .❡ ♣✉❡❞❡ ❞❡✜♥✐) ❝♦♥ ❜❛.❡ ❛ ❙❛♠✉❡❧.♦♥
✭✶✾✹✼✮ ❝♦♠♦ ❡❧ ❣❛.6♦ ♠C♥✐♠♦ ❞❡ .✉❜.✐.6❡♥❝✐❛ ❡♥ ❡❧ ❜✐❡♥ i✳ ▲❛ ✐♥6❡)♣)❡6❛❝✐8♥
❝♦♠♦ .❡ ♣✉❡❞❡ ✈❡) ❡. ✐❣✉❛❧ ❛ ❧❛ -✉❡ .❡ 6✐❡♥❡ ❡♥ ❡❧ ❧❧❛♠❛❞♦ .✐.6❡♠❛ ❧✐♥❡❛❧ ❞❡ ❣❛.6♦
✭▼✉G♦③✱ ✷✵✵✹✮✳
❊♥ ❡.6❡ .❡♥6✐❞♦✱ 6❛♥6♦ ❡❧ ❙❈● ❝♦♠♦ ❡❧ ❙✐.6❡♠❛ ❧✐♥❡❛❧ ❞❡ ❣❛.6♦. ✭❙▲●✮ .❡
♣✉❡❞❡♥ ✉6✐❧✐③❛) ♣❛)❛ ❝♦♥.6)✉✐) ✉♠❜)❛❧❡. ❞❡ ♣♦❜)❡③❛ ❛ ♣❛)6✐) ❞❡ ❧❛ ❡.6✐♠❛❝✐8♥
❞❡ ❧♦. ❝♦♥.✉♠♦. ❞❡ .✉❜.✐.6❡♥❝✐❛ ♣❛)❛ ✉♥ ❞❡6❡)♠✐♥❛❞♦ ❣)✉♣♦ ❞❡ ❤♦❣❛)❡.✱ ❜✐❡♥
.❡❛ ❡♥ )✉❜)♦. ❛❣)❡❣❛❞♦. ✭♦ ❞❡.❛❣)❡❣❛❞♦.✮ ❞❡ ❜✐❡♥❡. ② .❡)✈✐❝✐♦.✳ ❆❞❡♠;.✱ ❧❛
✈❛❧♦)❛❝✐8♥ ❞❡ ❡.6♦. ❝♦♥.✉♠♦. ♦❢)❡❝❡ ✉♥❛ ❡.6✐♠❛❝✐8♥ ❞❡ ❧❛ ❝❛♥❛.6❛ ❜;.✐❝❛ ❞❡
❜✐❡♥❡. ② .❡)✈✐❝✐♦. ♠C♥✐♠❛ ❝♦♥ ❧❛ -✉❡ ✉♥ ❤♦❣❛) ♣✉❡❞❡ .❛6✐.❢❛❝❡) .✉. ♥❡❝❡.✐❞❛❞❡.
❡.❡♥❝✐❛❧❡. ❧❛ ❝✉❛❧ ♣✉❡❞❡ ✉6✐❧✐③❛).❡ ❝♦♥ ✜♥❡. ❞❡ ✈❛❧♦)❛) ✉♥❛ ❧C♥❡❛ ❞❡ ♣♦❜)❡③❛
✭▼✉G♦③ ❆✳✱ ✷✵✵✾✮✳
❙❡ ♣✉❡❞❡ ✈❡)✐✜❝❛) 6❛♠❜✐1♥ ❜❛❥♦ -✉1 ❝♦♥❞✐❝✐♦♥❡. .❡ ❝✉♠♣❧❡ ❧❛ .✐♠❡6)C❛ ❡♥ ❡❧
❡❢❡❝6♦ .✉.6✐6✉❝✐8♥ ❝)✉③❛❞♦ ✭♠❛6)✐③ ❙❧✉6.❦②✮✱ ✈❡❛♠♦.✳
Q♦) ❙❧✉6.❦② 6❡♥❡♠♦.✿
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∂hi(p, u)
∂pj
=
∂xi
∂pj
+ xj
∂xi
∂m
❘❡❛❧✐③❛♥❞♦ ♣-✐♠❡-♦
∂xi
∂pj
/❡ 0✐❡♥❡✿
xi(p,m) = −
∂v(p,m)
∂pi
∂v(p,m)
∂m
= −
vi
vm
∂xi
∂pj
= −
(
ψmψij − ψiψmj
(ψm)2
)
❊♥❝♦♥0-❛♥❞♦ ❛❤♦-❛ ❛
∂xi
∂m
✿
∂xi
∂m
= −
(
vimvm − vmmvi
(vm)2
)
❏✉♥0❛♥❞♦ ❧❛/ ❞♦/ ❡①♣-❡/✐♦♥❡/ /❡ ❧❧❡❣❛ ❛✿
∂hi(p, u)
∂pj
= −
(
vmvij − vivmj
(vm)2
)
+
vj
vm
(
vimvm − vmmvi
(vm)2
)
∂hi(p, u)
∂pj
=
1
(vm)2
[
vivmj − vijvm + vjvim −
vmmvivj
vm
]
❉❡ ❧❛ ♠✐/♠❛ ♠❛♥❡-❛ /❡ 0✐❡♥❡✿
∂hj(p, u)
∂pi
=
1
(vm)2
[
vjvmi − vjivm + vivjm −
vmmvivj
vm
]
:♦- ❧♦ 0❛♥0♦✱ ♣♦❞❡♠♦/ ❞❡❝✐- <✉❡
∂hi(p,u)
∂pj
=
∂hj(p,u)
∂pi
② /❡ ❝✉♠♣❧❡ ❛/> ❧❛ /✐♠❡0->❛
❞❡ ❧❛ ♠❛0-✐③ ❙❧✉/0❦②✳ ❆❞❡♠C/✱ ❡❧ /✐/0❡♠❛ ❝✉♠♣❧❡ ❝♦♥ ❧♦ <✉❡ /❡ ❝♦♥♦❝❡ ❝♦♠♦ ❧❛/
❝♦♥❞✐❝✐♦♥❡/ ❞❡ ✐♥0❡❣-❛❜✐❧✐❞❛❞ ✭❍♦✇❡✱ :♦❧❧❛❦ ② ❲❛❧❡/✱✶✾✼✾✮✳
:♦- L❧0✐♠♦✱ /❡ ♣✉❡❞❡ ❝♦♠♣-♦❜❛- ❧❛ ❝♦♥❞✐❝✐M♥ ❞❡ ❛❣♦0❛♠✐❡♥0♦ ❞❡❧ ❣❛/0♦✳ ❱♦❧✲
✈✐❡♥❞♦ ❛❧ /✐/0❡♠❛ ❞❡ ❞❡♠❛♥❞❛✿
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xi(p,m) = b
′(p) +
g′(p)
g(p)
(m− b(p))−

g′(p).g(p) f ′(p)f(p)
f(p)g(p)

 (m− b(p))2
❙✐♠♣❧✐✜❝❛♥❞♦ .❡ 0✐❡♥❡✿
xi(p,m) = γi + βi(m−
∑
γj) + δi(m−
∑
γj)
2
▼✉❧0✐♣❧✐❝❛♥❞♦ ❛ ❛♠❜♦. ❧❛❞♦. ♣♦5 pi✿
pixi(p,m) = piγi + βi(m−
∑
pjγj) + δi(m−
∑
pjγj)
2
▲❛ ❝♦♥❞✐❝✐7♥ ❞❡ ❛❣♦0❛♠✐❡♥0♦ ❞❡❧ ❣❛.0♦✱ ❞❡✜♥✐❞❛ ❝♦♠♦✿
∑
pixi = m
❙❡ ❝✉♠♣❧❡ ❡♥ ❡❧ .✐.0❡♠❛ ❝✉❛♥❞♦✿
∑
pixi =
∑
piγi +
∑
βi(m−
∑
pjγj) +
∑
δi(m−
∑
pjγj)
2 = m
❊. ❞❡❝✐5✱ .✐ ② .7❧♦ .✐
∑
βi = 1 ②
∑
δi = 0 ②❛ <✉❡ ❡♥ ❡.0❡ ❝❛.♦ .❡ 0✐❡♥❡✿
∑
pixi =
∑
piγi +m−
∑
pjγj = m
❙✐"#❡♠❛ '❡❞✉❝✐❞♦
❯♥❛ ✈❡③ ✈❡5✐✜❝❛❞♦ ❧❛. ❝♦♥❞✐❝✐♦♥❡. <✉❡ ✐♠♣♦♥❡ ❧❛ 0❡♦5@❛ ❞❡❧ ❝♦♥.✉♠✐❞♦5 ❡♥
❡❧ .✐.0❡♠❛ ❞❡ ❞❡♠❛♥❞❛✱ .❡ ✐♥0❡♥0❛ ❛ ❝♦♥0✐♥✉❛❝✐7♥ 5❡❞✉❝✐5❧♦ ❡♥ ✉♥❛ ❡❝✉❛❝✐7♥ <✉❡
.❡❛ ❢B❝✐❧ ❞❡ ❡.0✐♠❛5✳ ❙❡❛✿
pixi(p,m) = piγi + βi(m−
∑
pjγj) + δi(m−
∑
pjγj)
2
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❆$✉♠✐❡♥❞♦ bi(p) =
∑
piγi ② b
′(p) = γi $❡ -✐❡♥❡✿
qi = bi + βi(m−
∑
bk) + δi(m−
∑
bk)
2
❉♦♥❞❡ qi = pixi ❡$ ❡❧ ❣❛$-♦ ❡♥ ❡❧ ❜✐❡♥ i✳ ❙❡ ♣✉❡❞❡ ❝♦♥$✐❞❡8❛8✱ ❛❧ ✐❣✉❛❧ :✉❡ ❡♥
❡❧ ❙▲●✱ bi ❝♦♠♦ ❡❧ ❝♦♥$✉♠♦ ❞❡ $✉❜$✐$-❡♥❝✐❛✱ ② m−
∑
bk ♣✉❡❞❡ $❡8 ❝♦♥$✐❞❡8❛❞♦
❝♦♠♦ ❡❧ ✐♥❣8❡$♦ $✉♣❡8♥✉♠❡8❛8✐♦ :✉❡ $❡ ❞❡✜♥❡ ❝♦♠♦ ❡❧ ♠♦♥-♦ ❞❡❧ ✐♥❣8❡$♦ :✉❡ ❡$->
♣♦8 ❡♥❝✐♠❛ ❞❡❧ ✐♥❣8❡$♦ ❞❡ $✉❜$✐$-❡♥❝✐❛✳ ?♦8 @❧-✐♠♦✱ (m−
∑
bk)
2
✐♥-❡♥-❛ ❝❛♣-❛8
♥♦ ❧✐♥❡❛❧✐❞❛❞❡$ ❡♥ ❧❛ ❝✉8✈❛ ❞❡ ✐♥❣8❡$♦✲❝♦♥$✉♠♦✳ ❙✐ βi ❡$ ♣♦$✐-✐✈♦ $❡ ❝♦♥$✐❞❡8❛ ❛❧
❜✐❡♥ i ❝♦♠♦ ♥♦8♠❛❧ ② $✐ ❡$ ♥❡❣❛-✐✈♦ $❡8✐❛ ✐♥❢❡8✐♦8✳
❙✐ $❡ 8❡❛❧✐③❛ ❡❧ ♣8♦❞✉❝-♦ ❞❡ ❧❛ ♣❛8-❡ ❞❡8❡❝❤❛ ❞❡❧ $✐$-❡♠❛ $❡ -✐❡♥❡✿
qi = bi + βim− βi
∑
bk + δim
2 − δi2m
∑
bk + δi(
∑
bk)
2
qi = bi − βi
∑
bk + δi(
∑
bk)
2 + (βi − 2δi
∑
bk)m+ δim
2
❊♥ ❢♦8♠❛ 8❡❞✉❝✐❞❛ ❧❛ ❡❝✉❛❝✐G♥ ❛ ❡$-✐♠❛8 $❡8H❛ ✜♥❛❧♠❡♥-❡✿
qi = θi1 + θi2m+ δim
2
❙✐❡♥❞♦✿
θi1 = bi − βi
∑
bk + δi(
∑
bk)
2
θi2 = βi − 2δi
∑
bk
❊❧ -I8♠✐♥♦ ❛❧ ❝✉❛❞8❛❞♦✱ :✉❡ ❡$ ❧♦ :✉❡ ❞✐$-✐♥❣✉❡ ❛❧ ❙❈● ❞❡❧ ❙▲●✱ ♣❡8♠✐-❡
❝❛♣-❛8 ❧❛ ♥♦ ❧✐♥❡❛❧✐❞❛❞ ❞❡ ❧❛ ❢✉♥❝✐G♥ ✐♥❣8❡$♦✲❝♦♥$✉♠♦ ❧♦ :✉❡ ❤❛❝❡ :✉❡ ❡❧ $✐$-❡♠❛
❝❛♣-✉8❡ ❧❛$ ✈❛8✐❛❝✐♦♥❡$ ❡♥ ❧❛ ♣❛8-✐❝✐♣❛❝✐G♥ ❞❡❧ ❣❛$-♦ ❞❡ ❝❛❞❛ ❜✐❡♥ ❛ ♠❡❞✐❞❛ :✉❡
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✸✽
❡❧ ♥✐✈❡❧ ❞❡ ✐♥❣*❡+♦ ❝❛♠❜✐❛
✼
✳ 2♦* ❡❥❡♠♣❧♦✱ +✐ ❡♥ ❧❛+ ❡+6✐♠❛❝✐♦♥❡+ ❡❧ 67*♠✐♥♦ ❛❧
❝✉❛❞*❛❞♦ ❡+ ♥❡❣❛6✐✈♦ +❡ 6❡♥❞*9❛ :✉❡ ❧❛ ♣❛*6✐❝✐♣❛❝✐;♥ ❞❡ ❡+6❡ ❜✐❡♥ +♦❜*❡ ❡❧ ❣❛+6♦
6♦6❛❧ ❞❡+❝✐❡♥❞❡ ❛ ♠❡❞✐❞❛ :✉❡ ❛✉♠❡♥6❛ ❡❧ ✐♥❣*❡+♦ ✭❍♦✇❡✱ ✶✾✼✹✮✳ ❊+ ❞❡❝✐*✱ ❡❧
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❊❧❛#$✐❝✐❞❛❞❡#
#♦% &❧(✐♠♦✱ ,❡ ♣✉❡❞❡♥ ❡♥❝♦♥(%❛% ❧❛, ❡❧❛,(✐❝✐❞❛❞❡, ❞❡ ❧♦, ❞✐❢❡%❡♥(❡, ❜✐❡♥❡,✳ ❉❡
♥✉❡,(%♦ ,✐,(❡♠❛ (❡♥❡♠♦, 8✉❡ qi = pixi✱ ,✐❡♥❞♦ xi ❧❛ ❞❡♠❛♥❞❛ ❞❡❧ ❜✐❡♥ i✳ #♦%
(❛♥(♦✿
xi =
1
pi
(
bi + βi(m−
∑
bk) + δi(m−
∑
bk)
2
)
❘❡❛❧✐③❛♥❞♦
∂xi
∂m
✿
∂xi
∂m
=
1
pi
(
βi + 2δi(m−
∑
bk)
)
▼✉❧(✐♣❧✐❝❛♥❞♦ ❛ ❛♠❜♦, ❧❛❞♦, ♣♦%
m
xi
,❡ (✐❡♥❡✿
∂xi
∂m
m
xi
=
m
xi
1
pi
(
βi + 2δi(m−
∑
bk)
)
εi =
1
wi
(Pmgci)
▲❛ ❡,(✐♠❛❝✐>♥ ❞❡ ❡,(❛ ❡❧❛,(✐❝✐❞❛❞ ❞❡ ♥✉❡✈♦ ,❡ ❤❛❝❡ ❡♥ ❡❧ ♣✉♥(♦ ♠❡❞✐♦ ,✉♣♦✲
♥✐❡♥❞♦ ✉♥❛ ♠❡❞✐❛ ♣❛%❛ ❡❧ ❣❛,(♦ ❞❛❞♦, ❧♦, ❞❛(♦, ② ✉♥❛ ♠❡❞✐❛ ♣♦♥❞❡%❛❞❛ ♣❛%❛ ❡❧
❣❛,(♦ ❡♥ ❧♦, ❞✐❢❡%❡♥(❡, ❜✐❡♥❡, ✭8✉❡ ❧❧❛♠❛%❡♠♦, wwi✮ ♣❛%❛ ❡♥❝♦♥(%❛% wi✳ ❉♦♥❞❡✿
wwi = gasto del bien i/gasto corriente
❊, ❞❡❝✐% ❝❛❞❛ wwi ♠✐❞❡ ❧❛ ♣❛%(✐❝✐♣❛❝✐>♥ ❞❡❧ ❣❛,(♦ ❡♥ ❡❧ ❜✐❡♥ i ,♦❜%❡ ❡❧ ❣❛,(♦
❝♦%%✐❡♥(❡✳
❊#$✐♠❛❝✐*♥ ❞❡❧ #✐#$❡♠❛ ❝✉❛❞-.$✐❝♦ ♣❛-❛ ❧❛ ❡❝♦♥♦♠1❛ ❝♦❧♦♠❜✐❛♥❛
❙❡ ✈❛♥ ❛ ✉(✐❧✐③❛% ♥✉❡✈❛♠❡♥(❡ ❞❛(♦, ,♦❜%❡ ✐♥❣%❡,♦, ② ❣❛,(♦, ❞❡ ✶✸✵✵✵ ❢❛♠✐❧✐❛,
❝♦❧♦♠❜✐❛♥❛, ❡①(%❛K❞♦, ❞❡ ❧❛ ❊♥❝✉❡,(❛ ❞❡ ❝❛❧✐❞❛❞ ❞❡ ✈✐❞❛ ✷✵✵✽ %❡❛❧✐③❛❞❛ ♣♦% ❡❧
❉❆◆❊✳ ❙❡ ❛❣%✉♣❛♥ ❧♦, ❜✐❡♥❡, ❞❡ ♥✉❡✈♦ ❡♥ ❞♦❝❡ ❝❛(❡❣♦%K❛, ❧❛, ❝✉❛❧❡, ,♦♥✿ ✶✮
❆❧✐♠❡♥(♦,✱ ✷✮ ❇❡❜✐❞❛, ② (❛❜❛❝♦✱ ✸✮ ❱❡,(✉❛%✐♦ ② ❝❛❧③❛❞♦✱ ✹✮ ❱✐✈✐❡♥❞❛✱ ✺✮ ❊♥,❡%❡,
② ✉(❡♥,✐❧✐♦,✱ ✻✮ ❙❛❧✉❞✱ ✼✮ ❚%❛♥,♣♦%(❡ ② ❝♦♠✉♥✐❝❛❝✐♦♥❡,✱ ✽✮ ❘❡❝%❡❛❝✐>♥ ② ,❡%✈✐❝✐♦,
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❝✉❧&✉'❛❧❡*✱ ✾✮ ❊❞✉❝❛❝✐1♥ ✶✵✮ ❇✐❡♥❡* ② *❡'✈✐❝✐♦* ♣❡'*♦♥❛❧❡*✱ ✶✶✮ ❖&'♦* ♣❛❣♦* ② ✶✷✮
❇✐❡♥❡* ❞✉'❛❜❧❡*✳
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥&❛ ❧❛ ✐♥❢♦'♠❛❝✐1♥ ❛ ✉&✐❧✐③❛'✱ ♣❛*❛♠♦* ❛❤♦'❛ ❛ ❧❛ ❡*&✐♠❛❝✐1♥
❞❡❧ ❙❈●✳ ❊* ♥❡❝❡*❛'✐♦ ❛♥♦&❛' F✉❡ ❧❛* ❡*&✐♠❛❝✐♦♥❡* *❡ ❤❛❝❡♥ ✉*❛♥❞♦ ❡❧ ♠G&♦❞♦
❞❡ ❧♦* ♠H♥✐♠♦* ❝✉❛❞'❛❞♦* ♦'❞✐♥❛'✐♦* ② *❡ ❤❛❝❡♥ ✉&✐❧✐③❛♥❞♦ ❡❧ ♣'♦❣'❛♠❛ ❙❆❙✳ ❊❧
*✐*&❡♠❛ ❛ ❡*&✐♠❛' ❡♥ ❢♦'♠❛ '❡❞✉❝✐❞❛ ❡*✿
qi = θi1 + θi2m+ δim
2
❙✐❡♥❞♦✿
θi1 = bi − βi
∑
bk + δi(
∑
bk)
2
θi2 = βi − 2δi
∑
bk
▲♦* '❡*✉❧&❛❞♦* *❡ ♠✉❡*&'❛♥ ❛ ❝♦♥&✐♥✉❛❝✐1♥ ❡♥ ❧❛ &❛❜❧❛ ✸✳
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❚❛❜❧❛ ✸
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❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥+❛ ❧♦. /❡.✉❧+❛❞♦. ❞❡ ❧❛ ❡.+✐♠❛❝✐1♥✱ .❡ +✐❡♥❡ 3✉❡ ❡❧ ❣❛.+♦
♠5♥✐♠♦ ❞❡ .✉❜.✐.+❡♥❝✐❛ ❡♥ ❧♦. ❞✐❢❡/❡♥+❡. ❣/✉♣♦ ❞❡ ❜✐❡♥❡. ♦ ❧5♥❡❛ ❞❡ ♣♦❜/❡③❛
♣❛/❛ ❧❛ ❡❝♦♥♦♠5❛ ❝♦❧♦♠❜✐❛♥❛ ❡.
∑
γi = $647033✳ ;❛/❛ ❡❧ ❝❛.♦ ❞❡ ❛❧✐♠❡♥+♦.✱ ❡❧
❣❛.+♦ ♠5♥✐♠♦ ❞❡ .✉❜.✐.+❡♥❝✐❛ .❡/5❛ ❞❡ γ1 = $304878, 8✳ ❯♥❛ ✈❡③ ❡.+✐♠❛❞♦. ❧♦.
♣❛/>♠❡+/♦. ❞❡❧ .✐.+❡♠❛✱ ❡. ♣♦.✐❜❧❡ ❡♥❝♦♥+/❛/ ❧❛. ❞✐❢❡/❡♥+❡. ♣/♦♣❡♥.✐♦♥❡. ♠❛/✲
❣✐♥❛❧❡. ❛ ❝♦♥.✉♠✐/✳ ;❛/❛ ❡❧❧♦✱ ♣/✐♠❡/♦ ❡. ♥❡❝❡.❛/✐♦ ❛❝❧❛/❛/ 3✉❡ .❡ ❝❛❧❝✉❧❛ ❡. ❧❛
♣/♦♣❡♥.✐1♥ ♠❛/❣✐♥❛❧ ❛ ❝♦♥.✉♠✐/ ♣/♦♠❡❞✐♦ ② .❡ ✉+✐❧✐③❛ ✉♥ ❣❛.+♦ ♣/♦♠❡❞✐♦ ❞❡
m¯ = $1277772, 73✳
▲❛ ♣/♦♣❡♥.✐1♥ ♠❛/❣✐♥❛❧ ❛ ❝♦♥.✉♠✐/ ♣/♦♠❡❞✐♦ ❡♥ ❡❧ ❜✐❡♥ i ❡.✿
pmgci = βi + 2δi(m¯−
∑
bk)
❙❡❣D♥ ❧♦. /❡.✉❧+❛❞♦.✱ ❧❛ ♣/♦♣❡♥.✐1♥ ♠❛/❣✐♥❛❧ ❛ ❝♦♥.✉♠✐/ ❡♥ ❆❧✐♠❡♥+♦. ❡.
pmgc1 = 0, 2137 ② ❡. ❧❛ ♠>. ❛❧+❛ ❞❡❜✐❞♦ ❛ 3✉❡ ♣❛/+✐❝✐♣❛ ❝♦♥ ❧❛ ♠❛②♦/ ♣❛/+❡ ❡♥ ❡❧
❣❛.+♦ ♣/♦♠❡❞✐♦ ❝♦♥ ✉♥ wwi = 0, 29✳ ▲❡ .✐❣✉❡ ❧❛ ♣/♦♣❡♥.✐1♥ ♠❛/❣✐♥❛❧ ❛ ❝♦♥.✉♠✐/
❡♥ ❙❡/✈✐❝✐♦. ❞❡ ❱✐✈✐❡♥❞❛ ❝♦♥ pmgc4 = 0, 20✱ ❚/❛♥.♣♦/+❡ pmgc7 = 0, 123 ② ❇✐❡♥❡.
❉✉/❛❜❧❡. ❝♦♥ pmgc12 = 0, 106✳ ❊❧ /❡.+♦ ❞❡ ❜✐❡♥❡. ♣/❡.❡♥+❛♥ ✉♥❛ ♣/♦♣❡♥.✐1♥
♠❛/❣✐♥❛❧ ❛ ❝♦♥.✉♠✐/ ♣/♦♠❡❞✐♦ ♠❡♥♦/ ❛ ✉♥♦✳
;♦/ D❧+✐♠♦✱ .❡❣D♥ ❧♦. /❡.✉❧+❛❞♦. ❧♦. ❆❧✐♠❡♥+♦. .❡/5❛♥ ✉♥ ❜✐❡♥ ♥❡❝❡.❛/✐♦ ②❛
3✉❡ ε1 = 0, 71 < 1✳ ■❣✉❛❧ .✉❝❡❞❡ ❝♦♥ ❣/✉♣♦ ❞❡ ❜✐❡♥❡. ❝♦♠♦ ❱✐✈✐❡♥❞❛✱ ❊♥.❡/❡. ②
❙❡/✈✐❝✐♦. ♣❡/.♦♥❛❧❡.✳
●/✉♣♦. ❞❡ ❜✐❡♥❡. ❝♦♠♦ ❇❡❜✐❞❛.✱ ❱❡.+✐❞♦✱ ❙❛❧✉❞✱ ❚/❛♥.♣♦/+❡✱ ❈✉❧+✉/❛✱ ❊❞✉✲
❝❛❝✐1♥✱ ❖+/♦. ♣❛❣♦. ② ❇✐❡♥❡. ❉✉/❛❜❧❡. .♦♥ ❜✐❡♥❡. ❞❡ ❧✉❥♦ ②❛ 3✉❡ ♣/❡.❡♥+❛♥ ✉♥❛
❡❧❛.+✐❝✐❞❛❞ ♠❛②♦/ ❛ ✉♥♦✳
▲♦. .✐.+❡♠❛. +/❛❜❛❥❛❞♦. ❤❛.+❛ ❡❧ ♠♦♠❡♥+♦✱ +✐❡♥❡♥ ❝♦♠♦ .✉♣✉❡.+♦ ❞❡ ❢♦♥❞♦
❡❧ ❛.✉♠✐/ 3✉❡ ❡①✐.+❡ ✉♥ ❝♦♥.✉♠✐❞♦/ /❡♣/❡.❡♥+❛+✐✈♦✳ ❉❡❛+♦♥ ② ▼✉❡❧❧❜❛✉❡/ ✭✶✾✽✵✱
✶✾✾✸✮ ❤❛♥ ✐♥+❡♥+❛❞♦ ❝♦♥.+/✉✐/ ❞✐✈❡/.♦. .✐.+❡♠❛. ❞❡ ❡❝✉❛❝✐♦♥❡. ❞❡ ❞❡♠❛♥❞❛ ❝♦♥
❡❧ ♣/♦♣1.✐+♦ ❞❡ ♦❜+❡♥❡/ ❝♦♥❞✐❝✐♦♥❡. ❜❛❥♦. ❧❛. ❝✉❛❧❡. .❡ ❝✉♠♣❧❛ ✉♥❛ ❝✐❡/+❛ ❢♦/♠❛
❞❡ ❛❣/❡❣❛❝✐1♥ 3✉❡ /❡♣❧✐3✉❡ ❧❛ ♠❛②♦/ ♣❛/+❡ ❞❡ ❝❛/❛❝+❡/5.+✐❝❛. ❛ ♥✐✈❡❧ ✐♥❞✐✈✐❞✉❛❧
♣❛/❛ ♥♦ +❡♥❡/ 3✉❡ +/❛❜❛❥❛/ ❛.5✱ ❝♦♥ +♦❞❛. ❧❛. ❝♦♥.❡❝✉❡♥❝✐❛. 3✉❡ +/❛❡ ❡❧ ❛.✉♠✐/
❛❣❡♥+❡. /❡♣/❡.❡♥+❛+✐✈♦.✳ ❯♥♦ ❞❡ ❧♦. .✐.+❡♠❛. ♠❡❥♦/ ❡3✉✐♣❛❞♦. ♣❛/❛ ❡❧❧♦✱ ❡. ❡❧
❧❧❛♠❛❞♦ .✐.+❡♠❛ ❝❛.✐ ✐❞❡❛❧ ❞❡ ❞❡♠❛♥❞❛ 3✉❡ ❡①♣♦♥❡♠♦. ❛ ❝♦♥+✐♥✉❛❝✐1♥✳
✹✳✺✳ ❙✐%&❡♠❛ ❝❛%✐ ✐❞❡❛❧ ❞❡ ❞❡♠❛♥❞❛ ✭❙❈■❉✮
▲❛. ❧❧❛♠❛❞❛. ❢♦"♠❛% ✢❡①✐❜❧❡% ❞❡ .✐.+❡♠❛. ❞❡ ❡❝✉❛❝✐♦♥❡. ❞❡ ❞❡♠❛♥❞❛✱ /❡❝✐✲
❜❡♥ ❡.+❡ ♥♦♠❜/❡ ♣♦/3✉❡ .❡ ❛♣/♦①✐♠❛ ❧❛ ❢✉♥❝✐1♥ ❞❡ ✉+✐❧✐❞❛❞ u(x)✱ ❧❛ ❢✉♥❝✐1♥ ❞❡
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✹✻
✉$✐❧✐❞❛❞ ✐♥❞✐*❡❝$❛ v(p,m) ♦ ❧❛ ❢✉♥❝✐/♥ ❞❡ ❣❛1$♦ e(p, u) ♠❡❞✐❛♥$❡ ❛❧❣✉♥❛ ❢♦*♠❛
❢✉♥❝✐♦♥❛❧ ❡1♣❡❝4✜❝❛ 6✉❡ $❡♥❣❛ 1✉✜❝✐❡♥$❡1 ♣❛*7♠❡$*♦1 ♣❛*❛ ♣❡*♠✐$✐* ✉♥❛ ❛♣*♦①✐✲
♠❛❝✐/♥ *❛③♦♥❛❜❧❡ ❞❡ ❧❛ ✈❡*❞❛❞❡*❛ ❢✉♥❝✐/♥ ❞❡1❝♦♥♦❝✐❞❛ ② ❞❡ ❡1$❡ ♠♦❞♦✱ 1❡ ❡✈✐$❛
❡❧ ❧❧❛♠❛❞♦ ♣*♦❜❧❡♠❛ ❞❡ ❧❛ ✐❞❡♥$✐✜❝❛❝✐/♥ 6✉❡ 1❡ ♣*❡1❡♥$❛✱ ♣♦* ❡❥❡♠♣❧♦✱ ❡♥ ❡❧
1✐1$❡♠❛ ❧✐♥❡❛❧ ❞❡ ❣❛1$♦1 ② ❡❧ 1✐1$❡♠❛ ❝✉❛❞*7$✐❝♦ ❞❡ ❣❛1$♦1 ✭▼✉B♦③✱ ✷✵✵✹✮✳
❊❧ 1✐1$❡♠❛ ❝❛1✐ ✐❞❡❛❧ 1❡ ❞❡❜❡ ❛ ❉❡❛$♦♥ ② ▼✉❡❧❧❜❛✉❡* ✭✶✾✽✵✮ ② 1❡ ❧❧❛♠❛ ❛14✱
♣♦*6✉❡ ❧❛ ♣❛*$✐❝✐♣❛❝✐/♥ ❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦1 ❜✐❡♥❡1 ❡♥ ❧❛ ❞❡♠❛♥❞❛ ❛❣*❡❣❛❞❛
$✐❡♥❡ ❧❛ ♠✐1♠❛ ❢♦*♠❛ 6✉❡ ❧❛ ♣❛*$✐❝✐♣❛❝✐/♥ ❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦1 ❜✐❡♥❡1 ❡♥ ❧❛1
❞❡♠❛♥❞❛1 ✐♥❞✐✈✐❞✉❛❧❡1✳ ❆❞❡♠71✱ ❡❧ 1✐1$❡♠❛ ❡1 ✉♥❛ ❛♣*♦①✐♠❛❝✐/♥ ❞❡ ♣*✐♠❡* ♦*❞❡♥
✭❞❡ ❚❛②❧♦*✮ ❛ ✉♥ 1✐1$❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡1 ❞❡ ❞❡♠❛♥❞❛✳ ❙❡ ❧❡ 1✉♠❛ $❛♠❜✐N♥✱ 6✉❡
❡❧ 1✐1$❡♠❛ ❡♥ ❡❧ ❛❣*❡❣❛❞♦ ❡1 ♣❡*❢❡❝$❛ ♣❛*❛ $♦❞♦1 ❧♦1 ❝♦♥1✉♠✐❞♦*❡1 1✐♥ ♥❡❝❡1✐❞❛❞
❞❡ $❡♥❡* 6✉❡ 1✉♣♦♥❡* ❝✉*✈❛1 ❞❡ ❊♥❣❡❧1 ♣❛*❛❧❡❧❛1 ❝♦♠♦ 1❡ ❞❡❜❡ ❤❛❝❡* ❝✉❛♥❞♦ 1❡
$*❛❜❛❥❛ ❝♦♥ ❛❣❡♥$❡1 *❡♣*❡1❡♥$❛$✐✈♦1✳ ❊❧ 1✐1$❡♠❛✱ ❛❞❡♠71✱ ♣✉❡❞❡ 1❡* ✉1❛❞♦ ♣❛*❛
❝♦♠♣*♦❜❛* ❧♦1 $❡1$ ❞❡ ❤♦♠♦❣❡♥❡✐❞❛❞ ② 1✐♠❡$*4❛ 1✐♥ ♥❡❝❡1✐❞❛❞ ❞❡ ✐♠♣♦♥❡*❧♦1
❛♣*✐♦*✐ $❡♥✐❡♥❞♦✱ ❛14✱ ✈❡♥$❛❥❛1 ♥♦$❛❜❧❡1 *❡1♣❡❝$♦ ❛ ❧♦1 ♠♦❞❡❧♦1 $✐♣♦ ❙$♦♥❡✲●❡❛*②
✭❍❡♥❛♦✱ ✶✾✾✻✮✳
❆♥$❡1 ❞❡ ❞❡1❛**♦❧❧❛* ❡❧ 1✐1$❡♠❛ 1♦♥ ♥❡❝❡1❛*✐❛1 ✉♥❛1 ❝♦♥1✐❞❡*❛❝✐♦♥❡1 ♣*❡✈✐❛1✳
✶✳ ❯♥❛ ❢✉♥❝✐/♥ u(x) ❡1 ❤♦♠♦❣N♥❡❛ ❞❡ ❣*❛❞♦ k 1✐✿
u(tx) = tku(x)
▲❛1 ❢✉♥❝✐♦♥❡1 ❤♦♠♦❣N♥❡❛1 ❞❡ ❣*❛❞♦ k $✐❡♥❡♥ ❝✉*✈❛1 ❞❡ ✐♥❞✐❢❡*❡♥❝✐❛ ♣❛*❛❧❡❧❛1✿
ui(tx)
uj(tx)
=
tkui(x)
tk(uj(x)
=
ui(x)
uj(x)
❊1 ❞❡❝✐*✱ ❧❛1 ❝✉*✈❛1 ❞❡ ✐♥❞✐❢❡*❡♥❝✐❛ ❞❡ ❧❛1 ❢✉♥❝✐♦♥❡1 ❤♦♠♦❣N♥❡❛1 1♦♥ ❝♦♣✐❛1
♦ ❛♠♣❧✐❛❝✐♦♥❡1 ❧❛1 ✉♥❛1 ❞❡ ❧❛1 ♦$*❛1✳
✷✳ ❯♥❛ ❢✉♥❝✐/♥ ❤♦♠♦$N$✐❝❛ ❡1 ✉♥❛ $*❛♥1❢♦*♠❛❝✐/♥ ♣♦1✐$✐✈❛ ❞❡ ✉♥❛ ❢✉♥❝✐/♥ ❤♦✲
♠♦❣N♥❡❛ ❞❡ ❣*❛❞♦ ✉♥♦✳ ❊1 ❞❡❝✐*✱ ✉♥❛ ❢✉♥❝✐/♥ ❤♦♠♦$N$✐❝❛ ♣✉❡❞❡ ❡①♣*❡1❛*1❡
❝♦♠♦✿
f(x) = g(h(x))
❙✐❡♥❞♦ h(x) ❤♦♠♦❣N♥❡❛ ❞❡ ❣*❛❞♦ ✉♥♦✳
❙✉♣♦♥❣❛♠♦1 ❡♥$♦♥❝❡1 ✉♥❛ ❢✉♥❝✐/♥ ❞❡ ❣❛1$♦ ❤♦♠♦$N$✐❝❛✿
e(u, p) = ub(p)
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❙✐❡♥❞♦ b(p) ❤♦♠♦❣,♥❡❛ ❞❡ ❣.❛❞♦ ✉♥♦ ❡♥ ♣.❡❝✐♦2 ② ❝4♥❝❛✈❛✳
❙❡ ♦❜2❡.✈❛ 8✉❡ ❡♥ ❧❛ ❢✉♥❝✐4♥ ❞❡ ❣❛2;♦ ❛♥;❡.✐♦.✱ 2✐ u = 0 ❡❧ ❣❛2;♦ ❡2 ❝❡.♦✳ ◆♦
♦❜2;❛♥;❡✱ ❝♦♠♦ ❧♦ ❤❛♥ ❛♥♦;❛❞♦ ●.❡❡♥ ✭✶✾✽✸✮ ② ♦;.♦2✱ ❡❧ ❝♦♥2✉♠✐❞♦. ❞❡❜❡ ❤❛❝❡.
2✐❡♠♣.❡ ✉♥ ♠D♥✐♠♦ ❞❡ ❣❛2;♦ ♥❡❝❡2❛.✐♦ ♣❛.❛ 2♦❜.❡✈✐✈✐. ② ❞❡ ;♦❞❛2 ❢♦.♠❛2 u = 0
✐♠♣❧✐❝❛ .❡❛❧✐③❛. ✉♥ ❣❛2;♦ ✐❞❡♥;✐✜❝❛❜❧❡ ❝♦♥ ❡2❡ ♠D♥✐♠♦ ❞❡ 2✉❜2✐2;❡♥❝✐❛✳ ❆ ❡2;♦✱
2❡ ❧❡ 2✉♠❛ 8✉❡ ♣❛.❛ 8✉❡ ❧❛ ;❡♦.D❛ ❞❡ ❧❛ ❡❧❡❝❝✐4♥ ❝♦❜.❡ 2❡♥;✐❞♦✱ ❧♦2 ✐♥❞✐✈✐❞✉♦2
❞❡❜❡♥ ❤❛❜❡. 2❛;✐2❢❡❝❤♦ ✉♥ ♠D♥✐♠♦ ❞❡ ♥❡❝❡2✐❞❛❞❡2 ❜H2✐❝❛2 ♣❛.❛ ♣♦❞❡. ❤❛❜❧❛. ❞❡❧
❝♦♥❝❡♣;♦ ❞❡ ✉;✐❧✐❞❛❞✳ ❘❡❛❧✐③❛♥❞♦ ❡♥;♦♥❝❡2 ✉♥❛ ♠♦❞✐✜❝❛❝✐4♥ ❛ ♥✉❡2;.❛ ❢✉♥❝✐4♥
❞❡ ❣❛2;♦ ❞❡❧ ;✐♣♦ ●♦.♠❛♥ 2❡ ;✐❡♥❡✿
e(u, p) = a(p) + ub(p)
❚❛♠❜✐,♥ ♣♦❞❡♠♦2 .❡❛❧✐③❛. ✉♥❛ ❝♦♠❜✐♥❛❝✐4♥ ❝♦♥✈❡①❛ ♣❛.❛ ;❡♥❡. ✜♥❛❧♠❡♥;❡✿
e(u, p) = (1− u)a(p) + ub(p)
❙❡ ♦❜2❡.✈❛ ❡♥;♦♥❝❡2 8✉❡ a(p) ❡2 ❡❧ ❣❛2;♦ ❞❡ 2✉❜2✐2;❡♥❝✐❛ ✐❞❡♥;✐✜❝❛❜❧❡ ♣❛.❛
u = 0✳ ❊2;❛ ❡2 ♣.❡❝✐2❛♠❡♥;❡ ❧❛ ❢✉♥❝✐4♥ ❝♦♥2✐❞❡.❛❞❛ ♣♦. ❉❡❛;♦♥ ② ▼✉❡❧❧❜❛✉❡.
✭✶✾✽✵✮✳
❙❡❛ ❧❛ 2✐❣✉✐❡♥;❡ ❢✉♥❝✐4♥ ❞❡ ❣❛2;♦✿
lne(u, p) = a(p) + ub(p)
❉♦♥❞❡✿
a(p) = α0 +
∑
αkpk +
1
2
∑
k
∑
l
γ∗kllnpklnpl
b(p) = β0
∏
pβkk
lne(u, p) = α0 +
∑
αkpk +
1
2
∑
k
∑
l
γ∗kllnpklnpl + uβ0
∏
pβkk
❍❛❝✐❡♥❞♦ ✉2♦ ❞❡❧ ❧❡♠❛ ❞❡ ❙❤❡♣❛.❞ 2❡ ;✐❡♥❡✿
∂lne(u, p)
∂lnpi
=
∂e(u, p)
e(u, p)
pi
∂pi
=
xipi
e(u, p)
=
xipi
m
= wi
❱♦❧✈✐❡♥❞♦ ❛❧ 2✐2;❡♠❛ ② .❡❛❧✐③❛♥❞♦ ∂lnpi 2❡ ;✐❡♥❡✿
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wi = αi + 1/2
∑
γij lnpj + 1/2
∑
γjilnpi + βiuβo
∏
pβkk
❙❡ ✈❛ ❛ ✉(✐❧✐③❛, ❧❛ ❢✉♥❝✐0♥ ❞❡ ✉(✐❧✐❞❛❞ ✐♥❞✐,❡❝(❛ ❞❡ ▲❛✉ ② ❏♦,❣❡♥7♦♥ ✭✶✾✼✺✮
❞❡✜♥✐❞❛ ❝♦♠♦✿
u = v(p,m) = α0 +
∑
αkln(
pk
m
) + 1/2
∑∑
βkln(
pk
m
)ln(
pj
m
)
❘❡❡♠♣❧❛③❛♥❞♦ u ❡♥ ❧❛ ❡①♣,❡7✐0♥ ❞❡ ❛♥(❡7 7❡ (✐❡♥❡✿
wi = αi +
∑
γ∗ij lnpj + βiln(
m
P
)
❉♦♥❞❡✿
γ∗ij = (γij + γji)/2
❊7(❡ ❡7 ✜♥❛❧♠❡♥(❡ ❡❧ 7✐7(❡♠❛ ❝❛7✐ ✐❞❡❛❧ ❞❡ ❞❡♠❛♥❞❛7✳
❙❡ ♣✉❡❞❡ ✉(✐❧✐③❛, ❡❧ F♥❞✐❝❡ ❞❡ ❙(♦♥❡✱ lnP ∗ =
∑
wklnpk ❞♦♥❞❡ P ≈ ξP
✯
✳ ❊♥
❡7(❡ ❝❛7♦ ❡❧ 7✐7(❡♠❛ 7❡,F❛✿
wi = α
∗
i +
∑
γ∗ij lnpj + βiln(
m
P ∗
)
❞♦♥❞❡ α∗i = αi − βilnξ✳
❊7(❛ ❛♣,♦①✐♠❛❝✐0♥ ,❡❝✐❜❡ ❡❧ ♥♦♠❜,❡ ❛♣,♦①✐♠❛❝✐0♥ ❧✐♥❡❛❧ ❛❧ ❙❈❊❉ ✭❆▲✴❙❈❊❉✮✳
▲❛ ♦(,❛ ❛❧(❡,♥❛(✐✈❛ ❡7 ✉7❛,✿
lnP = α0 +
∑
k
αklnpk + (1/2)
∑
k
∑
j
lnpklnpj
❱♦❧✈✐❡♥❞♦ ❛❧ ❙❈❊❉ wi = αi +
∑
γ∗ij lnpj + βiln(
m
P
) 7❡ (✐❡♥❡ M✉❡ 7✐✿
βi > 0 ❡♥(♦♥❝❡7 wi ❝,❡❝❡ ❝♦♥ m ② ♣♦, ❧♦ (❛♥(♦ ❡❧ ❜✐❡♥ ❡7 ❞❡ ❧✉❥♦✳
βi < 0 ❡♥(♦♥❝❡7 wi ❞❡❝,❡❝❡ ❝♦♥ m ② ♣♦, ❧♦ (❛♥(♦ ❡❧ ❜✐❡♥ ❡7 ♥❡❝❡7❛,✐♦✳
▲❛7 ❝♦♥❞✐❝✐♦♥❡7 (❡0,✐❝❛7 7❡ ❝✉♠♣❧❡♥ ❡♥ ❡❧ 7✐7(❡♠❛ 7✐✿
❈♦♥❞✐❝✐&♥ ❞❡ ❛❣♦*❛♠✐❡♥*♦ ❞❡❧ ❣❛-*♦✿
∑
wi = 1
❙❡ ❝✉♠♣❧❡ 7✐ ② 70❧♦ 7✐✿
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∑
αi = 1
∑
γij = 0
∑
βi = 0
❈♦♥❞✐❝✐&♥ ❞❡ ❤♦♠♦❣❡♥❡✐❞❛❞ ❡♥ ♣-❡❝✐♦. ② -❡♥0❛
❙❡ ❝✉♠♣❧❡ *✐ ② *-❧♦ *✐✿ ∑
γij = 0
❙✐♠❡0-2❛ ❡♥ ❡❧ ❡❢❡❝0♦ .✉.0✐0✉❝✐&♥ ❝-✉③❛❞♦✳
❙❡ ❝✉♠♣❧❡ *✐ ② *-❧♦ *✐✿
γij = γji
8-✉❡❜❛ ✭▼✉<♦③✱ ✷✵✶✵✮
wi = αi +
∑
γ∗ij lnpj + βiln(
m
P
)
❯1✐❧✐③❛♥❞♦ lnP = α0 +
∑
k αklnpk + (1/2)
∑
k
∑
j lnpklnpj *❡ 1✐❡♥❡✿
wi = αi +
∑
γ∗ij lnpj + βi[lnm− (α0 +
∑
i
α1lnpi +
1
2
∑
i
∑
j
γij lnpilnpj)]
6❛7❛ ❡❧ ❝❛*♦ ❞❡ ❞♦* ❜✐❡♥❡*✿
w1 = α1 + γ11lnp1 + γ12lnp2 + β1[lnm− (α0 +α1lnp1 +α2lnp2 +
1
2
γ11lnp1lnp1
+
1
2
γ12lnp1lnp2 +
1
2
γ21lnp2lnp1 +
1
2
γ22lnp2lnp2)]
❉❡*♣❡❥❛♥❞♦ ❞❡ w1 = p1x1/m ❛ x1 *❡ 1✐❡♥❡✿
x1 =
m
p1
(α1+γ11lnp1+γ12lnp2+β1[lnm−(α0+α1lnp1+α2lnp2+
1
2
γ11lnp1lnp1+
1
2
γ12lnp1lnp2
+
1
2
γ21lnp2lnp1 +
1
2
γ22lnp2lnp2)])
▲❛ *✐♠❡17<❛ ❞❡ ❧❛ ♠❛17✐③ ❙❧✉1*❦② ❡①✐❣❡ @✉❡✿
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∂hi
pj
=
∂xi
pj
+ xj
∂xi
m
❊♥ ♥✉❡'()♦ ❝❛'♦✿
∂x1
p2
=
m
p1
(
γ12/p2 − β1[α2/p2 +
1
2
γ12lnp1/p2 +
1
2
γ21lnp1/p2 + γ22lnp2/p2]
)
❉❛❞♦ 0✉❡ γij = γji ❡♥(♦♥❝❡'✿
∂x1
p2
=
m
p1p2
(γ12 − β1[α2 + γ12lnp1 + γ22lnp2)])
❧❧❛♠❛♥❞♦ lnP = α0 +
∑
i α1lnpi + (1/2)
∑
k
∑
j lnpklnpj '❡ (✐❡♥❡✿
∂x1
p2
=
m
p1p2
(γ12 − β1[w2 − β2(lnm− lnP )])
❆ '✉ ✈❡③✱ '❡ (✐❡♥❡ ♣❛)❛ ❡❧ ❜✐❡♥ ✷ ❧♦ '✐❣✉✐❡♥(❡✿
∂x2
p1
=
m
p1p2
(γ21 − β2[w1 − β1(lnm− lnP )])
❊' ♣♦'✐❜❧❡ ❞❡♠♦'()❛) 0✉❡✿
∂x1
∂m
x2 =
x2
p1
(w1 + β1) =
p2x2m
p1p2m
(w1 + β1) =
m
p1p2
w2(w1 + β1)
❉❡ ✐❣✉❛❧ ❢♦)♠❛✿
∂x2
∂m
x1 =
m
p1p2
w1(w2 + β2)
❊♥(♦♥❝❡'✿
∂h1
∂p2
=
m
p1p2
(γ12 − β1[w2 − β2(lnm− lnP )]) +
m
p1p2
w2(w1 + β1)
∂h1
∂p2
=
m
p1p2
[(γ12 − β1[w2 − β2(lnm− lnP )]) + w2(w1 + β1)]
❉❡ ❧❛ ♠✐'♠❛ ♠❛♥❡)❛ '❡ (✐❡♥❡✿
∂h2
∂p1
=
m
p1p2
[(γ21 − β2[w1 − β1(lnm− lnP )]) + w1(w2 + β2)]
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"♦$ ❧♦ &❛♥&♦✿
∂h1
∂p2
=
∂h2
∂p1
*✐ ② *-❧♦ *✐
γ12 = γ21 
❊❧❛#$✐❝✐❞❛❞❡#
✲ ❊❧❛$%✐❝✐❞❛❞ ♣*❡❝✐♦ ❞❡ ❧❛ ❞❡♠❛♥❞❛✿
❙❡❛ w1 ✐❣✉❛❧ ❛✿
w1 =
p1x1
m
❉❡$✐✈❛♥❞♦ $❡*♣❡❝&♦ ❛ p1✿
∂w1
∂p1
=
1
m
(x1 + p1
∂x1
∂p1
)
∂w1
∂p1
=
x1p1
m
(
1
p1
+
1
x1
∂x1
∂p1
)
∂w1
∂p1
=
x1
m
(1 + ε11)
ε11 =
∂w1
∂p1
m
x1
− 1 =
∂w1
∂p1
mp1
x1p1
− 1
ε11 =
∂w1
∂p1
p1
w1
− 1
❘❡❛❧✐③❛♥❞♦ ❛❤♦$❛
∂w1
∂p1
❡♥ ❡❧ *✐*&❡♠❛ ❝❛*✐ ✐❞❡❛❧ ❞❡ ❞❡♠❛♥❞❛✿
wi = αi +
∑
γ∗ij lnpj + βiln(
m
P
)
∂w1
∂p1
=
γ11
p1
− βi(
α1
p1
+
∑
γiklnpk
p1
)
∂w1
∂p1
=
1
p1
(
γ11 − βi(α1 +
∑
γiklnpk)
)
❉✐✈✐❞✐❡♥❞♦ ♣♦$ w1 ❛ ❛♠❜♦* ❧❛❞♦*✿
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∂w1
∂p1
p1
w1
=
1
w1
(
γ11 − βi(α1 +
∑
γiklnpk)
)
❙❡ %✐❡♥❡ ❡♥%♦♥❝❡*✿
ε11 =
1
w1
(
γ11 − βi(α1 +
∑
γiklnpk)
)
− 1
✲ ❊❧❛$%✐❝✐❞❛❞ ✐♥❣+❡$♦ ❞❡ ❧❛ ❞❡♠❛♥❞❛✿
❙❡❛ w1 ✐❣✉❛❧ ❛✿
w1 =
p1x1
m
❉❡1✐✈❛♥❞♦ 1❡*♣❡❝%♦ ❛ m *❡ %✐❡♥❡✿
∂w1
∂m
=
p1
∂x1
m
m− p1x1
m2
=
p1
m2
(
∂x1
m
m− x1) =
p1x1
m2
(ε1 − 1)
∂w1
∂m
m
w
= ε1 − 1
ε1 =
∂w1
∂m
m
w
+ 1
❘❡❛❧✐③❛♥❞♦ ❛❤♦1❛
∂w1
∂m
❡♥ ❡❧ *✐*%❡♠❛ *❡ %✐❡♥❡✿
wi = αi +
∑
γ∗ij lnpj + βiln(
m
P
)
∂w1
∂m
= β1/m
▲❛ ❡❧❛*%✐❝✐❞❛❞ ✐♥❣1❡*♦ ❞❡ ❧❛ ❞❡♠❛♥❞❛ ❡* ✜♥❛❧♠❡♥%❡ ✐❣✉❛❧ ❛✿
ε1 =
β1
w1
+ 1
❊* ♣♦*✐❜❧❡ %❛♠❜✐=♥ ❡♥❝♦♥%1❛1 ❧❛* ❡❧❛*%✐❝✐❞❛❞❡* ❝♦♠♣❡♥*❛❞❛* ❞❡ ❧❛ ❞❡♠❛♥❞❛
✉*❛♥❞♦ ❧❛ ❡❝✉❛❝✐>♥ ❞❡ ❙❧✉%*❦② ε∗11 = ε11 + w1ε1✳
❯♥❛ ✈❡③ ❞❡✜♥✐❞♦ ❡❧ *✐*%❡♠❛ ❧♦ ✐❞❡❛❧ *❡1C❛ ♣❛*❛1 ❛ ❧❛ ❡*%✐♠❛❝✐>♥✳ ❊❧ ♣1♦❜❧❡♠❛
❡* D✉❡ ❡* ❞✐❢C❝✐❧ ❝♦♥*%1✉✐1 ✉♥❛ *❡1✐❡ ❞❡ ♣1❡❝✐♦*
✶✵
♣❛1❛ ❡*%✐♠❛1 ❡❧ *✐*%❡♠❛ ② *✐ *❡
✶✵
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9✉❡ #❡ ❡①♣✉#♦ ❛♥,❡#✳ <♦) ❧♦ ,❛♥,♦✱ ❧❛ ❡#,✐♠❛❝✐=♥ ❞❡❧ #✐#,❡♠❛ ♥♦ #❡ ❤❛)? ❡♥ ❡#,❡
,❡①,♦✳ ❊❧ ❧❡❝,♦) ✐♥,❡)❡#❛❞♦ ❡♥ ✉♥❛ ❛♣❧✐❝❛❝✐=♥ ❞❡ ❡#,❡ #✐#,❡♠❛ ♣❛)❛ ❧❛ ❡❝♦♥♦♠1❛
❝♦❧♦♠❜✐❛♥❛ #❡ ❧❡ )❡❝♦♠✐❡♥❞❛ ✈❡) <3)❡③ ② ❈♦),3# ✭✷✵✶✵✮✳
✹✳✻✳ ❙✐%&❡♠❛% ❞❡ ❞❡♠❛♥❞❛ ❝♦♥ ❞❡♠♦❣/❛❢1❛
<❛)❛ ❡①♣♦♥❡) ❧♦# #✐#,❡♠❛# ❝♦♥ ❞❡♠♦❣)❛❢1❛ #❡ ❤❛)? ✉#♦ ❞❡❧ #✐#,❡♠❛ ❧✐♥❡❛❧ ❞❡
❣❛#,♦#✳ ❘❡❝♦)❞❡♠♦# 9✉❡ ❡❧ ❙▲● ❡#,? ❞❡✜♥✐❞♦ ❝♦♠♦✿
pixi = piγi + βi(m−
∑
pkγk)
❙❡ ♣)❡,❡♥❞❡ ❛❤♦)❛ ✭✉,✐❧✐③❛♥❞♦ ❡❧ #✐#,❡♠❛ ❧✐♥❡❛❧ ❞❡ ❣❛#,♦#✮ ✐♥❝♦)♣♦)❛) ❧♦#
❡❢❡❝,♦# ❡♥ ❡❧ ❣❛#,♦ ❞❡ ❧❛ ❝♦♠♣♦#✐❝✐=♥ ❞❡❧ ❤♦❣❛) ② #✉# ❝❛)❛❝,❡)1#,✐❝❛# #♦❝✐♦ ❞❡♠♦✲
❣)?✜❝❛# ♣❛)❛ ✈❡)✱ ♣♦) ❡❥❡♠♣❧♦✱ ❝=♠♦ #❡ ❛❢❡❝,❛ ❡❧ ❣❛#,♦ ♠1♥✐♠♦ ❞❡ #✉❜#✐#,❡♥❝✐❛
② ✈❡) #✐ ❡#,❡ ❝❛♠❜✐❛ ❝♦♥ ❧❛# ♣)♦♣♦)❝✐♦♥❡# ❞❡ ❧❛ ♣❛),✐❝✐♣❛❝✐=♥ ❞❡ ❧❛ ♣♦❜❧❛❝✐=♥ ❡♥
#✉# ❞✐❢❡)❡♥,❡# ❝❛,❡❣♦)1❛#✳ ❙❡❛✿
pixih = piγih + βi(mh −
∑
pkγkh)
pixih = piγih + βimh − βi
∑
pkγkh
❙✐❡♥❞♦
γih = ci1z1h + ci2z2h + ...+ cimzmh
γih =
m∑
g=1
cigzgh
❉♦♥❞❡ cig ❡# ❧❛ ❝♦♥,)✐❜✉❝✐=♥ ❞❡ ❧❛ ♣❡)#♦♥❛ ,✐♣♦ g
th
❛ ❧❛ ❝❛♥,✐❞❛❞ ❝♦♥#✉♠✐❞❛
✭❣❛#,❛❞❛✮ ❞❡ #✉❜#✐#,❡♥❝✐❛ ❞❡❧ ❜✐❡♥ i ② zgh ❡# ❡❧ ♥R♠❡)♦ ❞❡ ♣❡)#♦♥❛# ❞❡❧ ,✐♣♦ g
th
❡♥ ❡❧ ❤♦❣❛) hth✳ <♦) ❡❥❡♠♣❧♦✱ z1h ❡# ❧❛ ♣❡)#♦♥❛ ❞❡❧ ,✐♣♦ 1 ❡♥ ❡❧ ❤♦❣❛) h ② ci1 ❡#
❧❛ ♣)♦♣♦)❝✐=♥ ❞❡❧ ❣❛#,♦ ❡♥ ❡❧ ❜✐❡♥ i ❞❡ ❧❛ ♣❡)#♦♥❛ ,✐♣♦ 1✳ <♦) ❧♦ ,❛♥,♦✱ ci1z1h ❡#
❧❛ ♣)♦♣♦)❝✐=♥ ❞❡❧ ❣❛#,♦ ❡♥ ❡❧ ❜✐❡♥ i ❞❡ ❧❛ ♣❡)#♦♥❛ ,✐♣♦ 1 ❞❡❧ ❤♦❣❛) h ✭▼❛),1♥✱
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♠✉❧❛❝✐♦♥❡, ❞❡ ❡❝♦♥♦♠.❛, ❞❡ ❡,❝❛❧❛ ❡♥ ❝♦♥,✉♠♦
✶✶
✳ ❙❡ ❛$✉♠✐() ❛❞❡♠)$✱ ,✉❡ ❧♦$
❤♦❣❛(❡$ $❡ ❡♥❢(❡♥3❛♥ ❛ ✐❞4♥3✐❝♦$ ❝♦♥❥✉♥3♦$ ❞❡ ♣(❡❝✐♦$✳
❙❡❛ eih = pixih ❡❧ ❣❛$3♦ ❞❡❧ ❤♦❣❛( h ❡♥ ❡❧ ❜✐❡♥ i✳ 9♦❞❡♠♦$ (❡❞❡✜♥✐( ♥✉❡$3(♦
$✐$3❡♠❛✱ ✐♥❝❧✉②❡♥❞♦ ❧❛ ❝♦♠♣♦$✐❝✐<♥ ❞❡❧ ❤♦❣❛( 3❛❧ ,✉❡✿
eih = pi
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∗
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∗
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❡#$✐♠❛+ ❡❧ #✐#$❡♠❛ ❝♦♥ ❜✐❡♥❡# ❞✉+❛❜❧❡# ❤❛❝✐❡♥❞♦ ❡❧ ♣❛♣❡❧ ❞❡ ❧❛ ❡❝✉❛❝✐-♥ ❞❡❧
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g=1 σigzgh
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❆❧✐♠❡♥1♦&✱ ✷✮ ❇❡❜✐❞❛& ② 1❛❜❛❝♦✱ ✸✮ ❱❡&1✉❛(✐♦ ② ❝❛❧③❛❞♦✱ ✹✮ ❱✐✈✐❡♥❞❛✱ ✺✮ ❊♥&❡(❡&
② ✉1❡♥&✐❧✐♦&✱ ✻✮ ❙❛❧✉❞✱ ✼✮ ❚(❛♥&♣♦(1❡ ② ❝♦♠✉♥✐❝❛❝✐♦♥❡&✱ ✽✮ ❘❡❝(❡❛❝✐A♥ ② &❡(✈✐❝✐♦&
❝✉❧1✉(❛❧❡&✱ ✾✮ ❊❞✉❝❛❝✐A♥ ✶✵✮ ❇✐❡♥❡& ② &❡(✈✐❝✐♦& ♣❡(&♦♥❛❧❡&✱ ✶✶✮ ❖1(♦& ♣❛❣♦& ② ✶✷✮
❇✐❡♥❡& ❞✉(❛❜❧❡&✳
❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥1❛ ❧❛ ✐♥❢♦(♠❛❝✐A♥ ❛ ✉1✐❧✐③❛(✱ ♣❛&❛♠♦& ❛❤♦(❛ ❛ ❧❛ ❡&1✐♠❛❝✐A♥
❞❡❧ ❙▲●✳ ❊& ♥❡❝❡&❛(✐♦ ❛♥♦1❛( :✉❡ ❧❛& ❡&1✐♠❛❝✐♦♥❡& &❡ ❤❛❝❡♥ ✉&❛♥❞♦ ❡❧ ♠G1♦❞♦ ❞❡
❧♦& ♠F♥✐♠♦& ❝✉❛❞(❛❞♦& ♦(❞✐♥❛(✐♦& ② &❡ ❤❛❝❡♥ ✉1✐❧✐③❛♥❞♦ ❡❧ ♣(♦❣(❛♠❛ ❙❆❙✳ ▲❛&
✈❛(✐❛❜❧❡& ❞❡♠♦❣(H✜❝❛& ❛ ✐♥❝❧✉✐( &❡(H♥✿ 8♦❜❧❛❝✐A♥ ❞❡ ✵✲✼ ❛Z♦& ✭8✵✲✼✮✱ 8♦❜❧❛❝✐A♥
❞❡ ✽✲✶✼ ❛Z♦&✭8✽✲✶✼✮ ② 8♦❜❧❛❝✐A♥ ❞❡ ✶✽ ❛Z♦& ♦ ♠H& ✭8✶✽❨▼➪❙✮✳ 8♦( ❧♦ 1❛♥1♦✱
❡❧ &✐&1❡♠❛ ❛ ❡&1✐♠❛( ❡&✿
eih
mh
= βi + δ1
P0− 7
mh
+ δ2
P8− 17
mh
+ δ3
P18YMA´S
mh
❊& ♥❡❝❡&❛(✐♦ ❛❝❧❛(❛( ❛♥1❡& :✉❡ 8✵✼❴✷ &❡(H ❡❧ ❝♦❡✜❝✐❡♥1❡ ❛&♦❝✐❛❞♦ ❛
P0−7
mh
✱
8✽✶✼❴✷ &❡(H ❡❧ ❝♦❡✜❝✐❡♥1❡ ❛&♦❝✐❛❞♦ ❛
P8−17
mh
② 8✶✽❨▼❆❙❴✷ &❡(❛ ❡❧ ❝♦❡✜❝✐❡♥1❡
❛&♦❝✐❛❞♦ ❛
P18YMA´S
mh
✳ ▲♦& (❡&✉❧1❛❞♦& &❡ ♠✉❡&1(❛♥ ❡♥ ❧❛ 1❛❜❧❛ ✹✳
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✺✼
❚❛❜❧❛ ✹
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✺✽
❙❡❣&♥ ❧♦* +❡*✉❧-❛❞♦* ♣❛+❛ ❧❛ ❡❝♦♥♦♠3❛ ❝♦❧♦♠❜✐❛♥❛✱ *❡ -✐❡♥❡ 7✉❡ ❧❛ ✈❛+✐❛❝✐9♥
❞❡❧ ❣❛*-♦ ♣❛+❛ ❡❧ ❤♦❣❛+ +❡♣+❡*❡♥-❛-✐✈♦ ❝✉❛♥❞♦ ❧❧❡❣❛ ✉♥ ♠✐❡♠❜+♦ ❛❧ ❤♦❣❛+ ❝♦♥
❡❞❛❞ ❡♥-+❡ ✵ ② ✼ ❛>♦*
✶✷
❡* ✐❣✉❛❧ ❛ $11874, 1✳ ❊*-❡ -✐♣♦ ❞❡ ♥✉❡✈♦* ♠✐❡♠❜+♦* ❞❡❧
❤♦❣❛+ -+❛❡♥ ✉♥❛ ✈❛+✐❛❝✐9♥ ♠❛②♦+ 7✉❡ ♠✐❡♠❜+♦* ❞❡❧ ❤♦❣❛+ ❡♥-+❡ ✽✲✶✼ ❛>♦* ②❛ 7✉❡
❧❛ ✈❛+✐❛❝✐9♥ ❡♥ ❡❧ ❣❛*-♦ ♣♦+ ❡*-♦* ♠✐❡♠❜+♦* ❡* ❞❡ $6911, 4✳ B♦+ &❧-✐♠♦ ♠✐❡♠❜+♦*
❞❡❧ ❤♦❣❛+ ❡♥-+❡ ✶✽ ❛>♦* ② ♠C* -+❛❡♥ ✉♥❛ ✈❛+✐❛❝✐9♥ ❡♥ ❡❧ ❣❛*-♦ ❞❡ $8092, 8 ♣❛+❛ ❡❧
❤♦❣❛+✱ 7✉❡ ❡* ♠❛②♦+ ❛ ❧♦* ♥✉❡✈♦* ♠✐❡♠❜+♦* ❞❡ ❡❞❛❞ ❡♥-+❡ ✽✲✶✼ ❛>♦* ♣❡+♦ ♠❡♥♦+
❛ ❧♦* ♠✐❡♠❜+♦* ❞❡ ❡❞❛❞ ❡♥-+❡ ✵✲✼ ❛>♦* ✭❜❡❜❡* ② ♥✐>♦* ♣❡7✉❡>♦*✮✳
❆ ♣❡*❛+ ❞❡ 7✉❡ ❧❛ ♠❛②♦+3❛ ❞❡ ♣❛+C♠❡-+♦* ❛*♦❝✐❛❞♦* ❛ ❧❛* ✈❛+✐❛❜❧❡* ❞❡♠♦❣+C✲
✜❝❛* *♦♥ *✐❣♥✐✜❝❛-✐✈❛*✱ ❡❧ *✐*-❡♠❛ ♠✉❡*-+❛✱ ♥♦ ♦❜*-❛♥-❡✱ ✉♥❛ ♣♦❜+❡ *✐❣♥✐✜❝❛♥❝✐❛
❡♥ ❧♦* ❞✐❢❡+❡♥-❡* ❜✐❡♥❡* ②❛ 7✉❡ ♥✐♥❣&♥ ❝♦❡✜❝✐❡♥-❡ ❞❡ ❛❥✉*-❡ R2 ❧❧❡❣❛ ♥✐ ❛❧ 8%✳
B❛+❛ ❛♠♣❧✐❛+ ❧❛ ❛♣❧✐❝❛❝✐♦♥❡* 7✉❡ ❡♥ ❧❛ ♣❛+-❡ ❞❡♠♦❣+C✜❝❛ *❡ ♣✉❡❞❡♥ ❤❛❝❡+ ❝♦♥
❧❛ -❡♦+3❛ ❞❡❧ ❝♦♥*✉♠✐❞♦+✱ ♣+❡*❡♥-❛♠♦* ♣♦+ &❧-✐♠♦ ❡❧ *✐*-❡♠❛ ❲♦+❦✐♥❣ ② ▲❡*❡+ ❝♦♥
❞❡♠♦❣+❛❢3❛ ❞♦♥❞❡ ❡* ♣♦*✐❜❧❡ ✈❡+✐✜❝❛+ ❡❝♦♥♦♠3❛* ❛ ❡*❝❛❧❛ ❡♥ ❝♦♥*✉♠♦ ❛❞❡♠C* ❞❡
❝✉❛♥-✐✜❝❛+ ❧❛ ❧❧❡❣❛❞❛ ❞❡ ♥✉❡✈♦* ♠✐❡♠❜+♦* ❛❧ ❤♦❣❛+✳
✹✳✼✳ ❙✐%&❡♠❛ ❲♦,❦✐♥❣ ✲ ▲❡%❡, ❝♦♥ ❞❡♠♦❣,❛❢5❛
❘❡❝♦+❞❡♠♦* 7✉❡ ❡❧ *✐*-❡♠❛ ❲♦+❦✐♥❣ ✲ ▲❡*❡+ ❡*-C ❞❡✜♥✐❞♦ ❝♦♠♦✿
wi = αi + βiLn(m)
❯-✐❧✐❝❡♠♦* ❛❤♦+❛ ❡❧ ♠P-♦❞♦ ❞❡ ❊♥❣❡❧ ✭✶✽✾✺✮ ♣❛+❛ ❧❛ ✐♥❝❧✉*✐9♥ ❞❡ ✈❛+✐❛❜❧❡*
❞❡♠♦❣+C✜❝❛* ② ❝✉❛♥-✐✜7✉❡♠♦* ❡❧ ✐♠♣❛❝-♦ ❞❡ ♣❡+*♦♥❛* ❛❞✐❝✐♦♥❛❧❡* *♦❜+❡ ❡❧ ❣❛*-♦
❡♥ ❆❧✐♠❡♥-♦*✳ ❙❡❛✿
wA = αA + βALn(
m
n
) + δAln(n) + γ1
P0− 7
n
+ γ2
P8− 17
n
❉♦♥❞❡✿
wA ❡* ❡❧ ❣❛*-♦ ❡♥ ❛❧✐♠❡♥-♦*✳ n ❡* ❡❧ ♥&♠❡+♦ ❞❡ ♣❡+*♦♥❛* ② ♣♦+ ❧♦ -❛♥-♦
m
n
❡* ❡❧ ❣❛*-♦ ♣❡+✲❝❛♣✐-❛✳ ❙❡ ✐♥❝❧✉②9 ❛❞❡♠C* ❧❛ ✈❛+✐❛❜❧❡ P0 − 7 ♣❛+❛ ❡*♣❡❝✐✜❝❛+
❧❛ ♣♦❜❧❛❝✐9♥ ❞❡ ✵ ❛ ✼ ❛>♦* ② P8 − 17 7✉❡ ❡* ❧❛ ♣♦❜❧❛❝✐9♥ ❞❡ ✽ ❛ ✶✼ ❛>♦*✳ ◆♦
*❡ ✐♥❝❧✉②❡ ❧❛* ♣❡+*♦♥❛* ♠❛②♦+❡* ❞❡ ✶✽ ❛>♦* ♣♦+7✉❡ *❡ -❡♥❞+3❛ ♠✉❧-✐❝♦❧✐♥❡❛❧✐❞❛❞
♣❡+❢❡❝-❛✳
❘❡❝♦+❞❡♠♦* 7✉❡ ❧❛ ♣+♦♣♦*✐❝✐9♥ ❞❡ ❊♥❣❡❧ ❡* 7✉❡ ❛ ♠❡❞✐❞❛ 7✉❡ ❛✉♠❡♥-❛ ❡❧
✐♥❣+❡*♦ ❞✐*♠✐♥✉②❡ ❡❧ ❣❛*-♦ ❡♥ ❛❧✐♠❡♥-♦* ② ♣♦+ ❧♦ -❛♥-♦✱ ❧❛ ♣+♦♣♦+❝✐9♥ ❞❡ ❣❛*-♦
✶✷
❊! ♥❡❝❡!❛&✐♦ &❡❝♦&❞❛& *✉❡ ❧♦! ❣❛!.♦! ♥❡❣❛.✐✈♦! ❡♥ ❧♦! ❞✐❢❡&❡♥.❡! ❜✐❡♥❡! ♥♦ !❡ .♦♠❛♥ ❡♥
❝✉❡♥.❛✳
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✺✾
❡♥ ❛❧✐♠❡♥)♦+ ♣✉❡❞❡ +❡/ ✉♥ 0♥❞✐❝❡ ❞❡ ❝❛❧✐❞❛❞ ❞❡ ✈✐❞❛✳ 4♦/ ❡❥❡♠♣❧♦✱ ❛ ♠❛②♦/
♣/♦♣♦/❝✐8♥ ❞❡❧ ❣❛+)♦ ❡♥ ❛❧✐♠❡♥)♦+ ♠❡♥♦/ ❝❛❧✐❞❛❞ ❞❡ ✈✐❞❛✳
✶✸
❱❛♠♦+ ❛ +✉♣♦♥❡/✱ ♣❛/❛ ❡❢❡❝)♦+ ♣/<❝)✐❝♦+✱ =✉❡ ❡+)❛♠♦+ ❡♥ ❧❛ +✐)✉❛❝✐8♥ ❡♥ =✉❡
❡❧ ❤♦❣❛/ ❝♦♥+)❛ ❞❡ ❞♦+ ✭✷✮ ♣❡/+♦♥❛+✳ ▲❛ ✐❞❡❛ ❡+ ✈❡/ ❝8♠♦ ❝❛♠❜✐❛ ❧❛ ♣/♦♣♦/❝✐8♥
❞❡❧ ❣❛+)♦ ❡♥ ❛❧✐♠❡♥)♦+ ♣♦/ ❧❛ ❧❧❡❣❛❞❛ ❞❡ ✉♥❛ ♣❡/+♦♥❛ ❞❡ ✵✲✼ ❛G♦+ ♣♦/ ❡❥❡♠♣❧♦✳
❙❡❣I♥ ❊♥❣❡❧✱ ❧❛ ♣/♦♣♦/❝✐8♥ ❞❡❧ ❣❛+)♦ ❡♥ ❛❧✐♠❡♥)♦+ ❞❡❜❡ ❝/❡❝❡/ ❛♥)❡ ❧❛ ❧❧❡❣❛❞❛
❞❡ ✉♥ ♥✉❡✈♦ ♠✐❡♠❜/♦ ❛❧ ❤♦❣❛/ ②❛ =✉❡ ❜❛❥❛ ❡❧ ❣❛+)♦ ♣❡/ ❝❛♣✐)❛✳
❙✉♣♦♥❣❛♠♦+ ❡♥)♦♥❝❡+ ❧❛ +✐)✉❛❝✐8♥ ✐♥✐❝✐❛❧ +✐♥ ❧❛ ❧❧❡❣❛❞❛ ❞❡ ✉♥❛ ♣❡/+♦♥❛ ❞❡
✵✲✼ ❛G♦+ ❡♥ ✉♥ ❤♦❣❛/ ❞❡ ❞♦+ ♣❡/+♦♥❛+✿
wA = αA + βALn(
m
n
) + δAln(n)
❙✐ n = 2 +❡ )✐❡♥❡✿
wA = αA + βALn(m) + (δA − βA)ln(2)
❆❤♦/❛ ✈❡❛♠♦+ ❡❧ +✐+)❡♠❛ ❝♦♥ ❧❛ ❧❧❡❣❛❞❛ ❞❡ ✉♥❛ ♣❡/+♦♥❛ ❞❡ ✵✲✼ ❛G♦+ ❛❧ ❤♦❣❛/
✭❡♥ ❡+)❡ ❝❛+♦ ❡❧ ❤♦❣❛/ =✉❡❞❛/0❛ ❝♦♥❢♦/♠❛❞♦ ❝♦♥ )/❡+ ♣❡/+♦♥❛+✮✿
w∗A = αA + βALn(m
∗) + (δA − βA)ln(3) + γ1(
1
3
)
■❣✉❛❧❡♠♦+ ❛❤♦/❛ wA = w
∗
A ♣❛/❛ ✈❡/ ❡❧ ❣❛+)♦ ♥❡❝❡+❛/✐♦ /❡=✉❡/✐❞♦ ❛♥)❡ ❧❛
❧❧❡❣❛❞❛ ❞❡ ❧❛ ♣❡/+♦♥❛ ❞❡ ✵✲✼ ❛G♦+ ❛❧ ❤♦❣❛/✱ ♠N)♦❞♦ =✉❡ ❡+ +✉❣❡/✐❞♦ ♣♦/ ❉❡❛)♦♥
✭✶✾✾✼✮✳
wA = w
∗
A
αA + βALn(m) + (δA − βA)ln(2) = αA + βALn(m
∗) + (δA − βA)ln(3) + γ1(
1
3
)
βA [Ln(m
∗)− Ln(m)] = (δA − βA)ln(2/3)− γ1
1
3
[Ln(m∗)− Ln(m)] =
1
βA
(
(δA − βA)ln(2/3)− γ1(
1
3
)
)
✶✸
 ❛"❛ ✉♥ ❛♥%❧✐(✐( ♠%( ❞❡,❛❧❧❛❞♦ (♦❜"❡ ❧❛ ❝♦♠♣❡♥(❛❝✐1♥ ♥❡❝❡(❛"✐❛ 2✉❡ ♥❡❝❡(✐,❛ ✉♥ ❤♦❣❛"
❛♥,❡ ❧❛ ❧❧❡❣❛❞❛ ❞❡ ♥✉❡✈♦( ♠✐❡♠❜"♦( ✈❡" ❇"♦✇♥ ② ❉❡❛,♦♥✭✶✾✼✷✮ ② ❉❡❛,♦♥ ✭✶✾✾✼✮✳
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✻✵
ln(
m∗
m
) =
1
βA
(
(δA − βA)ln(2/3)− γ1(
1
3
)
)
❊$%❛ ❡$ ✜♥❛❧♠❡♥%❡ ❧❛ ❡❝✉❛❝✐/♥ 0✉❡ ♥♦$ ♣❡3♠✐%❡ ✈❡3 ❡❧ ❝❛♠❜✐♦ ❡♥ ❡❧ ❣❛$%♦
❛♥%❡ ❧❛ ❧❧❡❣❛❞❛ ❞❡ ✉♥❛ ♣❡3$♦♥❛ ❞❡ ✵✲✼ ❛:♦$✳ ❙✐ ❛♣❧✐❝❛♠♦$ ❛♥%✐❧♦❣❛3✐%♠♦$ ❛ ❛♠❜♦$
❧❛❞♦$ $❡ %✐❡♥❡ ❡❧ ❝❛♠❜✐♦ ❡♥ ❡❧ ❣❛$%♦✿
m∗ −m = exp(
1
βA
(
(δA − βA)ln(2/3)− γ1(
1
3
)
)
❯♥❛ ✈❡③ ❞❡✜♥✐❞♦ ❡❧ $✐$%❡♠❛ ♣❛$❡♠♦$ ❛❤♦3❛ ❛ ❧❛ ❡$%✐♠❛❝✐/♥✳
❊!"✐♠❛❝✐'♥ !✐!"❡♠❛ ❲✲▲ ❝♦♥ ❞❡♠♦❣0❛❢2❛
❙❡ ✈❛♥ ❛ ✉%✐❧✐③❛3 ♥✉❡✈❛♠❡♥%❡ ❞❛%♦$ $♦❜3❡ ✐♥❣3❡$♦$ ② ❣❛$%♦$ ❞❡ ✶✸✵✵✵ ❢❛♠✐❧✐❛$
❝♦❧♦♠❜✐❛♥❛$ ❡①%3❛E❞♦$ ❞❡ ❧❛ ❊♥❝✉❡$%❛ ❞❡ ❝❛❧✐❞❛❞ ❞❡ ✈✐❞❛ ✷✵✵✽ 3❡❛❧✐③❛❞❛ ♣♦3 ❡❧
❉❆◆❊✳ ❙❡ ❛❣3✉♣❛♥ ❧♦$ ❜✐❡♥❡$ ❞❡ ♥✉❡✈♦ ❡♥ ❞♦❝❡ ❝❛%❡❣♦3E❛$ ❧❛$ ❝✉❛❧❡$ $♦♥✿ ✶✮
❆❧✐♠❡♥%♦$✱ ✷✮ ❇❡❜✐❞❛$ ② %❛❜❛❝♦✱ ✸✮ ❱❡$%✉❛3✐♦ ② ❝❛❧③❛❞♦✱ ✹✮ ❱✐✈✐❡♥❞❛✱ ✺✮ ❊♥$❡3❡$
② ✉%❡♥$✐❧✐♦$✱ ✻✮ ❙❛❧✉❞✱ ✼✮ ❚3❛♥$♣♦3%❡ ② ❝♦♠✉♥✐❝❛❝✐♦♥❡$✱ ✽✮ ❘❡❝3❡❛❝✐/♥ ② $❡3✈✐❝✐♦$
❝✉❧%✉3❛❧❡$✱ ✾✮ ❊❞✉❝❛❝✐/♥ ✶✵✮ ❇✐❡♥❡$ ② $❡3✈✐❝✐♦$ ♣❡3$♦♥❛❧❡$✱ ✶✶✮ ❖%3♦$ ♣❛❣♦$ ② ✶✷✮
●❛$%♦ ❡♥ ✐♠♣✉❡$%♦$✳
❊$ ♥❡❝❡$❛3✐♦ ❛♥♦%❛3 0✉❡ ❧❛$ ❡$%✐♠❛❝✐♦♥❡$ $❡ ❤❛❝❡♥ ✉$❛♥❞♦ ❡❧ ♠V%♦❞♦ ❞❡ ❧♦$
♠E♥✐♠♦$ ❝✉❛❞3❛❞♦$ ♦3❞✐♥❛3✐♦$ ② $❡ ❤❛❝❡♥ ✉%✐❧✐③❛♥❞♦ ❡❧ ♣3♦❣3❛♠❛ ❙❆❙✳ ❊❧ $✐$%❡♠❛
❛ ❡$%✐♠❛3 ❡♥ ❢♦3♠❛ 3❡❞✉❝✐❞❛ ❡$✿
wA = αA + βALn(
m
n
) + δAln(n) + γ1
P0− 7
n
+ γ2
P8− 17
n
❊♥ ❡$%❛ ♦❝❛$✐/♥ ❧❛$ ❡$%✐♠❛❝✐♦♥❡$ $/❧♦ $❡ ❤❛3W♥ ♣❛3❛ ❝✉❛♥%✐✜❝❛3 ❧❛ ❧❧❡❣❛❞❛ ❞❡
♥✉❡✈♦$ ♠✐❡♠❜3♦$ ❛❧ ❤♦❣❛3 ② ❧❛ ❡$%✐♠❛❝✐/♥ ❞❡ ❡❧❛$%✐❝✐❞❛❞❡$ $❡ ♦♠✐%✐3W✳
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✻✶
❚❛❜❧❛ ✺
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✻✷
❯♥❛ ✈❡③ ❡)*✐♠❛❞♦ ❡❧ )✐)*❡♠❛ ❲♦1❦✐♥❣ ✲ ▲❡)❡1✱ ❡) ♣♦)✐❜❧❡ ❝✉❛♥*✐✜❝❛1 ❧❛ ❧❧❡❣❛❞❛
❞❡ ✉♥ ♥✉❡✈♦ ♠✐❡♠❜1♦ ❛❧ ❤♦❣❛1 ♠❡❞✐❛♥*❡ ❧❛ )✐❣✉✐❡♥*❡ ❡❝✉❛❝✐=♥✿
m∗ −m = exp(
1
βA
(
(δA − βA)ln(2/3)− γ1(
1
3
)
)
❙❡❣@♥ ❧♦) 1❡)✉❧*❛❞♦)✱ ❧❛ ❧❧❡❣❛❞❛ ❞❡ ✉♥ ♥✉❡✈♦ ♠✐❡♠❜1♦ ❛❧ ❤♦❣❛1 ❝♦♥ ❡❞❛❞
❡♥*1❡ ✵✲✼ ❛C♦) *1❛❡ ❝♦♠♦ 1❡)✉❧*❛❞♦ ✉♥❛ ✈❛1✐❛❝✐=♥ ❞❡❧ ❣❛)*♦ ❞❡ m∗−m = 1, 8147✱
♣❛1❛ ✉♥ ❤♦❣❛1 ❢♦1♠❛❞♦ ✐♥✐❝✐❛❧♠❡♥*❡ ♣♦1 ❞♦) ♣❡1)♦♥❛)✳ ❊) ❞❡❝✐1✱ ✉♥ ♥✐C♦ ❝✉❡)*❛
❡❧ 80% ❞❡ ❞♦) ❛❞✉❧*♦) = ❧♦ G✉❡ ❡) ❡G✉✐✈❛❧❡♥*❡✱ ❡❧ 160% ❞❡ ✉♥ ❛❞✉❧*♦✳ H♦1 ♦*1❛
♣❛1*❡✱ ❧❛ ❧❧❡❣❛❞❛ ❞❡ ✉♥ ♥✉❡✈♦ ♠✐❡♠❜1♦ ❡♥*1❡ ✽✲✶✼ ❛C♦) ❝✉❡)*❛ ❡❧ 64% ❞❡ ❞♦)
❛❞✉❧*♦)✳ ❊♥ ❡)*❡ ❝❛)♦✱ )❡ *✐❡♥❡ ❡♥*♦♥❝❡) G✉❡ ❧❛ ❧❧❡❣❛❞❛ ❞❡ ✉♥ ❜❡❜❡✱ ♣♦1 ❡❥❡♠♣❧♦✱
❝✉❡)*❛ ♠K) G✉❡ ❧❛ ❧❧❡❣❛❞❛ ❞❡ ✉♥❛ ♣❡1)♦♥❛ ❝♦♥ ❡❞❛❞ ❡♥*1❡ ✽✲✶✼ ❛C♦) ❧♦ ❝✉❛❧ ❡)
✉♥ 1❡)✉❧*❛❞♦ ♣❛1❛❞=❥✐❝♦✳ ❆ ♣❡)❛1 ❞❡ G✉❡ ❡❧ )✐)*❡♠❛ ❡) )✐❣♥✐✜❝❛*✐✈♦ ❡♥ ❧❛ ♠❛②♦1N❛
❞❡ ❧♦) ♣❛1K♠❡*1♦)✱ ❡❧ ♥✐✈❡❧ ❞❡ )✐❣♥✐✜❝❛♥❝✐❛ ❞❡ ❧♦) ♠♦❞❡❧♦) ❡)*✐♠❛❞♦) ♣❛1❛ ❧♦)
❞✐❢❡1❡♥*❡) ❜✐❡♥❡) ❡) ❜❛❥♦ ② ♣♦1 *❛♥*♦✱ ❧❛ ❡)*✐♠❛❝✐=♥ ❞❡❧ )✐)*❡♠❛ ❲♦1❦✐♥❣ ✲ ▲❡)❡1
❝♦♥ ❞❡♠♦❣1❛❢N❛ )✐❣✉❡ )✐❡♥❞♦ ✉♥❛ ❛♣1♦①✐♠❛❝✐=♥ ♣♦❜1❡ ❛ ❧❛) ✈❡1❞❛❞❡1❛) ❞✐♥K♠✐❝❛)
❞❡ ❧❛ ❞❡♠❛♥❞❛ ❞❡ ❜✐❡♥❡) ❞❡❧ ❤♦❣❛1 ② )✉ ❝♦♠♣♦)✐❝✐=♥ ❞❡♠♦❣1K✜❝❛✳ H❛1❛ ♠K) ✈❡1
▼✉C♦③ ✭✷✵✵✹✮✳
✹✳✽✳ ❊❝♦♥♦♠(❛* ❛ ❡*❝❛❧❛ ❡♥ ❝♦♥*✉♠♦
❈♦♠♦ @❧*✐♠♦ *❡♠❛ ❞❡ ❧❛) ❛♣❧✐❝❛❝✐♦♥❡) ❞❡ ❧❛ *❡♦1N❛ ❞❡❧ ❝♦♥)✉♠✐❞♦1✱ )❡ 1❡❛❧✐③❛
❛ ❝♦♥*✐♥✉❛❝✐=♥ ✉♥❛ ❜1❡✈❡ ✐♥*1♦❞✉❝❝✐=♥ ❡♥ ❧♦ G✉❡ 1❡)♣❡❝*❛ ❛ ❡❝♦♥♦♠N❛) ❛ ❡)❝❛❧❛
❡♥ ❝♦♥)✉♠♦ ♠❡❞✐❛♥*❡ ❡❧ )✐)*❡♠❛ ❲♦1❦✐♥❣ ✲ ▲❡)❡1✳
❙✉♣♦♥❣❛♠♦) G✉❡ ✐♥✐❝✐❛❧♠❡♥*❡ ✉♥ ❤♦❣❛1 *❡♥N❛ ✉♥ ❣❛)*♦ ❡♥ ❝♦♥)✉♠♦ ❞❡ G0✳
➽◗✉W )✉❝❡❞❡ ❝✉❛♥❞♦✱ ♣♦1 ❡❥❡♠♣❧♦✱ )❡ ❞✉♣❧✐❝❛ ❧❛ ♣♦❜❧❛❝✐=♥ ❞❡❧ ❤♦❣❛1❄ ❊)*❛ ❡)
❧❛ ♣1❡❣✉♥*❛ *❡=1✐❝❛ G✉❡ )❡ ✐♥*❡♥*❛ 1❡)♣♦♥❞❡1 ❡♥ ❡❝♦♥♦♠N❛) ❛ ❡)❝❛❧❛ ❡♥ ❝♦♥)✉♠♦
✭❉❡❛*♦♥ ② H❛①)♦♥✱ ✶✾✾✽✮✳ ❍❛② ♠✉❝❤♦) ❜✐❡♥❡) G✉❡ )❡ ✈✉❡❧✈❡♥ ♣@❜❧✐❝♦) ❛❧ ✐♥*❡1✐♦1
❞❡❧ ❤♦❣❛1 ❝✉❛♥❞♦ ❡)*❡ ❝1❡❝❡ ② ❡❧ ♥✉❡✈♦ ❣❛)*♦ ❝♦♥ ❧♦) ♥✉❡✈♦) ♠✐❡♠❜1♦) ♣✉❡❞❡
❞✐)♠✐♥✉✐1✳ ❊) ❡❧ ❝❛)♦✱ ♣♦1 ❡❥❡♠♣❧♦✱ ❞❡❧ ❣❛)*♦ ❡♥ ✈✐✈✐❡♥❞❛✿ ❝✉❛♥❞♦ ✉♥❛ ♣❡1)♦♥❛
✈✐✈❡ )♦❧❛ ❣❛)*❛ ✉♥❛ ♣1♦♣♦1❝✐=♥ wi ❞❡ )✉ ✐♥❣1❡)♦ ❡♥ ✈✐✈✐❡♥❞❛✱ ♣❡1♦ ❝✉❛♥❞♦ ❞❡❝✐❞❡
❢♦1♠❛1 ❢❛♠✐❧✐❛ ❝♦♥ ♦*1❛ ♣❡1)♦♥❛✱ G✉❡ *❛♠❜✐W♥ ❣❛)*❛ ❛♥*❡) wi ❞❡ )✉ ✐♥❣1❡)♦ ❡♥
✈✐✈✐❡♥❞❛✱ ❡❧ ♥✉❡✈♦ ❣❛)*♦ ❡♥ ✈✐✈✐❡♥❞❛ w∗i )❡ ♣✉❡❞❡ ❞✐✈✐❞✐1 ❡♥*1❡ ❧♦) ❞♦) ♠✐❡♠❜1♦)
❞❡❧ ♥✉❡✈♦ ❤♦❣❛1 ② ❧❛ ♣1♦♣♦1❝✐=♥ ❞❡❧ ❣❛)*♦ ❡♥ ✈✐✈✐❡♥❞❛✱ ♣❛1❛ ❧❛) ❞♦) ♣❡1)♦♥❛)✱
♣✉❡❞❡ ❛)N ❞✐)♠✐♥✉✐1 ② ♣❛)❛1 ❛ )❡1✱ ♣♦1 ❡❥❡♠♣❧♦✱ w∗i < wi✳ ❊♥ ❡)*❡ ❝❛)♦ )❡ ❞✐❝❡
G✉❡ ❤✉❜♦ ❡❝♦♥♦♠N❛) ❛ ❡)❝❛❧❛ ❡♥ ❝♦♥)✉♠♦ ❞❡ ✈✐✈✐❡♥❞❛ ♦ G✉❡ ❧❛ ✈✐✈✐❡♥❞❛ )❡ ✈♦❧✈✐=
❈❆"❮❚❯▲❖ ✹✳ ❙■❙❚❊▼❆❙ ❉❊ ❉❊▼❆◆❉❆✿ ❆"▲■❈❆❈■❖◆❊❙ ❉❊ ▲❆ ❚❊❖❘❮❆✶✻✸
✉♥ ❜✐❡♥ ♣)❜❧✐❝♦ ❡♥ ❡❧ ✐♥-❡.✐♦. ❞❡❧ ♥✉❡✈♦ ❤♦❣❛.✳
▼67 ❢♦.♠❛❧♠❡♥-❡✱ ❧❛ ❡❝✉❛❝✐;♥ ♣❛.❛ ❡❝♦♥♦♠<❛7 ❛ ❡7❝❛❧❛ ❡♥ ❝♦♥7✉♠♦ ❡7-6 ❞❛❞❛
♣♦.✿
G1 = 2θG0
❙✐❡♥❞♦ G0 ❡❧ ❣❛7-♦ ✐♥✐❝✐❛❧ ❞❛❞❛ ✉♥ ❤♦❣❛. ❝♦♥ ❝✐❡.-❛7 ♣❡.7♦♥❛7 ② G1 ❡❧ ❣❛7-♦
❝✉❛♥❞♦ 7❡ ❞✉♣❧✐❝❛ ❧❛7 ♣❡.7♦♥❛7 ❞❡❧ ❤♦❣❛.✳ ❙✐ θ < 1 7❡ ❞✐❝❡ @✉❡ ❤❛② ❡❝♦♥♦♠<❛7 ❛
❡7❝❛❧❛ ❡♥ ❝♦♥7✉♠♦✳
❉❡❛-♦♥ ② B❛①7♦♥ ♣.♦♣♦♥❡♥✱ ♣❛.❛ ❡7-✉❞✐❛. ❡❝♦♥♦♠<❛7 ❛ ❡7❝❛❧❛ ❡♥ ❝♦♥7✉♠♦✱
✉-✐❧✐③❛. ❡❧ 7✐7-❡♠❛✿
wi = αi + βiLn(
m
n
) + δln(n)
❙✐❡♥❞♦ n ❧❛ ♣♦❜❧❛❝✐;♥ ❞❡❧ ❤♦❣❛. ② m
n
❡❧ ❣❛7-♦ ♣❡.✲❝❛♣✐-❛✳
▲❛ ♣.❡❣✉♥-❛ @✉❡ 7❡ ✐♥-❡♥-❛ .❡7♦❧✈❡. ❡7 ❡♥-♦♥❝❡7✱ 7✉♣♦♥✐❡♥❞♦ ✐♥✐❝✐❛❧♠❡♥-❡ ✉♥
❤♦❣❛. ❢♦.♠❛❞♦ ♣♦. ❝✐❡.-♦ ♥)♠❡.♦ ❞❡ ♣❡.7♦♥❛7✱ ➽❝;♠♦ ❝❛♠❜✐❛ ❡❧ ❣❛7-♦ ❡♥ ❡❧ ❜✐❡♥
i ❝✉❛♥❞♦ 7❡ ❞✉♣❧✐❝❛ ❧❛ ♣♦❜❧❛❝✐;♥ ❞❡❧ ❤♦❣❛.❄
❊❧ θ ❞❡ ❧❛7 ❡❝♦♥♦♠<❛7 ❛ ❡7❝❛❧❛ ❡♥ ❝♦♥7✉♠♦ ❡7 ✐❣✉❛❧ ❛✿ θ = 1 − δi
βi
✳ ❈♦♠♦ 7❡
♠❡♥❝✐♦♥♦ ❛♥-❡.✐♦.♠❡♥-❡✱ ✉♥ θ < 1 ❡7 ❡✈✐❞❡♥❝✐❛ ❞❡ @✉❡ ❤❛② ❡❝♦♥♦♠<❛7 ❛ ❡7❝❛❧❛
♣❛.❛ ❡❧ ❜✐❡♥ i✳
❊!"✐♠❛❝✐'♥ ❞❡ ❡❝♦♥♦♠,❛! ❛ ❡!❝❛❧❛ ❡♥ ❝♦♥!✉♠♦ ♣❛0❛ ❈♦❧♦♠❜✐❛
❙❡ ✈❛♥ ❛ ✉-✐❧✐③❛. ♥✉❡✈❛♠❡♥-❡ ❞❛-♦7 7♦❜.❡ ✐♥❣.❡7♦7 ② ❣❛7-♦7 ❞❡ ✶✸✵✵✵ ❢❛♠✐❧✐❛7
❝♦❧♦♠❜✐❛♥❛7 ❡①-.❛<❞♦7 ❞❡ ❧❛ ❊♥❝✉❡7-❛ ❞❡ ❝❛❧✐❞❛❞ ❞❡ ✈✐❞❛ ✷✵✵✽ .❡❛❧✐③❛❞❛ ♣♦.
❡❧ ❉❆◆❊✳ ❙❡ ❛❣.✉♣❛♥ ❧♦7 ❜✐❡♥❡7 ❡♥ ❧❛7 ♠✐7♠❛7 ❞♦❝❡ ❝❛-❡❣♦.<❛7 ❝♦♥ ❧❛ @✉❡ 7❡
❡7-✐♠; ❡❧ 7✐7-❡♠❛ ❲♦.❦✐♥❣ ② ▲❡7❡. ❝♦♥ ❞❡♠♦❣.❛❢<❛✳ ❊7 ♥❡❝❡7❛.✐♦ ❛♥♦-❛. @✉❡ ❧❛7
❡7-✐♠❛❝✐♦♥❡7 7❡ ❤❛❝❡♥ ✉7❛♥❞♦ ❡❧ ♠R-♦❞♦ ❞❡ ❧♦7 ♠<♥✐♠♦7 ❝✉❛❞.❛❞♦7 ♦.❞✐♥❛.✐♦7 ②
✉-✐❧✐③❛♥❞♦ ❡❧ ♣.♦❣.❛♠❛ ❙❆❙✳ ▲♦7 .❡7✉❧-❛❞♦7 7❡ ♠✉❡7-.❛♥ ❛ ❝♦♥-✐♥✉❛❝✐;♥✳
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#❛%❛ ✈❡%✐✜❝❛% ❡❝♦♥♦♠.❛/ ❛ ❡/❝❛❧❛ ❡♥ ❝♦♥/✉♠♦ ❡♥ ❡❧ ❜✐❡♥ i✱ ✉♥❛ ✈❡③ ❡/5✐♠❛❞♦/
❧♦/ ♣❛%8♠❡5%♦/✱ /❡ ❤❛❧❧❛ θ = 1− δi
βi
✳ ❙❡❣=♥ ❧♦/ %❡/✉❧5❛❞♦/ ② ❝♦♠♦ ❡%❛ ❞❡ ❡/♣❡%❛%/❡✱
❤❛② ❡✈✐❞❡♥❝✐❛ ❞❡ ?✉❡ ♥♦ ❤❛② ❡❝♦♥♦♠.❛/ ❛ ❡/❝❛❧❛ ❡♥ ❝♦♥/✉♠♦ /@❧♦ ❡♥ ❣%✉♣♦/ ❞❡
❜✐❡♥❡/ ❝♦♠♦ ❆❧✐♠❡♥5♦/ ② ❇❡❜✐❞❛/✳ ❊/ ❞❡❝✐%✱ ❝✉❛♥❞♦ ♣♦% ❡❥❡♠♣❧♦ ✉♥ ❤♦❣❛% /❡
♠✉❧5✐♣❧✐❝❛ ♣♦% ❞♦/ ♣❡%/♦♥❛/✱ ❡❧ ❣❛/5♦ ❡♥ ❛❧✐♠❡♥5♦/ /❡ ✐♥❝%❡♠❡♥5❛ ❡♥ 21,429 =
2,692 > 2✳ ▲♦/ ❞❡♠8/ ❣%✉♣♦/ ❞❡ ❜✐❡♥❡/ ♣%❡/❡♥5❛♥ ❡❝♦♥♦♠.❛/ ❛ ❡/❝❛❧❛ ❡♥ ❝♦♥/✉♠♦✳
#❛%❛ ❡❧ ❝❛/♦ ❞❡ ❱✐✈✐❡♥❞❛✱ ❝✉❛♥❞♦ ✉♥ ❤♦❣❛% /❡ ❞✉♣❧✐❝❛✱ ❡❧ ❣❛/5♦ ❡♥ ❱✐✈✐❡♥❞❛ /❡
✐♥❝%❡♠❡♥5❛ ❡♥ 2−1,22 = 0, 429 < 2 ② ❤❛② ❡♥5♦♥❝❡/ ❡✈✐❞❡♥❝✐❛ ❞❡ ?✉❡ ❡①✐/5❡♥
❡❝♦♥♦♠.❛/ ❛ ❡/❝❛❧❛ ❡♥ ❡❧ ❝♦♥/✉♠♦ ❞❡ ✈✐✈✐❡♥❞❛✳
❊/ ♣♦/✐❜❧❡ ✉5✐❧✐③❛% ♦5%♦/ /✐/5❡♠❛/ ♠8/ %❡✜♥❛❞♦/ ♣❛%❛ 5%❛5❛% ❞❡ ❡/5✐♠❛% /✐/5❡✲
♠❛/ ❞❡ ❡❝✉❛❝✐♦♥❡/ ❞❡ ❞❡♠❛♥❞❛ ♠8/ ✐❞❡❛❧❡/✳ ❚❛♠❜✐J♥ ❡/ ♣♦/✐❜❧❡ ✉5✐❧✐③❛% /✐/5❡♠❛/
❝♦♥ ✈❛%✐❛❜❧❡/ ❞❡♠♦❣%8✜❝❛/ ❝♦♥ ♠❡❥♦% ❛❥✉/5❡ ♣❡%♦ ❧❛ ✐❞❡❛ ❡%❛ /@❧♦ ♠♦/5%❛%✱ ❛ ❣%❛♥✲
❞❡/ %❛③❣♦/✱ ❧♦ ?✉❡ /❡ ♣✉❡❞❡ ❤❛❝❡% ❝♦♥ ❧❛ 5❡♦%.❛ ❞❡❧ ❝♦♥/✉♠✐❞♦% ❡♥ ❧❛ ♣%8❝5✐❝❛✳
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❬✸✻❪ ❘❛♠H)❡③ ●✳ ▼❛♥✉❡❧ ✭✶✾✽✾✮✿ ➫➫❊@F✐♠❛❝✐O♥ ② ✉F✐❧✐③❛❝✐O♥ ❞❡ @✐@F❡♠❛@ ❝♦♠✲
♣❧❡F♦@ ❞❡ ❡❝✉❛❝✐♦♥❡@ ❞❡ ❞❡♠❛♥❞❛➫➫✱ ❉❡.❛%%♦❧❧♦ ② ❙♦❝✐❡❞❛❞✱ ◆♦✳ ✷✹✳ ❈❊❉❊✱
❯◆■❆◆❉❊❙✳
❬✸✼❪ ❙❛♠✉❡❧@♦♥✱ '❛✉❧ ✭✶✾✹✼✮✿ ➫➫❙♦♠❡ ■♠♣❧✐❝❛F✐♦♥@ ♦❢ ▲✐♥❡❛)✐F②➫➫✱ ❘❡✈✐❡✇ ♦❢
❊❝♦♥♦♠✐❝ ❙9✉❞✐❡.✱ ✶✺✱ ✽✽✲✾✵✳
❬✸✽❪ ❙❛♠✉❡❧@♦♥✱ '❛✉❧ ✭✶✾✹✼❜✮✿ ❋♦✉♥❞❛9✐♦♥. ♦❢ ❊❝♦♥♦♠✐❝ ❆♥❛❧②.✐.✱ ❍❛)✈❛)❞ ❯♥✐✲
✈❡)@✐F② ')❡@@✳
❬✸✾❪ ❙❡❣✉)❛✱ ❏✉❧✐♦ ✭✶✾✾✻✮✿ ❆♥;❧✐.✐. ♠✐❝%♦❡❝♦♥<♠✐❝♦✳ ❆❧✐❛♥③❛ ❊❞✐F♦)✐❛❧✳ ❊@♣❛\❛✳
❬✹✵❪ ❙❤❡♣❛)❞✱ ❘✳❲✳✱ ✭✶✾✺✸✮✿ ❈♦.9 ❛♥❞ ,%♦❞✉❝9✐♦♥ ❋✉♥❝9✐♦♥.✳ ')✐♥❝❡F♦♥ ❯♥✐✈❡)✲
@✐F② ')❡@@✳
❬✹✶❪ ❙❧✉F@❦②✱ ❊✳ ✭✶✾✶✼✮✿ ➫➫❖♥ F❤❡ F❤❡♦)② ♦❢ F❤❡ ❜✉❞❣❡F ♦❢ F❤❡ ❝♦♥@✉♠❡)➫➫✳ ●✐♦%✲
♥❛❧❡ ❞❡❣❧✐ ❡❝♦♥♦♠✐.9✐✳ ❘❡✐♠♣)❡@♦ ❡♥ ❘❡❛❞✐♥❣ ✐♥ ♣%✐❝❡ 9❤❡♦%②✱ ✶✾✺✷✳ ❆♠❡)✐❝❛♥
❊❝♦♥♦♠✐❝ ❆@@♦❝✐❛F✐♦♥✳ ♣_❣@✳ ✷✼✲✺✼✳
❬✹✷❪ ❙♠✐F❤✱ ❆❞❛♠ ✭✶✼✼✻✮✿ ❯♥❛ ✐♥✈❡.9✐❣❛❝✐<♥ .♦❜%❡ ❧❛ ♥❛9✉%❛❧❡③❛ ② ❝❛✉.❛. ❞❡ ❧❛
%✐D✉❡③❛ ❞❡ ❧❛. ♥❛❝✐♦♥❡.✳ ❋♦♥❞♦ ❞❡ ❝✉❧F✉)❛ ❡❝♦♥O♠✐❝❛✱ ▼`①✐❝♦✱ ✶✾✽✼✳
❬✹✸❪ ❙F✐❣❧✐F③✱ ❏♦@❡♣❤ ✭✷✵✵✵✮✿ ➫➫❚❤❡ ❈♦♥F)✐❜✉F✐♦♥@ ❖❢ ❚❤❡ ❊❝♦♥♦♠✐❝@ ❖❢ ■♥❢♦)✲
♠❛F✐♦♥ ❚♦ ❚✇❡♥F✐❡F❤ ❈❡♥F✉)② ❊❝♦♥♦♠✐❝@➫➫✱ ❚❤❡ ◗✉❛%9❡%❧② ❏♦✉%♥❛❧ ♦❢ ❊❝♦✲
♥♦♠✐❝.✱ ✶✶✺✱ ✹✳
❬✹✹❪ ❙F♦♥❡✱ ❘✐❝❤❛)❞ ✭✶✾✺✹✮✿ ➫➫▲✐♥❡❛) ❊①♣❡♥❞✐F✉)❡ ❙②@F❡♠@ ❛♥❞ ❉❡♠❛♥❞ ❆♥❛❧②✲
@✐@✿ ❆♥ ❆♣♣❧✐❝❛F✐♦♥ F♦ F❤❡ '❛FF❡)♥ ♦❢ ❇)✐F✐@❤ ❉❡♠❛♥❞➫➫✱ ❊❝♦♥♦♠✐❝ ❏♦✉%♥❛❧✱
✻✹✱ ✺✶✶✲✺✷✼✳
❬✹✺❪ ❱❛)✐❛♥✱ ❍❛❧ ✭✶✾✾✷✮✿ ❆♥;❧✐.✐. ♠✐❝%♦❡❝♦♥<♠✐❝♦✳ ❆♥F♦♥✐ ❇♦❝❤ ❡❞✐F♦)✱ ❇❛)❝❡❧♦✲
♥❛✳
❬✹✻❪ ❱❛)✐❛♥✱ ❍❛❧ ✭✶✾✾✾✮✿ ▼✐❝%♦❡❝♦♥♦♠I❛ ✐♥9❡%♠❡❞✐❛✿ ✉♥ ❡♥❢♦D✉❡ ♠♦❞❡%♥♦✳ ❆♥✲
F♦♥✐ ❇♦@❝❤ ❊❞✐F♦)✱ ❇❛)❝❡❧♦♥❛✳
❬✹✼❪ ❱✐❧❧❛)✱ ❆♥F♦♥✐♦ ✭✶✾✾✻✮✿ ❈✉%.♦ ❞❡ ♠✐❝%♦❡❝♦♥♦♠I❛ ❛✈❛♥③❛❞❛✳ ❯♥ ❡♥❢♦D✉❡ ❞❡
❡D✉✐❧✐❜%✐♦ ❣❡♥❡%❛❧✳ ❆♥F♦♥✐ ❇♦@❝❤ ❊❞✐F♦)✱ ❇❛)❝❡❧♦♥❛✳
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❬✹✽❪ ❲❛❧*❛+✱ ▲❡♦♥ ✭✶✽✼✹✮✿ ❊❧❡♠❡♥%♦' ❞❡ ❡❝♦♥♦♠*❛ ♣♦❧*%✐❝❛ ♣✉/❛✳ ❆❧✐❛♥③❛ ❡❞✐9♦✲
*✐❛❧✱ ▼❛❞*✐❞✳ ✶✾✽✼✳
❬✹✾❪ ❲♦*❦✐♥❣✱ ❍✳ ✭✶✾✹✸✮✿ ➫➫❙9❛9✐+9✐❝❛❧ ▲❛✇+ ♦❢ ❋❛♠✐❧② ❊①♣❡♥❞✐9✉*❡➫➫✱ ❏♦✉/♥❛❧
♦❢ ❆♠❡/✐❝❛♥ ❙%❛%✐'%✐❝❛❧ ❆''♦❝✐❛%✐♦♥✱ ▼❛*③♦✱ ✸✽✱ ✹✸✲✺✻✳
◆❖❚❆❈■&◆
❙❡ ♣#❡$❡♥&❛ ❛ ❝♦♥&✐♥✉❛❝✐,♥ ✉♥ #❡$✉♠❡♥ ❞❡ ❧❛$ ♣#✐♥❝✐♣❛❧❡$ ♥♦&❛❝✐♦♥❡$ ✉&✐❧✐③❛✲
❞❛$✳
Xi ❞❡♥♦&❛ ❡❧ ❝♦♥❥✉♥&♦ ❞❡ ❝♦♥$✉♠♦✳
% ❞❡♥♦&❛ ❧❛ #❡❧❛❝✐,♥ ❜✐♥❛#✐❛ ❞❡ ♣#❡❢❡#❡♥❝✐❛$ $♦❜#❡ ❡❧ ❝♦♥❥✉♥&♦ ❞❡ ❝♦♥$✉♠♦✳
B ❡$ ❡❧ ❝♦♥❥✉♥&♦ ❞❡ #❡$&#✐❝❝✐,♥ ♣#❡$✉♣✉❡$&❛#✐❛ ✇❛❧#❛$✐❛♥♦✳
Yj ❞❡♥♦&❛ ❡❧ ❝♦♥❥✉♥&♦ ❞❡ ♣#♦❞✉❝❝✐,♥ ❞❡❧ ❥✲7$✐♠♦ ♣#♦❞✉❝&♦#✳
πj ❞❡♥♦&❛ ❧❛ ❢✉♥❝✐,♥ ❞❡ ❜❡♥❡✜❝✐♦$ ❞❡❧ ❥✲7$✐♠♦ ♣#♦❞✉❝&♦#✳
ω ❞❡♥♦&❛ ❞♦&❛❝✐♦♥❡$ ✐♥✐❝✐❛❧❡$✳
x ❞❡♥♦&❛ ❝❡$&❛ ♦ ❝❛♥❛$&❛ ❞❡ ❝♦♥$✉♠♦✳ ❊♥ ❡❧ ❝❛♣:&✉❧♦ ✷ ❞❡♥♦&❛ ❧❛ ❞❡♠❛♥❞❛
❛❣#❡❣❛❞❛✳
x(p,m) ❞❡♥♦&❛ ❧❛ ❞❡♠❛♥❞❛ ♠❛#$❤❛❧❧✐❛♥❛ ✉ ♦#❞✐♥❛#✐❛✳
h(p, u) ❞❡♥♦&❛ ❧❛ ❞❡♠❛♥❞❛ ❤✐❝❦$✐❛♥❛ ♦ ❝♦♠♣❡♥$❛❞❛✳
S ❞❡♥♦&❛ ❧❛ ♠❛&#✐③ ❞❡ ❡❢❡❝&♦ $✉$&✐&✉❝✐,♥✳
R ❞❡♥♦&❛ ❡❧ ❡$♣❛❝✐♦ ❞❡ ❧♦$ ♥?♠❡#♦$ #❡❛❧❡$✳
R+ ❞❡♥♦&❛ ❡❧ ❡$♣❛❝✐♦ ❞❡ ❧♦$ ♥?♠❡#♦$ #❡❛❧❡$ ♣♦$✐&✐✈♦$✱ ✐♥❝❧✉②❡♥❞♦ ❡❧ ❝❡#♦✳
R
l
❞❡♥♦&❛ ✉♥ ❡$♣❛❝✐♦ ❡✉❝❧✐❞✐❛♥♦ ❞❡ l ❞✐♠❡♥$✐♦♥❡$✳
R
l
+ ❞❡♥♦&❛ ❡❧ ❡$♣❛❝✐♦ ❡✉❝❧✐❞✐❛♥♦ ❞❡ l ❞✐♠❡♥$✐♦♥❡$ ❝♦♥ ✈❡❝&♦#❡$ ❝✉②♦$ ❝♦♠♣♦♥❡♥✲
&❡$ $♦♥ ♣♦$✐&✐✈♦$✱ ✐♥❝❧✉②❡♥❞♦ ❡❧ ❝❡#♦✳
R
l
++ ❞❡♥♦&❛ ❡❧ ❡$♣❛❝✐♦ ❡✉❝❧✐❞✐❛♥♦ ❞❡ l ❞✐♠❡♥$✐♦♥❡$ ❝♦♥ ✈❡❝&♦#❡$ ❝✉②♦$ ❝♦♠♣♦✲
♥❡♥&❡$ $♦♥ ❡$&#✐❝&❛♠❡♥&❡ ♣♦$✐&✐✈♦$ ♦ $✐♥ ✐♥❝❧✉✐# ❡❧ ❝❡#♦✳
✶✼✶
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N ❞❡♥♦'❛ ❧♦* ♥+♠❡-♦* ♥❛'✉-❛❧❡*✳
{x/ } ❞♦♥❞❡ ❡❧ ❡*♣❛❝✐♦ ❡♥ ❜❧❛♥❝♦ ❡* ❧❧❡♥❛❞♦ ❝♦♥ ❛❧❣✉♥ '✐♣♦ ❞❡ ❞❡❝❧❛-❛❝✐5♥ 6✉❡
✐♠♣❧✐6✉❡ ❛ x✱ *✐❣♥✐✜❝❛♥❞♦ ❡❧ ❝♦♥❥✉♥'♦ ❞❡ '♦❞❛* ❧❛* x ♣❛-❛ ❧♦* 6✉❡ ❞✐❝❤❛
❛✜-♠❛❝✐5♥ ❡* ❝✐❡-'❛✳
❙❡❛♥ x, y ❞♦* ✈❡❝'♦-❡* ❞❡ Rl ❡♥'♦♥❝❡*✿
x ≥ y *✐❣♥✐✜❝❛ 6✉❡ xl ≥ yl ♣❛-❛ '♦❞♦ l = 1, 2, ..., L
x > y *✐❣♥✐✜❝❛ 6✉❡ xl ≥ yl ♣❛-❛ ❛❧❣+♥ l = 1, 2, ..., L
x≫ y *✐❣♥✐✜❝❛ 6✉❡ xl > yl ♣❛-❛ '♦❞♦ l = 1, 2, ..., L
∀ ❞❡♥♦'❛ ♣❛-❛ '♦❞♦✳
⊆ ❞❡♥♦'❛ ❝♦♥'❡♥✐❞♦ ❡♥✳
{xni } ❞❡♥♦'❛ *✉❝❡*✐5♥ ❞❡ x ❞❡*❞❡ i ❤❛*'❛ n
\ ❞❡♥♦'❛ 6✉❡ ♥♦ *❡ ❝✉♠♣❧❡ ♦ ❞✐*'✐♥'♦ ❛✳ ❋♦-♠❛❧♠❡♥'❡✿
X \ Y ❡* ✐❣✉❛❧ ❛ {x : x ∈ X ♣❡-♦ x /∈ Y }
/ ❞❡♥♦'❛ '❛❧ 6✉❡✳
∅ ❞❡♥♦'❛ ✈❛❝?♦✳
∈ ❞❡♥♦'❛ ♣❡-'❡♥❡❝❡ ❛✳
/∈ ❞❡♥♦'❛ ♥♦ ♣❡-'❡♥❡❝❡ ❛✳
∃ ❞❡♥♦'❛ ❡①✐*'❡✳
≤ ❞❡♥♦'❛ ♠❡♥♦- ♦ ✐❣✉❛❧ ❛✳
≥ ❞❡♥♦'❛ ♠❛②♦- ♦ ✐❣✉❛❧ ❛✳
< ❞❡♥♦'❛ ♠❡♥♦- ❛✳
> ❞❡♥♦'❛ ♠❛②♦- ❛✳
6= ❞❡♥♦'❛ ❞✐❢❡-❡♥'❡ ❛✳
ε ❞❡♥♦'❛ C♣*✐❧♦♥ ✭♥+♠❡-♦ ♣❡6✉❡E♦✮✳
≫ ❞❡♥♦'❛ ❡*'-✐❝'❛♠❡♥'❡ ♠❛②♦- ❛✳
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→ ❚✐❡♥❡ ✈❛)✐♦+ +✐❣♥✐✜❝❛❞♦+ +❡❣0♥ ❡❧ ❝❛+♦✳ ❆❧❣✉♥❛+ ✈❡❝❡+ ❞❡♥♦5❛)6 ❝♦♥✈❡)❣❡ ❛✳
❖5)❛+ ❞❡♥♦5❛)6 ✐♠♣❧✐❝❛ :✉❡✳ ❚❛♠❜✐<♥ ❞❡♥♦5❛)6 ❞❡ ✉♥ ❝♦♥❥✉♥5♦ ❛ ♦5)♦ ②
♠❛♣❡❛ ❡♥✳
⇒ ❞❡♥♦5❛ :✉❡ ♠❛♣❡❛ ❡♥ ✈❛)✐❛+ ♣✉♥5♦+ ❞❡ ✉♥ ❝♦♥❥✉♥5♦✳
→← ❞❡♥♦5❛ ✉♥❛ ❝♦♥5)❛❞✐❝❝✐?♥✳
⇒ ❞❡♥♦5❛ ➫➫❡♥5♦♥❝❡+ +❡ 5✐❡♥❡ :✉❡➫➫
⇔ ❞❡♥♦5❛ +✐ ② +?❧♦ +✐✳
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∪ ❞❡♥♦5❛ ✉♥✐?♥ ❞❡ ❝♦♥❥✉♥5♦+✳
min ❞❡♥♦5❛ ❡❧ ❡❧❡♠❡♥5♦ ♠@♥✐♠♦ ❞❡✳
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Bε(x) ❞❡♥♦5❛ ❜♦❧❛ ❝♦♥ ❝❡♥5)♦ ❡♥ x ② )❛❞✐♦ ε
 ❞❡♥♦5❛ ♣)✉❡❜❛ ✜♥❛❧✐③❛❞❛✳
∧ ❞❡♥♦5❛ ➫➫②➫➫✳
∂ ❞❡♥♦5❛ ❞❡)✐✈❛❞❛ ♣❛)❝✐❛❧✳ ❚❛♠❜✐<♥ ❞❡♥♦5❛ ❢)♦♥5❡)❛✳
C2 ❞❡♥♦5❛ ❞♦❜❧❡♠❡♥5❡ ❞✐❢❡)❡♥❝✐❛❜❧❡✳
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D ❞❡♥♦5❛ ♠❛5)✐③ ❞❡ ♣)✐♠❡)❛+ ❞❡)✐✈❛❞❛+✳
D2 ❞❡♥♦5❛ ♠❛5)✐③ ❞❡ +❡❣✉♥❞❛+ ❞❡)✐✈❛❞❛+✳
Dp ❡+♣❡❝✐✜❝❛)6 ♠❛5)✐③ ❞❡ ❞❡)✐✈❛❞❛+ )❡+♣❡❝5♦ ❛ p
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